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PREFACE. 



Geometry^ at once ancient and modern, is the 
science of Euclid, Archimedes and ApoUonius, of 
Kepler, Desargues, Newton and Poncelet. Geome- 
trical processes have indeed been simplified and 
their applications greatly extended in recent times, 
bat the modern methods may be traced to the 
ancient as their germ and source, and thus it 
remains in a sense still true that there is but 

one road for all, ^y t^ yetofierpltf iraalv ianv 0S09 /a^o. 

The modem infinitesimal calculus is an adaptation 
of the ancient method of exhaustions, the method of 
Descartes diflfers only in the manner of its appli- 
cation from that of ApoUonius, the idea of perspective 
was already formulated by Serenus, and the principle 
of anharmonic section with the leading properties 
of transversals are found in the lemmas of Pappus 
to the lost three books of Porisms of Euclid. Tliere 
is not however in the works of the Greek geometers 
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Geometiyy at once ancient and modern, is the 
science of Euclid, Archimedes and Apollonius, of 
Kepler, Desargues, Newton and Poncelet. Geome- 
trical processes have indeed been simplified and 
their applications greatly extended in recent times, 
but the modern methods may be traced to the 
ancient as their germ and source, and thus it 
remains in a sense still true that there is but 

one road for all, ^i^ t$ ^ecufierpia vaaiv iariv 0809 /i^a. 

The modern infinitesimal calculus is an adaptation 
of the ancient method of exhaustions, the method of 
Descartes differs only in the manner of its appli- 
cation from that of Apollonius, the idea of perspective 
was already formulated by Serenus, and the principle 
of anharmonic section with the leading properties 
of transversals are found in the lemmas of Pappus 
to the lost three books of Porisms of Euclid. Tliere 
is not however in the works of the Greek geometers 



vi PREFACE. 

any distinct foresliadowing of Kepler's doctrine of 
the infinite, of his principles of analogy and con- 
tinuity, or of the theory of ideal chords and points, 
at length completed by Poncelet's discovery of the 
so-called circular points at infinity in any plane. 

In the present as in a former work (1863) I 
have commenced with an elementary treatment 
of the general conic in planOy following out a 
suggestion made by Professor Adams in a course 
of lectures on the Lunar Theory delivered in 1861. 
This department of the subject has now been made 
more complete with the help of the Eccentric 
Circle, the characteristic feature of a masterly 
though neglected work of Boscovich. In the chapter 
on the Cone the focal spheres are more fully 
discussed, and the angle-properties of the sections 
as well as their metric properties are deduced. 
The chapter on Orthogonal Projection contains 
proofs of Lambert's theorem* in elliptic motion. 
To the chapter on Conical Projection is appended 
some account of the homographic method of Rever- 
sion, which springs out of the above mentioned con- 
struction of Boscovich. 



* It has been remarked that, so far as relates to the parabola, Lambert's theorem 
is implicitlj contained in Newton's Principia lib. iii. lemma 10. See lAgrange 
Micanique Analt/tique tome II. p. 28, ed. 8 (1858—5) ; Brougham and Bouth An 
analffUcal view of Sir Isaac Newton's Prineipia p. 486 (Lond.'1856). 
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Abundant references will be found to the works 
of authors to whom I am indebted. Suffice it here 
to add that my warmest thanks are due to the 
Reverend Professor Richard Townsend, F.R.S., 
Fellow of Trinity College, Dublin, who has been 
at all times ready, in the midst of pressing 
engagements, to aid me with his criticism and 
advice, and has from first to last shewn as great 
an interest in the work now brought to a close 
as if it had been his own. 

C. TAYLOR. 

A. John'$ CoOege, 

31, 1880. 
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PEOLEGOMENA. 



SECTION L 



GBOMBTET BEFOEE EUCLID. 

N.B. B^erencea wilJiin square brackets [ ] occurring in the 
Prolegomena are to the pages of the present work* 

§1. The Bcieoce of Geometrj^ as its name suggests^ was 
developed from the art of land sorrejitig, to which ancient 
testimony likewise refers ns for its origin. The practice of 
systematic land measurement is said to have been forced npon 
the Egyptians bj the annual rise and fall of the river Nile, 
which from time to time left portions of land that had been 
high and drj submerged, or vice versa^ so that the owners 
were unable to distingnish what belonged to each. Thus 
writes Hero* the elder, of Alexandria, and to the same effect 
Herodotus (ii. 109), Diodorus Siculus and Strabo, as cited by 
Bretschneider in his excellent monograph on the history of 
geometry before Euclid.t Whether the Nile altogether played 
the part attributed to it in the advancement of science is matter 
of question, but it may be conceded to the concurrent testimony 
of ancient writers that the Egyptians had laid the foundation 
of concrete fact upon which the superstructure of Greek abstract 
geometry was to be reared. 



* HeroniB Alexandrini Geometrieorwn, et Stertometricorum re/t^ue, p. 138 ed. 
HoltKdi (Berlin 1864). He flonnshed within the period B.o. 286-222, or later. 

t 2He GtoHUtrie und die GeomeUr vor EuUidea (Leipzig 1870). See also 
Dr. AUman's P^per on Greek Geometry from Thales to Endid, in ffermaihena 
vol uu 180-^07 (Dnblin 1877). 

b 
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XVlll PHOLEQOMENA. 

Eudemu. g 2. Eudcmus of Rhodes (a disciple of Aristotle and an 
840-820. immediate predecessor of Euclid) was the primary authority 
on the early history of mathematics ;* but his writings on the 
history of geometry and astronomy, which appear to have 
been composed in a philosophical spirit, now no longer suryive, 
except so far as they are embodied in the still extant works 
of his successors. The important list of early geometers given 
by Proclus Diadochusf (a.d. 412-485) in his commentary on 
the first book of Euclid's elements is not unreasonably thoaght 
to have been derived from Eudemus. The following is the 
substance of the passage, of which the original Greek with a 
German rendering may be found in the above mentioned work 
of Bretschneider, pp. 27-31. It is taken from lib. ii. cap 4 
of the commentary, which was written in four books : — 

" Geometry is said by many to have taken its rise from the 
measurements rendered necessary by the obliteration of land- 
marks by the Nile. And it is nothing strange that this and 
other sciences should have arisen from practical needs, since 
there is a general tendency in things from imperfection to 
perfection, in accordance with which law we pass naturally 
from perception to reflection and thence to intellectual insight. 
As then the Phoenicians were led on from trade and barter to 
systematic arithmetic, so the Egyptians discovered geometry in 
the manner aforesaid. 

First Thales went to Egypt and brought over this science 
to Greece. He made many discoveries himself and suggested 
the beginnings of many to his successors, apprehending some 
things more in the abstract but others in a limited and percep- 
tional way. Next Ameristus, brother of the poet Stesichorus, 
became famed in geometry, as Hippias of Elis relates. Pytha- 
goras, who succeeded them, transformed it into a liberal science, 
investigating its first principles and regarding theorems from 
the immaterial and intellectual standpoint. He it was who 



* His contemporary Theophra^tns also wrote something abont mathematics, 
amongst a multitude of other subjects, aooording to the statement of Diogenes 
LaertiuB (}\h, v. cap. 2). 

f Notice the editions mentioned on p. [82], and the Latin edition of Baiociua 
(PaUvii 15G0). 
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discotreretl the fheoiy of irrational quantities and the construction 
of the regular solids. After him came Anaxagoras of Clazo- 
mens and Oenopides of Chios, who are mentioned by Plato 
as famed in mathematics. After them Hippocrates of Chios, 
who quadrated the lunule and was the earliest writer on the 
Elements, and Theodorus of Cjrene became eminent in 
geometry. Plato, who succeeded Hippocrates, greatly encour- 
aged the study of mathematics and geometry by the frequent 
use of mathematical considerations in his philosophical writings. 
To this age also belong Leodamas of Thasos, Archytas of 
Tarentum and Thesetetus of Athens. Younger than Leodamas 
were Neocleides and his disciple Leo, who added much to 
the work of their predecessors. Leo also composed a work 
on the Elements characterised by the greater number and 
importance of its propositions, and he assigned the limits within 
which a construction was possible. Eudoxus of Cnidus, an 
associate of the school of Plato and somewhat junior to Leo, 
bcreased the number of general theorems, added three new 
proportions to the three already known, and developed Plato's 
doctrine of the section (of a line), making use in his investi- 
gations of the method of geometrical analysis. Amyclas of Analysis. 
Heraclea, Menaechmus (a pupil of Eudoxus and contemporary 
with Plato) and his brother Dinostratus made geometry as a 
whole still more complete. Theudius of Magnesia, a writer 
on the lilements, and Athenssus of Cyzicus were greatly 
distinguished especially in geometry. These lived and worked 
together in the Academy. Hermotimus of Colophon carried 
on the discoveries of Eudoxus and Thesetetus, and also wrote 
some things upon loci. Philip of Mende was led by Plato Loci. 
to study mathematics in relation to the Platonic philosophy. 
Thus far do the writers on the history of geometry bring the 
sdence.* 

Not much junior to the above was Euclid, who compiled 
the Elements, putting in order many discoveries of Eudoxus, 

* If the history of Eudemus bieaks off before AristaeuB, whose writings preceded 
Eodid'a, 'we may conjecture that it was completed before 320 B.o. It is impossible 
to determine the precise dates of the early geometers. 

b2 
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completing many of TbesBtetus, and replacing the former lax 
SemonstratloDS by incontrovertible proofs. He lived in the 
reign of the first Ptolemy, in answer to whom he is reported 
to have said that there was no royal road to geometry.* He 
was therefore younger than the disciples of Plato, but elder 
than the contemporaries Eratosthenes and Archimedes. Being 
a Flatonist, he made the construction of the Platonic bodies 
(or regular solids) the goal of his work upon the Elements.'^ 

ThaiM §3. Of the above mentioned early geometers Thales, 

64<^M8. Pythagoras, Hippocrates, Men»chmus and some others deserve 
to be noticed more particularly. Thales of Miletus, of Phoe- 
nician ancestry and the founder of the Ionian school of philo* 
sophy, was the first to naturalise the study of geometry amongst 
the Greeks. Visiting Egyptf as a trader, he brought back 
thence late in life to his native place such knowledge of 
geometry and astronomy as he had been able to pick up from 
the priests. He was born about the commencement of the 
35th Olympiad, and died (according to one account) at the 
great age of 90 years, or upwards. His reputation was made 
once for all by the prediction — to what degree of accuracy we 
know not — of an eclipse of the sun, which duly came to pass 
(28th May, 585 B.c.)|; and this well attested fact corroborates 
the statement of Diogenes Laertius (lib. I. cap. 1) that he 
first came to be styled ao<t>6<; in the archonship of Damasias. 
Although he is said by Proclus in general terms to have made 
many discoveries in geometry, the following alone are ex* 
pressly attributed to him.fl (1) The circle is bisected by ita 



* The saying referred to (BretBchndder p^ 168) is also attributed to MenechmiMy 
who is Baid to have replied to Alexander : " In the country, king, there are roads 
idietriKal Kal fiaaiKiKai. but in geometry there is one road for all/' 

t The foreign travels of the early Greek philosophers are howerer sometimes 
thought to be attested by insufficient evidence. Cf. Benonf s HibbeH Lectures Lect. ri. 
p. 246 (London 1880). 

^X The Egyptians had doubtless supplied him with the facts on which hia cal- 
culation was based. Diogenes Laertius states that they had observed more than 
1200 eclipses of the sun or moon. See Bretschneider pp. 39, 52. 

|] See Proclus on Euclid I. def. 17 and props. 5, 15, 26 (Thos. Taylor's ProclaB 
vol. 1. 1C5 ; H. 54, 9G, 143) ; Diogenes Laertius lib. I. cap. T. §§8, 6. 
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diameter. (2) The angles at the ba^e of an isosceles triangle 
are equal to one another. (3) When two straight lines cut on% 
another the vertical angles are equal. (4) A method of de- 
termining the distance of a ship at sea from the land, implying 
the knowledge of a theorem equivalent to Euclid i. 26. (5) 
The angle in a semicircle is a right angle.* And (6) a method 
for determining the heights of the pyramids from the lengths of 
their shadows, viz. at the moment when the sun is at an eleva- 
tion of 45"" above the horizon.f 

The fact that a theorem was attributed to Thales by his suc- 
cessors does not altogether exclude the supposition that he had 
himself received it from the Egyptians ; and accordingly it has 
been thought that the second only of the above theorems was 
in'reality discovered by him. The theorem (5) may have been 
arrived at by the Egyptian geometers by supposing first a 
square and then any rectangle inscribed in a circle to be turned 
about within it ; and it is impossible to lay much stress on (1) or 
(3). The method (4) if actually known to Thales was probably 
discovered by him, but if (as has been conjectured) he was 
acquainted only with the case of the right-angled triangle^ his 
knowledge of this, as also of (6], may very well have been 
derived from the Egyptians. On the whole we may conclude 
that he probably made some advance towards that abstraction 
by which the Greek geometry, in contrast with the Egyptian, 
was to be characterised ; but more than this cannot safely be 
affirmed until we are better informed as to the ^^ many things*' 
which he is said to have discovered for himself. Thales was 
acquainted with the globular form of the earth, which was held 
by his school to be at the centre of the world. 



* This iB of oonrae the meaning of the statement that he was the fint to intcnie a 
tight angUd triangle in a cireU. 

t Plutarch in his Sympoaium states the method in a fonn requiring a knowledge 
of similar triangles and applicable at any time of the day. The most tnistworthy 
part of the story is that the method in its simpler form was used in Bgt/pt, It wonld 
•erre for an obelisk, bnt scarcely for a pyramid. 

X This Tiew is taken by Bretachneider (p. 43), who attributes (2) only to Thales 
himself. For a more appreciative estimate of his contributions to geometry see 
UtrmaXhtna vol. III. 173. 
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Whagora. §4. The name of Pythagoras of Samoii next arrests our 
Mo-600. attention. Although the date of his birth and his age at his 
death are variouslj given, he was doubtless a young man when 
Thales, of whom he was regarded as the successor, died. At 
the instigation of Thales he visited Egypt, where he resided 
many years, learned the Egyptian language and received in- 
struction from the priests. After this he is said to have visited 
or been carried captive to Babylon. Betuming to Samos at a 
time when Ionia had lost her independence, he migrated thence 
to Crotona in Magna Grsdcia, where he gathered round him hia 
exclusive brotherhood and became the founder of the famed 
Italian school ; but in course of time he was banished by the 
democratic party, and died shortly afterwards at Metapontum. 
We proceed to notice some of the chief discoveries in mathe- 
matics attributed to him, remarking however that it is Impossible 
to distinguish with certainty between the discoveries of the 
master and his scholars, since the doctrines of the sect were in 
the first instance communicated only to its members, and when 
they came at length to be divulged it was the practice to 
attribute everything to Pythagoras himself. Hippasus, who 
ofiended against this rule, was lost at sea for his impiety 
(lamblichus ViU Pythag, cap. 18). He had taken credit to him- 
self for the construction of the sphere circumscribed to a regular 
dodecahedron (r^v ix r&v SdSeKa Tr€VTay<ovwv)j whereas every- 
thing belonged to Him [elvat Bi wavra 'E/cetvov), " for so they 
call Pythagoras, and not by his name." 

a. The square on the hypotenuse of a right angled triangle 
is equal to the sum of the squares on the sides containing the 
right angle. 

In honour of this great discovery, as also on some other 
occasions, Pythagoras is related to have offered a sacrifice. 
There is no evidence to support the conjecture that the theorem 
was known in its generality to the Egyptians, although it must 
be allowed to partake of an Egyptian character,* and may have 

* The Egyptian geometry had very little that was of an abstiact or general 
character, bat consisted mainly in the computation of areas or Yolnme^ and in each, 
special constructions as are required for geometrical drawing. Cf. Eisenlohr^s edition 
ol the Bhind papyrus, published under the title Ein mathematitchet Sandlmch der 
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been first proved bj an application of the Egyptian method. 
The Egjrptians were acquainted with the fact that the triangle 
whose sides contain 3, 4, and 5 units of length respectivelj is 
right angled (Plutarch De Iside et Osiride cap. 56), which 
is a special case of the theorem of Pythagoras ; and they must 
also have been familiar with the still simpler case in which 
the right angled triangle is isosceles. To prove it for this 
case, let one square be supposed to be inscribed symmetrically 
in another. Then it is easily seen that the four triangles at 
the comers may be fitted together so as to form two squares, 
the sum of which is equal to the area of the inscribed square ; 
whence the theorem at once follows for the case in question. 

By some such method of dissection of figures the general 
theorem also was perhaps arrived at; and that it was not in 
the first instance proved by the method of Euclid might have 
been taken for granted, even without the express statement of 
Produs in his comments upon Euclid I. 47. To prove the 
theorem generally,* let one square inscribed in another divide 
each side of the latter into segments equal to a and b respec- 
tively, and let the side of the inscribed square be equal to h. 
Then the whole figure, being made up of h!^ and the four 
triangles, is evidently equal to A* H- 2ai. Next, by considering 
the figure of Euclid ii. 4 (omitting the diagonal), we see that 
the outer square may also be cut up into two rectangles, each 
equal to oi, and two squares equal to a^ and 6* respectively. 
Hence it follows that 

and therefore A* is equal to a* + &', or the square on the hypote- 
nuse of one of the triangles is equal to the sum of the squares 
upon its sides. Thus the theorem is shewn to be true for 
any right angled triangle. Pythagoras added a rule for finding 
triads of integers a, i, A satisfying the relation a' + i* = A^ The 
problem of the three squares would naturally suggest an analo- 
gous problem relating to cubes; and to a special case of the 

dUn Aegypter (Ldpxig 1877), and aooompanied with a German translation in a 
acpaiate Toinme. 

* The proof hero given is taken from Bretschneider's Die Geomttrie ^e. pp. 81 — 2. 
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latter, the Duplication of the Cube, we shall see that the 
further progress of mathematics was indirectly to a very great 
extent due. 

b. The three angles of a triangle are together equal to two 
right angles. 

Eudemus, according to a statement of Proclus on Euclid i. 32, 
ascribes the discovery of this theorem to the Pythagoreans, 
together with a general proof of it not uollke that given by 
Euclid. But since Eutocius,* on the authority of Geminns, 
asserts that the ancients were accustomed to prove it separately 
for the equilateral, isosceles and scalene triangles, whilst only 
the later geometers proved it generally once for all, it has been 
conjectured that its truth may have been known even to the 
Egyptians, the general proof only being Pythagorean. Although 
the fact that the area about a point can be filled up by equi- 
lateral triangles, squares or regular hexagons, and by no other 
regular figures, is said by Proclus (on Euclid J. 15, Cor.) to 
be a Pythagorean discovery, the positive part of it must have 
been observed by the Egyptians, who must therefore have 
known that the three angles of an equilateral triangle are 
together equal to two right angles. They may also have 
inferred the same for any right angled triangle regarded as 
the half of a rectangle; and it would then remain only to 
observe that an isosceles or scalene triangle may be divided 
into two light angled triangles. By some such process the 
theorem (by whomsoever discovered) may have been first 
arrived at; or it may have been shewn experimentally that 
the six angles of any two triangles exactly fit into the area 
about a point. 

c. The regular polghedra. 

We have seen that the construction of the regular solids 
was attributed to Pythagoras by Proclus, doubtless upon the 
authority of Eudemus. Of these five figures the tetrahedron, 
the cube and the octahedron were known to the Egyptians 
and occur in their architecture; but it does not appear that 

* Halley's ApoUonios p. 9 ; Bretschndder's Di$ GtomtHrit ^e, p. 14. 
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they were acqaalnted with the icosahedron or the dodecahedron. 
In the constmctioD of the last mentioned solid the regular 
pentagon is required; and with this the Pythagoreans were 
£Btmiliar, since they used the starred pentagram,* formed by 
producing its alternate sides to meet, as a secret token of 
recognition symbolical of tr/ieutj the letters v, 7, ij ^(=e^), 
a being written at the five angles of the figure. Moreover 
we have seen [p. xxii] that the knowledge of the dodecahedron 
was said to have been possessed and divulged by the Pytha- 
gorean Hippasus. The regular solids were also called the 
<< cosmic figures/' the dodecahedron being taken to represent 
the material world, and the remaining four its elements of 
earth, air, fire, and water.f 

eL The application 0/ areas. 

The nrapafioXri or application of areas is attributed in general 
terms to the Pythagoreans (Proclus on Euclid I. 44), and also 
to Pythagoras in particular, who is said to have sacrificed 
an ox, eVl r^ SiaypdfAfuiri,^ where the reference is either to 
this discovery or to that of the theorem of the three squares 
(Euclid I. 47). An area, according to Proclus, was said to 
be applied to a right line when an equal area was described 
upon the line as base; but the term was also used more 
generally to include the cases in which the base of an area 
placed upon a given line was in excess (inrepffoXij) or defect 
(IXX€i^«9) of the line to which it was '^applied.'' Although 
it has not been made out wherein consisted the importance 
of the discovery in the hands of the Pythagoreans, we shall 
see that it played a great part in the system of ApoUonius, 
and that he was led to designate the three conic sections by 
the Pythagorean terms Parabola, Hyperbola, Ellipse. It is 
not however to be thought that Pythagoras or his school had any 
acquaintance with these curves, although, through a misunder- 
atanding and consequent misreading of the term irapafioXi] of 



* On the Polygc/nu itoiUt see Chasles Aperqu hittorique pp. 476 — 87 (1876). 
t Bee Boeck*B Platonica corporis mundani/aMea ^c. (Heidelberg 1809). 
) Plataroh on Epicnzeaziism, cap. 11. See FluL Op, iv. 1338, ed. Dtibner (Pacb 
1841), where the misreading wtpl rov x<*P^ov rq* trapafioX^t oocnxs. 
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areas, be has been supposed to bave anticipated Arcbimeded 
(wbose name, as it bappens, follows in tbe immediate context) 
in his discoveiy of tbe quadrature of tbe parabola. 

c. Incommenaurabtlity and proportion!^ 

To Pytbagoras, as we bave seen [p. xixj, was attributed tbe 
tbeoiy of incommensurable magnitudes, wbicb may be regarded 
as a corollary from bis tbeorem of tbe tbree squares (Euclid 1. 47). 
He was also acquainted witb the doctrine of proportion, and 
is related by Plutarch to bave solved the problem, to describe 
a rectilinear figure equal to one and similar to another given 
figure (Euclid Yi. 25), and on this occasion also to bave offered 
a sacrifice ; but whether be completed the theory of proportion 
by extending it to tbe case of incommensurable magnitudes 
we are unable to say. lamblicbus states that in the time of 
Pythagoras tbree kinds of proportion only were known, viz. 
^^the arithmetic, the geometric, and in tbe third place tbe 
subcontrary, as it was then called, but which was afterwards 
called tbe harmonic by tbe associates of Archytas and Hippias." 
Further on be remarks of the so called "most perfect" or 
^^ musical" proportion, 

a + J 2ai . 

a : — -— - « r : 6, 

2 a + i ' 

wbicb combines in itself the tbree former, that it was said to 
be a discovery of the Babylonians and to have been brought 
by Pythagoras to Greece. To him belongs tbe credit of com- 
bining the Eastern science of arithmetic, which be esteemed 
so highly, witb the Egyptian science of geometry. 

/. The circle. 

Iamblichus,t giving however no details, says that although 
Aristotle may not bave squared tbe circle tbe problem was 
at any rate solved by tbe Pythagoreans. This problem, as 
we learn from tbe Bhind papyrus (ed. Eisenlohr vol. i. 98, 117), 
bad already engaged tbe attention of the Egyptians, who 
estimated tbe circle on a diameter of nine units to be equal 

* See Bretschneider pp. 75, 83. 

t See the extract from Simplidus on Aristotle given by Bretschneider, p. 108. 
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to the Bqaare on a line containing eight, thus making tt equal 
to 3^f . Having regard to the perfect symmetry of the sphere 
and the circle, Pythagoras speaks of the one as the most 
beautiful of solids and the other of plane figures (Diogenes 
Laertius lib. Yiii. cap. 1); but there is no ground for the 
statement sometimes made that he speaks of the circle as the 
maximum plane figure having a given perimeter and of the 
sphere as the maximum solid having a given surface.* 

§ 5. The further development of geometry was due in great Lod. 
measure to repeated attempts to square the circle, to trisect 
an angle and to duplicate the cube, which led to the discovery 
of various geometrical loci. Thus Pappusf ascribes to Dinos- 
tratus and Nicomedes the use of the quadratrix for squaring 
the circle ; and Proclus (on Euclid i. 9) relates that Nicomedes 
trisected a given angle by means of the conchoid (of which 
be had himself discovered the genesis and investigated the 
properties), others used the quadratrix of Hippias or Nicomedes 
for the same purpose, whilst others by means of the spiral of 
Archimedes divided a given angle in any given ratio. The 
problem of the duplication of the cube, as we shall see, was 
solved by the intersections of parabolas or other conies, and 
perhaps actually led to the discovery of the sections of the 
cone. It is to be noticed that the construction of such a curve 
as, for example, the quadratrix implies the conception of the 
idea of a Locus^ of which before the time of the above mentioned 
Hippias of Elis, a contemporary of Socrates, there is no trace, 
although the idea must have presented itself in a rudimentary 
form in the construction of a circle by the most obvious method. 
The earliest writer on loci was Hermotimus of Colophon, one 
of the successors of Eudoxus [p. xix]. 



§ 6. Hippocrates of Chios is referred to by Aristotle [Eihica Hippoeratee 
Eudem. vil. 14) in illustration of the fact that there are persons 450I480. 
who are wanting in intelligence in some respects although not 

* For an actaal mention of these theozemB see Pappus CotUetio lib. t. (yoL i, 
pp. 816, 850 ecL Hnltsch). 

t CdUctio lib. it. prop. 25 (toI. I. 251, ed. Hnltach). 
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in Others. The geometer shewed his simplicity by allowing^ 
himself to be defrauded by the donaniers of Byzantium ; or, 
according to Johannes Philoponus, he was robbed by pirates, 
went to Athens to obtain redress, there frequented the schools 
of the philosophers and made such progress in geometry that 
he ventured to attack the problem of the quadrature of the 
circle. It is related by lamblichus that Hippocrates was 
expelled from the school of the Pythagoreans for having taught 
for hire, 
^proul^!^ Hippocrates is celebrated as having reduced the problem 
of the duplication of the cube to the simpler form in which 
it was thenceforth attempted by geometers. By the duplication 
of the cube was signified the construction of a cube of twice 
the volume of a given cube : a problem which may possibly 
have first presented itself in architecture, or may have arisen 
speculatively in the course of an attempt to find an analogue 
in space to the Pythagorean property of squares (Euclid I. 47). 
Eutokius, commenting upon the second book of Archimedes 
De Sphcnra et Gylindro^ adduces a series of solutions of the 
problem, including the solution of Eratosthenes given in his 
letter to king Ptolemy ll. together with a twofold tradition as 
to the origin of the problem (Archimedis Op. p. 144, ed. 
Torelli). Minos of Crete, according to one of the ancient 
tragedians, ordered a sepulchre for his son Glaucus, and then, 
deeming the proposed dimensions of the (cubical) structure 
inadequate, directed the architect to make it exactly twice as 
large. At a later period — so the story runs — the people of 
Delos, in time of pestilence, were commanded to construct a 
new cubical altar twice as large as one already existing, and 
accordingly at their request the philosophers of the Academy 
set to work to solve this "solid problem^' [p. xxxili], which 
was found to transcend the power of the known geometry of 
the straight line and circle. It involved in effect the extraction 
of a cube root, or the solution of the cubic equation 2;' = 2a'. 
Hippocrates reduced it to the problem of finding a pair of mean 
proportionals to two given magnitudes a and i, that is to say, 
of determining x and y so as to satisfy the relations, 

a : a5 = x : y = y : i, 
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which evidently imply also the relation x*=^a'b. It does not 
appear that he himself carried the solution any further^ but the 
problem was afterwards attacked in this form by geometers, 
and in particular it was solved by Mensechmus in two ways with 
the help of the conic sections, of which he was the discoverer. 
The problem of the duplication of the cube went by the name of 
the Delian Problem owing to the above mentioned tradition con- 
necting it with one of the altars at Delos. 

Hippocrates is also celebrated as having, in his attempts to QaadrataTo 
square the circle, quadrated the lunule contained by the cir- 
cumscribed semicircle of an isosceles right angled triangle and 
the semicircle described outwards on one of its shorter sides as 
diameter. By an extension of his method it may be shewn 
that the circumscribed semicircle of a scalene right angled 
triangle contains with the semicircles described in like manner 
on its two shorter sides two lunules which are together equal 
to the area of the triangle ; but it does not clearly appear that 
the theorem in this more general form is rightly ascribed to him. 
In his further attempts to square the circle, he succeeded only in 
shewing that the problem could be solved if the lunule bounded 
by an arc equal to a sixth part of the circumference and the 
semicircle described outwards upon the chord of the arc as 
diameter could first be squared. All this is fully discussed in a 
passage of Simplicius,* a commentator on Aristotle, which is 
given at length by Bretschneider, pp. 100—121. Simplicius 
gives a long extract from Eudemus, interspersed with references 
of his own to Euclid, from which it appears that Hippocrates 
made use of the following propositions in his researches. (1) 
Circles are to one another as the squares of their diameters. 

(2) Similar segments (defined as those which are the same 
fractional part of the circumference) contain equal angles. And 

(3) similar segments are to one another as the squares of their 
bases. It is possible, as has been suggested, that by the angle 
in a segment he means the angle subtended by the chord of the 
segment at the middle point/of its arc, not knowing that the 
angle subtended at any point of the arc is constant and equal to 

* Simplicinsy on AriBtoUe Dephysica aufcufto/tone, fol. 12a (Venetiis 1626). 
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half the angle at the centre ; although prima fade it would 
appear that, knowing already so much, he must hare been 
acquainted with this also. 

Antipho §7. The same passage of Simplicius contains an account 
^* of the method by which Antipho, perhaps the well known 
opponent of Socrates, attempted the quadrature of the circle. 
He first inscribed say a square in the circle, then (bisecting 
each quadrant) an octagon, then a 16-gon, and so on continually, 
till at length he supposed a regular inscribed polygon to be 
arrived at, having an infinity of infinitesimal sides, which was 
to be regarded as coincident with the circle. Although his 
principles were regarded as unsound by the ancient critics, he 
had in fact introduced the fundamental idea of infinitesimals 
into the geometry of curves, and had virtually proved (1) that 
the areas of circles are as the squares of their diameters — ^aa 
his contemporary Hippocrates had also somehow arrived at; 
and (2) that their circumferences are proportional to their 
diameters. On the quadrature by Bryso, a contemporary 
sophist, who regarded the circle as intermediate to an inscribed 
and a circumscribed n-gon, and then • applied the method of 
Antipho, see Bretschneider's Die Oeom. vor EukL pp. 126 ff. 



Plato §8. Plato, although not greatly distinguished for his own 

42ol848. discoveries in geometry, became the founder of a schoal which 
was soon to carry the science to unknown heights. He indeed 
devised an organic solution of the problem of the two mean 
proportionals, depending upon* a double application of a pro* 
perty of the right angled triangle, and gave a rule of his own 
for constructing right angled triangles having their sides com- 
mensurable (Proclus on Euclid I. 47) ; but he rendered far 
greater service to geometry by his systematic treatment of its 
definitions and primary ideas, and by the impulse which he gave 
to the study amongst his disciples by insisting upon a knowledge 
of it as a prerequisite for metaphysical speculation, writing up 
(as it is said) before his vestibule, fir^Seh arfe^o^krpvyro^ elairo^ 
fiov Tr}v ariyffv. To Plato are attributed the propositions 
Euclid Ylli. 11, 12. One of his disciples Thestetus, who had 
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been led by him to the study of incommensurable quantities 
in connexion with proportion, became the author of the propo- 
sitions Euclid X. 9, 10. Another, Menschmus, developed the 
germs of stereometry received from him and was led, in what 
way we can only conjecture, to the discovery of the conic 
sectioAs, which is sometimes erroneously attributed to Plato 
himself, owing to a misunderstanding of the term rrjv rofjLijv^ 
the sectiofij in a passage quoted above from Proclus [p. xix], 
where it refers not to the cone but to the right line. Archytas 
of Tarentum, a contemporary of Plato, propounded a solution of 
* the Delian problem, and is said to have been the first to apply 
the method of organic description to geometrical figures; a 
method which Plato (notwithstanding his own application of it 
as above mentioned) condemned, as tending to materialise 
geometry and bring it down from the region of eternal and 
incorporeal ideas. It was one of his sayings, tov Oeov aA 
ffctD^erpclv, which Plutarch discusses in his Qucest, Conviv* 
lib. VIII. q. 2. Plato is said (Diogenes Laert. lib. ill. cap. 1) 
to have introduced the method of geometrical analysis, and to Anaijaiff, 
have communicated it to Leodamas of Thasos. 



§9. MensBchmus,* a hearer of Eudoxus and contemporary MeiuBchmiu 
with Plato, is expressly said by Proclus (on Euclid I. def. 4), sso^so. 
upon the authority of Geminus, to have been the discoverer 
of the conic sections, which were accordingly at first named 
after him the ^^ Menaschmian triads" [p. 194]. He also applied 
them in two ways to the solution of the problem of the two 
mean proportionals [pp. 45, 189], to which the Delian problem 
had been reduced by Hippocrates of Chios. It remains to 
consider whether he in the first instance regarded the curves 
in question as plane loci or as sections of a cone. In favour 
of the former view it may be urged that, as geometers before 
and after him were led to the discovery of the quadratrix, 
the conchoid and other plane loci in their attempts to square 
the circle or trisect the angle, so Menaechmus may have dis- 

* The anecdote which briogB MensBchmus into relation with Alexander the Great 
[p. xx] is coDBifltent with Uie suppoaition that he was a younger contemporary of 
Plato. 
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covered his triad of cunres in considering by means of what 
loci* the construction of a pair of mean proportionals to two 
given magnitudes might be effected. This implies the use of 
the method of geometrical analysis, which was said to have 
been discovered by Plato [p. xzxi] } and accordingly we find that 
Eutokius, who gives in detail the two solutions by Mens^mos 
of the problem of the two means (Archimed. Op. pp. 141— 2, 
ed. Torelli), represents him as having employed the method 
in both cases. But it is more important to notice that it wa» 
used by Eudozus, of whom MensBchmus was a hearer [p. xix]. 

(1) The problem being to find the two magnitudes x and y 
which with two given magnitudes a and b constitute the con-' 
tinned proportion 

a : « = « : y=y : i, 
it was seen that the relations o^^ay and j^^hx were to be 
satisfied. Being then, as we have seen reason to conclude, 
already familiar with the idea of a locus, Mensechmus had 
virtually discovered the parabola regarded as the plane locus 
determined by the relation a?=^ay^ and it was evident that 
by the intersection of two such curves the required construction 
could be effected [p. 45]. 

(2) In his second solution of the problem he makes use of 
a parabola and a rectangular hyperbola [p. 189], the latter curve 
being regarded as possessing the property that the product 
of the distances of any point on it from the asymptotes is 
constant ; whence it ia interred by Bretschneider {Die Qtom. 
vor EukL p. 162) that the asymptotes of the hyperbola must 
have been discovered very soon after the curve itself became 
known. But when we consider that the assumed relations, 

a I x^xi y=^y : i, 
are evidently equivalent to xy^ab and x*=:ayy it commends 
itself as a not less simple hypothesis that, having already formed 
the conception of the curve a;* = ay, Menschmus was further 
led by the conditions of the problem to attempt the construction 

* We have seen, from bis acquaintance with the qnadratriz, that Dinootxatus, the 
brother of MensBchmuB — ^not to mention Hippias of Ells in the preceding eentiuy— 
most hare been familiar with the idea of a Iocqb [p. xxTii]. 
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of the cnnre satisfying the relation xy^ab. This at anj rate 
seems to be the only property of the hyperbola with which he 
can be safely assumed to have been acquainted. The ellipse 
does not occor in either of his solations. To construct his loci 
he may now have had recourse in the first instance to the 
organic methods reprehended by Plato,* not at first perceiving 
that they could be more simply constructed by cutting the right 
cone by planes. It is less natural to supposef that after the 
discovery of their genesis firom the cone Men»chmuSy or his 
followers, should have thought it necessary to trace them by 
mechanical appliances, of such a nature as to be almost inmiedi- 
ately rejected and forgotten. But even if he never so traced 
them, he may still have dbcovered them as plane loci. Their 
actual description^ was felt to be a diflSculty many centuries 
later. 

§10. The conic sections, in whatsoever way first discovered, Aitetow 
soon came to be regarded as '^ solid loci," and problems which *^^- 
required them for their solution were called ^' solid problems." 
The first writer on the subject was Aristseus the Elder, who 
distinguished the three conies as the sections of the acute-angled, 
right-angled and obtuse-angled right cones respectively by 
planes drawn at right angles to their sides [p. 195]. He is 
sud by Pappusll to have written five books of Conic Elements, 
and five (in continuation ?) upon Solid Loci,§ thus preparing the 
way for the work of Euclid on Conies. He also instituted a 
comparison of the regular polyhedra,1[ to which Euclid may 
have been indebted in the thirteenth and last book of his Elements. 
We assign to Aristseus the date B.c. 320, to indicate that he 
was intermediate to Euclid and Men»chmus. 



* Fhxtazdi Qvatt, Convw. lib. Tin. q. 2; VUa MaToelli, cap. 14. 
' t Bietecfaiieider Die Otom, vor Ettkl, p. 148. 

X Sotodiifl (on Apollonii Coniea x. 20, 21) remarks that it was often necesoaiy, 
itA T^p i^optaif TtSif 6py&¥mv^ to deflcribe a conic by pointB, and that this might be 
done by means of the xelations y* =i>x, Ac. 

I CoOk^ lib. TXi. §29 ifcc. (toL ii. 672— «, ed. Hultach). 

I TiTiani [p. 221], m a Secwnda divinatio ^e. (Floxent 1701), attempted to rosfcoie 
the Looa SoHda of Azistnas. 

T See prop. 2 of the ao-called 14th book of Euclid's Elements, 

c 
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PEOM EUOIID TO SERENUS. 

suud §1. The birthplace of the geometer Euclid, sometimeff 
confounded with his namesake of Megara, is unknown. He 
lived under the first Ptolemy (b.c. 323—284), about two centuries 
after the death of Pythagoras; and we find him established at 
Alexandria, ^' etwa im Jahre 308, als den ersten Mathematiker 
seiner Zeit."* Of the various lost works attributed to him wc 
may mention (1) his treatise on Conies^ which formed the 
nucleus of the great work of Apollonius, and (2) the three 
books of Porisms^ to which we shall again refer in speaking of 
Pappus. His ^To^x^la or Elements was written in thirteen 
books, to which a fourteenth and a fifteenth (by Hypsicles of 
Alexandria) are sometimes appended. The books 1-6 are too 
well known to need description. Books 7—9 are on the pro- 
perties of numbers ; book 10 on incommensurable magnitudes ; 
and books 11—13 on stereometry. Book 10 commences with 
the proposition, that If from the major of two given magnitudes 
more than its half be taken away^ and from the remainder more 
than its half and so on continually ; a remainder toill at length 
be arrived at which is less than the minor given magnitude. 
Since the minor given magnitude may be assumed to be as 
small as we please, the proposition is seen to embody the idea 
of convergent series and the principle of the '^method of ex- 
haustions." The book ends with the proposition that the 
diagonal and the side of a square are incommensurable. The 
12th book contains applications of the method of exhaustions 
to plane and solid figures, and it is shewn that the areas of 



*^ 



* Sec Moritz Cantor's Ewlid und tein Jahrhundert p. 2 (ZeitBOhiift. f. Math, xu 
Phyak. Suppl 1. 1867). 
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circles are as the sqaares of their diameters (prop. 2), every cone 
18 the third part of a cylinder having the same base and altitude^ 
(prop. 10), and the volumes of spheres are as the cubes of their 
diameters (prop. 18). In the 13th book, which is a sequel to 
the 4th, it is shewn that there are but five regular polyhedra, 
such as can be inscribed or circumscribed to a sphere. The 
editio princqps of the 'SrroLx^ta was published at Basel in 1533 
[p. 82]: the Arabic version at Bome in 1594. The Oxford 
GraBco-latin edition, by David Gregory, of the extant works of 
Euclid was issued in 1703: it contains the Elements, Data, 
Introductio Harmonica, Sectio Canonis, Phenomena, Optica, 
Gatoptrica, De Divisionibus Liber, De Levi et Ponderoso 
fragmentum. Notice also Peyrard's Les (Euvrea d^Euclide^ en 
grecj en latin ei en/ran^is (Paris 1814—18). 

To what extent Euclid was himself a discoverer we are 
unable to say, but in his Elements he is to be regarded mainly 
as a compiler. His system as a whole must however have been 
more or leas original in its conception ; and the best testimony 
to its superior method and completeness is the subsequent 
neglect and disappearance of the cognate works of his pre- 
decessors. But his work, although the most ancient on the 
Sroi^^eZa still surviving, must not be supposed always to 
preserve tbe most ancient methods of proof. Thus the theorem 
of Thales (Euclid i. 5) cannot have been first proved in the 
manner of Euclid ;t whilst Proclus expressly states that the 
theorem of Pythagoras was not originally proved as in 
Euclid I. 47. It was also perhaps first shewn more briefly than 
by Euclid that circles are ais the squares and spheres as the 
cubes of their diameters. 

• 

§2. Archimedes of Syracuse was bom in the year 287 B.c.t Anhimedet 
According to Plutarch ( Vita Marcelli cap. 14) he was related 2S7-^2i2. 



• Hub theorem, as we ahall see, was discoveied by Endoxns [p. xzzriii]. 

t The moTe direct waj of dedocmg it from prop. 4 is mentioned by Produs, in 
ooimeiion with the name of Pappns. 

{ Notices of the life and works of Archimedes (and of Apollonios) are contained 
in Cantor's Euclid u. s. Jahrhundert, See also Heilberg's article on his knowledge 
ci the KtgeltehnUU in the ZeUachr.f, Afath. u. Phytik (April 1880). 

C2 
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to king Hiero, whilst Cicero on the other hand speaks of him 
as "humileui homuncuhim" (Tusc, Disp. lib. Y. cap. 23). He 
was a master not only of geometry, but also of theoretical and 
applied mechanics. By his scientific conduct of the defence of 
Syracuse against the Romans the siege was protracted for two 
years, till at length the city was carried by a surprise from the 
land side, and Archimedes fell by the hand of a soldier (212 B.C.). 
His grave was marked by the figure of a sphere inscribed in a 
cylinder, in commemoration of his most cherished discoreries, 
and by that sign it waa recognised by Cicero in the course of 
his quttstorship in Sicily. His works, according to the GrsBco- 
latin edition of Torelli (Oxon. 1792), are as follows: 

(1) De Ftanorum JEquiltbrita.* Two books, with the tract 
Quadratura Paraholea placed between them (pp. 1—60). 

(2) De Sphcera et Cylindro. Two books (pp. 61-201). 

(3) drculi Dimensio (pp. 203-216). 

(4) De Heltcibua (pp. 217-255). 

(5) De ConoidHms et SphcBrotdihus (pp. 257-318). 

(6) Arenarxm (pp. 319-332). 

(7) De its qua in Humido vehuntur. Two books, in Latin 
only (pp. 333-354). 

(8) Lemmataj translated from the Arabic (pp. 355-361). 

(9) Opera mechanica^ ut cnjusque mentio ab antiquis scrip- 
toribus facta est (pp. 363-370). 

We learn also fi'om one of the scattered notices of Archimedes 
in the Collectio of Pappus (lib. Y. § 34 vol. I. p. 352, ed. Hultsch) 
that he discovered thirteen semi-regular polyhedra, bounded by 
regular but not similar polygons — one of them, for example, 
by 20 triangles and 12 pentagons, another by 30 squares, 20 
hexagons and 12 decagons. But his greatest achievements in 
geometry were his approximate quadrature and rectification of 
the circle, his quadrature of the parabola, and his applications of 
the method of exhaustions to the quadrics of revolution. 

« To this treatise and to (2) and (S) are appended the commentaries of Eatodos 
of ABcalon (540 a.d.)v 
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§3. In the introdaction to his treatise Terpay(ovtafio<: ?arabou 
tlapafioXfji;^ as later scribes have entitled it, Archimedes ^^^ 
remarks that none before him, so far as he knows, has attempted 
to quadrate the segment cut off by a right line from the ^' section 
of a right-angled cone," for so he calls the parabola [p. 195]. 
His theorem, which was first arrived at by mechanical con- 
siderations and afterwards proved by pure geometry, is stated 
as follows: 

The segment contained by any right line and the section of a 
right-angled cone is equal to four-thirds of the triangle which has 
the same base and altitude as the segment 

Om In the mechanical proof he shews first that a triangle 

CDE suspended from a lever of equal arms AB and BG^ so as 

to have its side BE vertical and in a line with the fulcrum J?, 

is balanced by an area equal to one-third of its own suspended 

from A (prop. 7) ; and that the parallel sided trapezium cut off 

from the triangle CBE by two vertical lines drawn at horizontal 

distances h and k from B is balanced by an area suspended at A 

h k 

intermediate to -^p and -^^ of the trapezium (prop. 13). 

Lastly, supposing a parabolic segment on BB as base to be 
sospended with its vertex downwards, he arrives at the required 
quadrature by successive applications of the foregoing theorems 
after the manner of the method of exhaustions. 

&. The following is a summary of his second and purely 
geometrical proof of the same theorem (props. 20—24). If P 
be the vertex [fig. p. 58} and QQf the base of a segment of a 
parabola, the triangle QPQ is greater than half the segment. 
Take away this triangle from the segment, and from the 
remaining segments PQ and PQ' take away their corresponding 
triangles, and from the four remaining segments their corre- 
sponding triangles, and so on continually. Thus at length 
(Euclid X. 1) we arrive at a rem wider less than any assignable 
magnitude.* Now the sum of all the above mentioned triangles 



* By this continnal subtraction the area of the segment is at length exhausted, 
Henoe the tena " method of exhaustions.'* 
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is (l + J + 7i +.-.+ Ti) ^PQQ^ and the limit of this when » 

is infinite is ^£iPQQj which is accordingly the area of the 
segment. Notice that at the end of prop. 3 he alludes to an 
existing treatise on Conies : ^^ These things are proved iv rol^ 
'KmvLKol^ 2roi;^e/oi?/' as he does again in De Conoid, et 
Sphceroid. props. 3, 4. There is no reason to think, as some 
haye done, that he is referring to a treatise of his own.* 

Tbesphttra. §4. In the introductions to some of his treatises, Archimedes 
refers to what had been done bj earlier geometers. Thus in 
the introduction to the Quadratura Paraboles (p. 18), having 
stated as his primary lemma,t that the excess of one magnitude 
over another may be continually added to itself till the sum exceeds 
any assigned magnitudsj he remarks that it had been applied by 
those before him, viz. to prove that circles and spheres are as 
the squares and the cubes respectively of their diameters, and 
that any pyramid or cone (Euclid xii. 7, 10) is the third part of 
the prism or cylinder having the same base and altitude. In the 
introduction to De Sphcera et Cylindro lib. I. (p. 64), he gives 
the important information that the cubatures of the pyramid and 

zadozu the cone (Euclid xii. 7, 10) were discovered by Eudoxus.| 
m. These properties preexisted in the figures, but (though many 
notable geometers lived before Eudoxus) no one had discovered 
them. In like manner, none before Archimedes had discovered 
that the surface of a sphere is equal to four times the area of 
one of its great circles (prop. 35) ; the volume of a sphere to two 
thirds of the circumscribed cylinder having the same altitude, 
and its surface to two thirds of that of the cylinder (prop. 37) ; 
the surface of any segment of a sphere to the area of the circle 
whose radius is the line from the vertex of the segment to any 
point on its base (props. 48—9) ; and the volume of the solid 
sector determined by any segment to the cone whose base and 



* Gompaze the introdnctoiy remarka of EatodoB on Apollonii Coniea (p. S, ed 
Halley). 

t Bee also D^ HeUcibvs (p. 220). 

X BndoxiiB of Cnidns flourished in the lOdid Olympiad, and died about 857 B.G., 
aooozding to Bretschneider Die Gwm, vor EukL p. 168. 
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altltade are severally equal to the surface of the segment and 
the radius of the sphere (prop. 50). 

In lib. II. it is proved that the volume of any segment of a 
sphere is equal to that of a cone of certain altitude described 
upon its base (prop. 3) ; and the theorems now established are 
Applied to solve the problems : to find a plane area equal to the 
surface of a given sphere (prop. 1), to describe a sphere equal 
to a given cone or cylinder (prop. 2),* and to divide a given 
sphere into segments whose surfaces or volumes shall be in a 
given ratio (props. 4, 5). 

§5. In the Ciradi Dimemio it is shewn, that any circle is circnii 
equal to the right angled triangle whose sides about the right 
angle are equal to the radius and the circumference of the circle 
(prop. 1); a circle is to the square on its diameter as 11 to 14, 
approximately (prop. 2)^ and that the circumference exceeds 
thrice the diameter by a fraction of it less than f and greater 
than f ^ (prop* 3)* These last results are obtained by regarding 
the circumference of a circle as intermediate in length to those 
of its circumscribed and inscribed 96-gons. Thus we see that 
Archimedes treated the problem both as a quadrature and a 
rectification of the circle; and he shewed, not only that ir is 
nearly equal to 3f , but that it is less than 3| and greater 3f ^. 
We may therefore fairly say that his approximation was exact 
to three places of decimals, since the mean of his two limits 
gives IT equal to 3.1418 &c. The approximation in the Bhind 
papyrus makes it greater than 3.16 [p. xxvi]. 

§6. In the treatise De Hdicibua he defines his helix or spiniof 
spiral i^^-aB) as generated by the double motion of a point, 
which moves uniformly outwards from a fixed origin, in the 
direction of a radius vector which itself rotates uniformly about 
that origin. Supposing the generating point to start from the 



* A solntioii of tho problem of the two mean proportioxuds being here pre- 
•opposed, Eatocins (pp. 135—149) gives the methods of Plato, Hero, Fhilo of 
B/zantinm, ApoUonins, Diocles, Pappus, Sporos, MensBchmus, Archytas, Eratosthenes 
and Nicomedes, rejecting that of Eudozos (pp. lad, 149), perhaps for insufficient 
rawm (Bietachncidftr Die Geom, vor EukL p. 166). 
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origin and to arrive at the point A after n complete revo^ 
lutions of the radius vector, he shews that the intercept made 
bj the tangent at A upon the radius vector at right angles to 
OA is equal to n times the circumference of the circle described 
with OA as radius (prop. 19), thus effecting the rectification and 
quadrature of the circle with the help of his spiral ; and in 
prop. 20 he proves the corresponding theorem for any other 
position OB of the radius vector.* The quadrature of the 
spiral b determined in props 24-28. From the introduction to 
this treatise we learn that there were other able geometers in 
the time of Archimedes, with whom he was in correspondence ; 
and that there were also pretenders addicted to dimming more 
than their due, for whose discomfiture he propounded false 
theorems, of which examples are given (p. 218). 

His spiral affords the simplest illustration of the generation 
of curves by an angular compounded with a linear motion, 
according to the idea of Plato, who "establishing two most 
simple and principal species of lines, the right and the circular, 
composes aU the rest from the mixture of these^' (Proclus on 
Euclid I. def. 4). Desargues (1639 a.d.) threw out the sug- 
gestion that a conic might be thus described, but assigned no 
law of movementf On Boberval's rule for drawing the 
tangent to a curve at any point, regarded as the line of the 
resultant of all the movements of the point, see Chasles' Ajperfu 
Tmtorique p. 58 (1875). 

Thsoottotdf. §7. The book De Conaidibus et Spharoiiibus contains 
various theorems on the cubature of the quadrics of involution, 
the sphere having been already dealt with in a separate work. 
The figure generated by the rotation of a " section of the right 
angled cone" about its axis, that is to say, the paraboloid of 
revolution, is called the right angled conoid; the hyperboloid 
of revolution is called the obtuse angled conoid ; but the " acute 
angle conoid," as it should be called, is more briefly termed the 



* Thus in effect he detennixiaB the trigonometrical tangent of the angle between 
OR and the tangent to the ctmre at R, 

t Poudra (Euoru de Leaarguu Tol I. 227, 298. 
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spheroid. It is shewn that the areas of ellipses are as the 
products of their axes (prop. 7) ; that an infinity of right cones 
or cylinders can be drawn so as to contain a given ellipse 
^ (props. 8-10); and that the plane sections of the conoids and 
and spheroids are conies (props. 12—15). The book concludes 
with a series of propositions on their cubature (props. 21—34), 
which are proved by a process closely related to the method 
of integration. 

^ §8. The method of exhaustions employed by Euclid andeJSSS^oM. 

Archimedes involved a tedious reductio ad ahaurdum^ and was 
perhaps first elaborated as a means of verification rather than of 
discovery. The idea of regarding a curve as a limiting form of 
polygon was propounded, for the case of the circle, by Antipho 

, [p. xxx], in the fifth century b.c. ; and the fact that circles are 
as the squares of their diameters was thus rendered intuitive, 
presupposing only a well known relation between the areas of 
similar rectilinear figures. As regards this property of circles 
and the analogous property of spheres, the proofs given by 
Euclid may be supposed merely to have established more rigidly 
what had been already divined by a summary process ; but the 
use of the method of exhaustions was more apparent in the 
actual evaluation of volumes and areas. Granted, for example, 
that a curvilinear plane area might be regarded as divided into 
rectilinear elements by an infinity of consecutive ordinates, the 
summation of its elements could not well have been efiected 
directly before the invention of some form of algebraical calculus. 
Instead of regarding the small elements of a curve as ulti- 
mately rectilinear, the ancients would (in the case supposed) have 
proceeded somewhat as follows. Project every ordinate upon 
the next before and the next after it by parallels to the axis of 
abscissSB : thus two sets of parallelograms are constructed, to 
which the area of the curve is intermediate: suppose the difference 
between the two sets to be indefinitely diminished by increasing 
the number of ordinates, and then apply the method of reductio 
ad absurduniy as above mentioned. For actual cases of the 
subdivision of surfaces by parallel planes, and their cubature 
by this method, see De Conoid, et Bphaeroid. props. 21—24. The 
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Btereometrical work of Archimedes was revived and continaed 
by Kepler, whose No^)a Stereametria prepared the way for the 
modem forms of the infinitesimal calculus. 

ApoUoDius §9. Apollonius of Perga was bom in the reign of Ptolemy 
247-2M. Euergetes (247-222 B.C.), studied at Alexandria .under the 
successors of Euclid, and flourished in the reign of Ptolemy 
Philopator (222-205 B.C.)- Of his various works* the most 
famous was the KmviKdy which gained for him (according to 
Geminus)t the title of the Great Geometer. In the account of 
this work given by Pappus^ it is divided into two tetrads of 
books, the former founded on Euclid's four books of Conies^ and 
the latter supplementary to them. Apollonius in like manner, 
in his introductory letter to Eudemus, draws a distinction 
between books 1—4, which he describes as elementary, and the 
remainder, which were weptovacaarLKtorepaj at the same time 
pointing out that the former also contained very much that was 
new. The Oxford edition by Halley (1710) contains books 
1-4 with the commentary of Eutocius, in Greek and Latin 
(pp. 1—250); and in a second part, books 5-7 translated from 
the Arabic and lib. viil. ** restitutus" (pp. 1—171). The volume 
concludes with the two books of Serenus on the Cylinder and 
the Coue, in Greek and Latin (pp. 1—88). The contents of the 
several books of the Conies of Apollonius are specified below. 
The most striking evidence of his geometrical power is afforded 
by the fifth book, in which he solves the problem of drawing 
normals to a conic from an arbitrary point in its plane, and 
evaluates the coordinates of what we call the Centre of 
Curvature at any point of a conic. To have worked out such 
results with the means at his disposal is an achievement not 
unworthy of the greatest of geometers in any age. 

(a) Book I. A conical superficies is defined as the surface 
generated by an infinite right line, which passes through a 
fixed vertex and moves round the circumference of a given 

* See the notioes in the CoUecUo of Pappus; and of. Oantor'a Euclid «. i. 
Johrhundert pp. 44—64. 

t HaUe/B Apollonii Conica p. 9. GeminuB lived about 160 B.O. (Cantor p. 62). 
X CoUeetio lib. Tli. §30 (yol ii. p. 672, ed. Hnltsch). 
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eurde : the term Cone is used speciallj of the finite portion of 
the superfices between the vertex and the circle or base. The 
Axis is the line from the vertex to the centre of the base. The 
plane through the axis at right angles* to the base cuts the 
cone and its base in a triangle, which is called ^' the triangle 
through the axis ;" and every chord of the cone at right angles 
to the plane of this triangle is bisected bj it (prop. 5). Any 
plane at right angles to the plane of the triangle through the 
axis meets the conical surface in general in one of the three 
curves formerly distinguished as the sections of the right, obtuse 
and acute angled cones respectively. These names being thus 
found to be inappropriate, others have to be suggested in their 
place. The new names may be briefly explained as follows 
[p. 82]. The Parabola is so called because at every point of it, 
'}£p be the parameter, t^ is equal topx] the Hyperbola because 
y* is greaUr than px ; and the EUipsef because y* is less than 
px (props. 11-13). He is now practically independent of the 
cone, and starts afresh from the relation between the ordinate 
and the abscissa. See also props. 20—21. It is shewn later in 
the book, that the tangent to a conic at any point and the 
ordinate of the point to any diameter divide the diameter 
harmonically (props. 34-38) ; and lastly a construction is given 
for describing two conjugate hyperbolas with a given pair of 
conjugate diameters (prop. 56). 

In the use of coordinates! by the ancients, — as for example ^^^^^ 
by Apollonius in this book, and in a more striking way in his 
fifth book— the form of procedure was strictly geometrical 
throughout. Hence we see more clearly the importance of the 

* After prop. 5 this plane is called briefly "a plane through the axis.'' There is 
the same laxity of statement in def. 10, where the right line bisecting a system of 
puallel chords of any cnrve line (irdo-nc KafiiruXtit ypan/ifji) in one plane is defined 
as a diameter ; whersapon Eutodus remarks that he rightly adds in piano, to exdnde 
the cylindrical helix and the sphere. 

t If the three conies were first disoovered in the order in which Apollonius 
(perhaps following Euclid and Aristseus) here introduces them, this tends rather to 
support the conjecture that they were discovered in piano [p. zzxii], since the 
contemplation of the cone, which was regarded as a finite figure (Euclid xi. def. 18), 
would have revealed the ellipse first instead of last. Geminus (Proclus on Euclid I. 
def. 4) called the ellipse Ouptotf from its shape. Gf. cissoid, conchoid, oardioid. 

t The term ordmaU was derived by tianslation from the Gieek. 
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irapafioXi] of areas [p. XXY.]. In its simplest form this 
amounted to finding the line which in conjunction with a given 
line determines a rectangle, or other parallelogram (Euclid i. 44) ^ 
of given area, which corresponds to the algebraical division of a 
given product bj one of its factors. A further use of the term 
occurs in the determination of the foci of a central conic which 
Apollonius calls ^'the points arising ix rrj^ irapafioXri^^^ puncta 
ex applicatione facta. Here the problem is to divide the axis 
into segments whose product is equal to the fourth part of ^^ the 
figure" [p. 82], or to determine x and y from the relations 
X + y 8 2a and xy = V, The application to a given line of a 
parallelogram deficient or exceeding bj a parallelogram similar 
to a given one is the subject of the propositions Euclid YI. 
27—29. For an extension of the method to an indefinite sertea 
of magnitudes, see Archimedes De Conoid, et SphcBroid. prop. 3.- 
Thus the '' application" of areas^ so far as it went, was to the 
ancient geometiy what algebra, which deals with products and 
factors, is to the geometry of Descartes. 

(&) Book II. The asymptotes are thus defined: on the 
tangent to a hyperbola at any point P take PT and PT^ each 
equal to the parallel semi-diameter ; then the lines CT and CT\ 
and these alone, being produced to infinity, do not meet but 
approach indefinitely near to the curve (props. 1, 2, 14). 
Through a given point a hyperbola can be drawn so as to have 
a given pair of lines for asymptotes (prop. 4). The opposite 
intercepts made on any straight line by the curve and its 
asymptotes are equal to one another, and the product of two 
adjacent intercepts is equal to the square of the parallel semi- 
diameter (props. 8—11). The product of the distances of any 
point on the hyperbola from its asymptotes is constant (prop. 12). 
A line parallel to an asymptote meets the curve in one point 
only (prop. 13). The tangents to conjugate hyperbolas at the 
extremities of any two conjugate semi-diameters meet on one 
or other of the asymptotes (prop. 21). The diameter through 
the point of concourse of any two tangents to a conic bisects 
their chord of contact (props. 29-30). Supplemental chords of 
a hyperbola are parallel to conjugate diameters (prop. 37). 
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Given a central conic, to find its centre and axes (props. 45-8) ; 
and to draw a tangent making a given angle with the axis 
(prop. 50), or with the diameter through its point of contact 
(props. 51-3). 

(c) Book III. The diameters through any two points of a 
conic contain equal triangles with the tangents at those points 
(prop. I). The rectangles contained by the segments of any 
two intersecting chords of a conic are as the squares of the 
parallel tangents (props. 16—23). Any chord through the inter^ 
section of two tangents to a conic is cut harmonically* by their 
paint of concourse and their chord of contact (props. 37—40) : the 
special case of any chord through the intersection of a tangent 
and an asymptote is treated separately in props. 34—36. Thus 
a substantial contribution is made to the theory of polars, 
afterwards completed by Desargues. Any three tangents to a 
parabola cut one another proportionally (prop. 41). Two 
tangents being drawn at the extremities of any diameter, the 
product of their segments by any third tangent is equal to the 
square of half the conjugate diameter (prop. 42). The tangent 
to a hyperbola cuts off a constant area from the space between 
the asymptotes (prop. 43). The foci of a central conic, or 
'^puncta ex applicatione facta,'' are determined and their 
principal properties proved in props. 45-52 [p. Ill]; but 
since the process of ^^ application" fails when the axes become 
infinite, he does not detect the existence of the focus of the parabola^ 

This third book is said by ApoUonius, in his preface to the 
entire work (p. 8), to contain many wonderful theorems, for 
the most part new ; and he adds that Euclid was not able to 
construct the Locus ad tres et quatuor lineas generally ,t but only 
some special case of it, and that indifferently ; for in fact it was 
not possible to complete the construction " without our further 
discoveries," where the allusion, is doubtless to props. 16-23 
[p. 266 J. From the extant works of ApoUonius we learn 
nothing about the nature of this Locus^ and even the com- 



* The expresBion "harmonically" is however not naed by Apollonins. On polars 
with respect to a circle see § 13 (/). 

t The proof for the case of the circle preaente no difficnltj [p. 235]. 
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mentator Eutocius cannot explain the allusion (p. 12). Pappos 
however Informs us what the problem really was, and states 
clearly that the locas in question is a conic. He then speaks 
of the locus analogously related to more than four given lines 
{Collection. 680, ed. Hultsch). Considering the distances of a 
point from six given lines, we may say that the solid contained 
by three of the distances varies as that contained by the re- 
mainining three ; but we cannot go on to more than six given 
lines, and say: *4f the ratio of the content of four of the 
distances to the content of the remainder be given, — since there 
is not anything that is contained by more than three dimensions. 
Nevertheless, men a little before our time have allowed them- 
selves to interpret such things, signifying nothing at all 
comprehensible, speaking of ike product of the content of auch 
and such lines by the equate of this or the content of those. These 
things might however be stated and shewn generally by means 
of compounded proportions &c.'' These predecessors of Pappus, 
^^e "^^^ ^^^ ^^^ *^ ^® confined to three dimensions, were evidently 
geometzy. gigebraic geomcters, who considered lines not directly as such, 
but only in their numerical relations to a unit of length. 

{d) Book IT. No two conies can have more than four 
points of concourse (props. 25, 36, 40—4, 53], or two of concourse 
and one of contact (props. 26, 45—8, 54), or two of contact 
(props. 27, 38, 49—51, 55). Two parabolas can only touch one 
another in one point (prop. 28). 

If the earliest writers on conies had not dealt with the 
subject of this book (p. 217), and if the principal part of book 3 
was also new, we may conclude that the Conies of Euclid 
contained little or nothing that is not to be found in books 1 
and 2 of Apollonius and that the earlier Elements of Aristaens 
were meagre, or '' somewhat concisely written." Their treatises 
would have contained elementary propositions on the right concj 
the relation of the ordinate to the abscissa in each section, the 
property of a diameter^ some construction of a tangent with the 
determination of its intercept on any diameter, and the leading 
properties of the asymptotes*^ but nothing about foci, or normals, 
or the metric relations of conjugate diameters, or of intersecting 
chords of the general conic drawn arbitrarily. 
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(e) Book Y. Under the title De Mascimis et MintmtSj this 
book treats of the four Normals (regarded as greatest or least 
lines) that can be drawn to a conic from a given point in its 
plane, and establishes the complete analogue of Euclid ill. 7, 8 
for the general conic. If P be any point on a conic, N its 
projection upon the axis, A the nearer vertex, AL parallel to 
^Pand eqtuil to half the lotus rectum^ and Q the point in which 
the diameter CL meets Py, then 

PlfT = 2 trapezium ANQL. 

From this relation between the coordinates PN and AN the 
following results are elaborated. 

If the abscissa AN be less than AL^ the least right line from 
N to the curve is NA^ and the greatest is NA* the remainder 
of the axis (props. 4—6) ; but if AN be greater than AL^ the 
least line from N to the curve is such that its projection upon 
the axis is equal to AL in the case of the parabola, and in other 

cases to -^ CN (props. 8—10), which is the ' property of the 

subnormaL The greatest lines from given points on the minor 
axis of an ellipse to the curve are then considered (props. 16—22), 
and it is shewn that the intercepts upon them between the 
curve and the points in which they meet the major axis are 
the least lines that could- be drawn from those points to the 
curve (prop. 23). All such greatest and least lines meet the 
conic at right angles (props. 27-33) ; and if he any point on 
one of them and N be the point at which it meets the curve 
normally, then ON is also a greatest or least line from to 
the curve (props. 12, 21, 34). Four normals (as we shall now 
call them) to a semi-ellipse, or three normals to an elliptic 
quadrant, cannot meet in one point (props. 47—8). If be any 
point in the plane of a conic whose abscissa AN is not greater 
than ALj no normal can be drawn to the conic from so as to 
fall withm the angle AON (props. 49, 50); but if AN be 
greater than AL^ then according as ON is greater than, equal 
to, or less than a certain length X no normal, or one^ or ttoo can 
be drawn to the conic from so as to fall within the angle 
^OJ*' (props. 51-2). 



r 
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To determine the length \ divide the semi-axiB CA in H 
80 that 

CHiNH^OAiAL; 

between GH and CA find two mean proportionals* CL and 
CK^ BO that 

CH: CL^CLx OK^CK: CA; 

and lastly, supposing CK to be an abscissa measored towards 
A^ and P the point on the curve (on the opposite side of the 
axis to 0) having CK for its abscissa, take X to PK in the 
compound ratio of CN to CH and HK to CK^ so that 

X : Pir= CN.HK: NH.CK. 

Hence, writing a and b for the semi-axes, we find that 

a a 

^* pr — V v'-ck) = "F^ v'-cA^)' 

or X = ?^PJr'; 

and therefore C^ and X are equal to the coordinates of the 
centre of curvature at P, which is here virtually regarded as 
the paint of the ultimate intersection of conaecuMve normals^ since 
if the ordinate of be dimiuished however slightly, at once 
becomes a point from which two normals can be drawn* The 
locus of is the evolute of the conic [p. 221]. 

When ON is less than X, he determines a certain point 2 
having GH for its abscissa and a certain point / on PK^ and 
through / he describes one branch of a rectangular hyperbola 
(pp. 39, 40), having for asymptotes the parallels through 2 to the 
axes of the given conic This semi-hyperbola intersects the 
conic in two points X and F, the normals at which are OX 



* The Arab interpreter giTes a oonstmction (p. 40) for two mean proportknuJa 
identical with that of Ex. UO [p. 189] . 
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and OY [p. 265].* To determine the positions of 2 and /, 
produce ON to a point M such that 

OMiMN^a^ib'i 

through M draw a parallel to the transverse axis, meeting the 
ordinate through H in 2, and PK in O ; and upon PO take 
the point /, such that GI.G^=^^M.MO. The rectangular 
hjrperbola may then be described. Afterwards he considers 
other positions of the point from which the normals are to be 
drawn, making use of the same hyperbola of construction 
(props. 55, 58-63). In prop. 75 (the last but two) it is shewn, 
that if the normals at three points PQR on the same side of the 
axis of an ellipse cointersect in 0, the normal OP nearest to 
the vertex remote from is the longest line from to the 
semi-ellipse, and the normal OB nearest to the vertex A 
adjacent to is the longest line that can be drawn from to 
the arc A Q. 

{/) Book VI. Similar conies being those in which corre- 
sponding ordinates and abscissse are proportional, it is shewn 
that all parabolas are similar (prop. II); as also are central 
conies the figures upon whose axes are similar (props. 12, 13). 
At the end of the book it is shewn how to cut a section of 
given form and magnitude from a given right cone (props. 28-30), 
and conversely, how to draw a right cone similar to a given 
one through a given conic (props. 31-3). 

{g) Book VII. In props. 6, 7 use is made of supplemental 
chords drawn from the vertices. Cf. lib. Ii. 37. The sum or 
difference of the squares of conjugate diameters is constant 
(props. 12, 13); and in the equilateral hyperbola conjugate 
diameters are equal (prop. 23). The conjugate parallelogram 
is equal to the rectangle contained by the axes (prop. 31). The 
relative magnitudes of conjugate diameters in various special 
cases are then discussed. 

(A) Book Viii. Of this book there is only a conjectural 
restitution. Thirty-three propositions are given, containing 

♦ Hallbt, in a Scholion on Serenas De Sect. Coni prop. 39 (p. 69), gives a 
c omtfu ction for the three normals to a parabola from a given point, bj means of a 
certain circle through the vertex [p. 22^ J. 

d 
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various special constractions^ such as: given the axis and the 
lattts rectam of a central conic, to draw a pair of conjugate 
diameters whose ratio, or sum, or difference is £^ven 
(props. 7—12). 

Hraotoni §10. Li Continuation of the account of the most brilliant 
period of ancient geometry, the century of Euclid, Archimedes 
and Apollonius, recourse must again be had to the Gollectio of 
the much later writer Pappus, for information about the lost 
three books of Porisms of Euclid. But two other names 
meanwhile demand at least a passing allusion. In the Sphcenca 
of Menelaus, a geometer and astronomer of the first century A.D., 
is found the theorem (lib. ill. lemma 1 p. 83, Oxon. 1758): 
If the sides ag^ gd^ da oi 9k plane triangle be met by any 
transversal in the points erh respectively, then 

ge : ea^gr.dh : rd.ha^ 

or ike product of three non-adjacent segments of the sides 
of the triangle hy any transversal is equal to the product of 
the remaining three. This was also extended to spherical 
triangles, and served as a basis for the spherical trigonometry 
of the ancients. But the property of the six segments in piano 
is here noticed on account of the great results to which it led 
long after, especially in the hands of Desargues. See also 
Chasles Apergu historique Note VI. p. 291, 1875 ; Les Porismes 
p. 107. Menelaus is mentioned in the fourth and sixth books 
of the Gollectio of Pappus (pp. 270, 476, 600-2 ed. Hultsch). 



Ptolemy §11. Claudius Ptolemsus was "le plus c^l&bre, sans con- 
125-1189. tredit, mais non le plus v^ritablement grand astronome de toute 
Tantiquitd." 'Thus writes Delambrc in the Biographie Uni- 
verselle (vol. 36. Paris 1823). In a work on the three dimensions 
of bodies, Ptolemy introduced the idea of determining the 
position of a point in space by referring it to three rectangular 
axes of coordinates (Ibid. p. 272). His chief work, which he 
called a mathematical ^uvra^i^j was further described by his 
admirers as i; fjLeydXrjj and by the Arabs as Almagest (17 fieyia-ni). 



K 
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In it* {JXctio Primaj cap. 12. fol. 9&r Venet 1515) he repro- 
daces the theorem of the six segments (§10), which has ac- 
cordingly been ascribed to Ptolemy — and founds upon it a 
ajBtem of trigonometiy, plane and spherical. For a full account 
of his works see tome ii of Delambre's Hist de VAatronomie 
andenne (Paris 1817), comparing the Prcrfaiio to the third 
volume of Hultsch's Pappus. 

% 12. The 2uvay€Dyi] of Pappus was formerly best known pappns 
in the Latin version of Commandinus, but a complete Greek soo.' 
text of its BeliquicB (with a Latin rendering) has at length been 
edited by Hultsch.t It is a miscellany of mathematics and 
mathematical history, to which we here refer chiefly to supple- 
ment our account of Euclid by some notice of his great work, 
the lost three books of Porisms. It is customary to place 
Pappus near the end of the fourth centuiy of our era; but 
flultsch, following Usener {Bheinisckea Museum vol. xxviii. 403), 
considers him to have flourished under Diocletian, 284—305 ▲.D. 
A general account of the Porisms is given in lib. Yii (pp. 636, 
648—60), where it is said, that the three books were an ex- 
ceedingly skilful compilation, serving for the solution of the 
more difficult problems: the doctrine of porisms was subtle 
and general, and very delightful to persons of insight and 
resource : nothing had been added to what Euclid wrote upon 
them, Except that some dull persons had given their second 
redactions of a few of his propositions. Twenty-nine genera 
of porisms are specified, and it is stated that the three books 
contained 38 lemmas and 171 theorems. The 38 lemmas con- 
stitute props. 127-164 of lib. VII of the Collectio (vol. II. pp. 
866-918). Their enunciations are curt and unfinished, being 
like private memoranda of the writer rather than complete 
statements, and the whole doctrine of porisms long remained an 
impenetrable secret. The first great step towards their inter- 

* For his property of a trapezium abgd ioBcribed in a dicle, yiz. agM = ab.ffd+ otLbg, 
■ee cap. 9, f oL 6b, 

t Pappi Alexandrini CoUectumis qua tupenurU, e lib7*is MSS, edidit ^e» Frid. 
Hnltach (Beiol. 187(^-S). lib. i. is lost, but portions of ii.~yiii. remain. The 
edition ia in three volnmes, in which the text has one pagination throughout. On 
earlier editions see Pref. to toL i. 

d2 
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pretation was made by SimBon {Phil. Trans. May 1723), and 
the most complete work upon the subject is Chasles' Les trots 
livres de Porismes d^EiAclide r6tablis...confomii7nent au sentiment 
de B. Simson sur la forme des SnoncSs (Paris 1860)| which 
contains a historical risumS^ an analysis (pp. 73-84) and enunci- 
ation (pp. 87-98) of the lemmas, and a conjectural restitution of 
the Porisms. 

§13. Passing by the lemmas 18, 20, 21, 29-33, 36-38, we 
may group the remainder as below, adhering (except in one 
particular) to the classification of Chasles. 

(a). Four Jixed radiants cut any transversal in a constant 
cross ratio. 

Lenimas 3, 10, 11, 14, 16, 19. Props. 129, 136, 137, 140, 
142, 145. 

Lemma 3 (p. 870) affirms, that if any two straight lines 

ABGD and ASG'If he drawn across three straight lines OB^ 

OC^ OD Ip. 253], then 

AB.DG : AD.BC^AB'.I/C' : AIT.B'C'. 

Here we have, not quite directly stated, the theorem (a). In 
lemmas 10 and 16 it is shewn conversely, that if [ABCD] 
ss[ABC^iy], the line DIX passes through the intersection 
o{BB and GC\ Lemma 19 is simply, that if {^5(7Z>} = 1, 
then [AB'G'D'] ^ 1. Lemmas 11 and 14 follow from 3 and 10 
respectively by taking one of the two transversals, as aBb in 
Art. 103 [p. 251], parallel to one of the three radiants. 

These Lemmas are used in the proof of lemmas 12, 13, 15, 17. 

(J). The opposite sides and the two diagonals of any quadri- 
lateral meet any transversal in three pairs of points in involution. 

Lemmas 1, 2, 4-7. Props. 127, 128, 130-3. 

Lemma 4 (p. 872) will serve as an example of the obscure 
enunciations of Pappus. The statement is as follows : 

The figure ABGDEFGEKL, and as AF.BG to AB.GF 
so let AF.DE be to AD.EF. (I say) that the line through the 
points HOF is straight. 

This is in reality a converse of (J) [p. 261]. In lemmas I 
and 2 the transversal is parallel to a side of the quadrilateral* 
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In lemma 5 it is drawn throngh the points of concourse A and 
C of the opposite sides of the quadrilateral, and the line A G 
h divided harmonically by the two diagonals, or if parallel to 
one of them (lemma 6), is bisected by the other. 

(c). Theorem reciprocal to the above. 

Lemma 9. Prop. 135. 

Lemma 9 (p. 878) is that, if AD and AE be drawn from 
the vertex A to the base BC of a triangle, FG a parallel to 
the base meeting AB in F and AC in O^ and H a point on 
DE such that 

BHiHC^DHiHE, 

the lines FH^ OH meet AB and AG respectively in points 
K and L lying on a parallel to BG. 

This is the converse of a special case of the theorem, that 
the three pairs of summits of a quadrilateral FOKL subtend a 
pencil in involution at any point A in its plane ; the point H in 
the case supposed being the centre of the involution in which 
BE and GD are segments. 

{d). If a hexagon be inscribed in a line'pair^ its three pairs of 
opposite sides meet in three points lying in a straight line. 

Lemmas 8, 12, 13, 15, 17. Props. 134, 138, 139, 141, 143. 

Lemma 13 (p. 886) is \o the effect, that if AEB and GFD 
be triads of points on a straight line, the three intersections 

[AF, GE), [FB, ED), {BG, DA), 

are in a straight line. The figure AFBGED may be regarded 
as a hexagon inscribed in a line-pair. Lemma 12 is the case 
in which AB and GD are parallel. Lemmas 15 and 17 are 
converse forms of 12 and 13. 

Lemma 8* (p. 878) is thus enunciated : 

Let ABGDEFO be a PfOfiLtrKO^, and let DE be parallel to 
BG, and EG to BF. Then DF is parallel to GG. 

That is to say, if BG be the base of a triangle, DE (termin- 
ated by the sides through B and G) a line parallel to BG, and 
EG, BF a pair of parallels terminated by BD and CE 
respectively or their complements, then DF, GG are parallel. 



* This lemma is isolated in Chasles' claasifioatLon (p. 78). 
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In other words, if FBOGED he a hexagon inscribed in a liner 
pair BDa^ CEF^ the intersections {FB, GE)^ {BGj ED), 
{CGj DF) are in the case supposed at infinity, and in general 
in one straight line. 

(e). Harmonic section of a right line. 

Lemmas 22-27, 34. Props. 148-153, 160. 

These Lemmas are on the metric relations of the segments 
of a harmonic range ; but the term harmonic, although coined 
long before [p. xxvi], is not employed. 

(/). Property ofpolars with respect to a circle. 

Lemmas 28, 35. Props. 154, 161. 

These Lemmas (pp. 904, 914) are to the effect, that any 
chord of a circle drawn through a fixed point toithout or within 
it is divided harmonically by the point and a certain fixed 
straight line. Of this proposition, which in its entirety is the 
foundation of the theory of polars with respect to a circle, the 
former part only was extended by ApoUonius to the conies 
(lib. III. 37). 

Foeiuaxid §14. To Pappus we are further indebted for the earliest 
trace of a focus of the parabola, and of a directrix of any conic 
In the Collectio lib. Yil. prop. 238 (p. 1013) is the theorem, that 
the locus of a point in piano, whose Stance from a fixed point 
varies as its perpendicular distance from a fixed straight line, 
is a conic. Thus one focus of the parabola is at length found ; 
but it was reserved for Kepler to complete the theory of the 
real ^' foci" of conies, and to give them their name. 

serenu. § 15. The two books of Serenus of Antissa De Sect. Cylindri 
and De Sect. Coni respectively form a sequel to the Conies of 
ApoUonius in Halley's edition. Serenus was also a com- 
mentator on ApoUonius, and he lived before Marinus, a disciple 
of Proclus.* Many geometers in his day imagining that the 
sections of the cylinder were not identical with the eUiptic 
sections of the cone, he sets to work to remove this mis- 
apprehension. {De Sect. Cyl. props. 16-18). He then shews 

* The date 450 a.d. for Serenns may serre aa a oonjectmal lower limit. Baldi, 
Croniea de MatenuUici p. 69 (Urbino 1707), boldly anigziB to him the precise data 462. 
Suter Guch, dtr maih.Ww€fuchaJlen I. p. 92 (ZUrich 1878) prefers the date 200-100 B.O. 
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how to constnict a cylinder and a codo on coplanar bases, so as 
to be cat by one plane in the same ellipse or in similar ellipses 
(props. 19-23); and farther, given a cylinder and a plane 
catting it, he describes a cone having the same base and 
altitude, which is cat by the given plane in a section similar 
to that of the cylinder (prop. 25). Props. 26-30 shew how 
to cut a cylinder or cone in sabcontrary pairs of similar 
ellipses. The remaining propositions De Sect Cylindri^ althoagh 
of still greater interest and importance, are sometimes overlooked. 
The property of a harmonic pencil, indirectly stated, is applied 
in space to prove that all the tangents to a cone from one point 
have their points of contact on two generating lines (props. 
33, 34), and the idea of projection by rays emitted from a 
lominoos point is saggested and illustrated by a simple case 
(prop. 35). In the book De Sect. Coni he breaks (as he tells us) 
new groand, in thoroughly discussing the triangular section 
determined by an arbitrary plane through the vertex. Thus 
he makes a step towards the generalisation of Desargues, who 
drew his planes of section without reference to the fixed 
^' triangle through the axis.'' 

§16. The writings of Serenus suggest an answer to the Penpeetire. 
question (Chasles Apergu hiatorique p. 74, 1875), Was the 
method of perspective* known and used by the ancients? 
Certainly not by those who doubted whether the sections of a 
cylinder were also sections of a cone. But Serenus now shews 
that the property of a harmonic range may be transferred by 
central projection from plane to plane, and hence that any 
tangent to a conic section and its point of contact project into 
a tangent and its point of contact on any plane. The principle 
of perspective had thus been laid down, as the modem reader 
dearly sees; but if the ancients had still (as in the time of 
ApoUonius) no complete theory of polars with respect to a 
conic, and if they had not learned to look upon parallel straight 
lines as concurrent (Chasles Lea Porismea p. 104), the method 
could not have been applied by them to much effect, had it 
been even more distinctly formulated than by Serenus. 

^ 'Bm some informatioii about perspectiTe see Poadra's Hittoirt de la Penptetivt 
^^ienae tt modeme (Paris 1864). 
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KEPLEE. DE8AEGUE8. NEWTON. 

§1. In the Interval between the decadence of the Greek 
school of mathematics and the revival of learning in Europe, 
the Arabs preserved and commented upon the works of the old 
masters in geometry, and also applied themselves with effect 
to the new science of Algebra,* which was so greatly to enlarge 
the domain of geometry itself in the hands of the followers 
of Descartes, deferring for supplementary information from 
this point onward to Montucla^s Htstoire de$ MaiJiimatiques^ 
and Chasles' Apergu historique des MSthodea en OSomStriej we 
pass at once to the astronomer Kepler, who by his contributions 
to the doctrine of the infinite and the infinitesimal and his firm 
grasp of the principle of continuity is entitled to the foremost 
rank amongst the founders of the modem geometry. 

KepiCT § 2, Kepler was bom at Weil in the duchy of Wiirtemberg 
(whither his parents had migrated from Ntirnberg) on the 27th 
of December 1571, and died at Batisbon in the sixtieth year 
of his age in 1630. A full account of his life is appended to 
Frisch's edition of his collected works} (vol. Vlii. 669 — 1028). 
A famous contemporary's description makes him a man of varied 
ability but superficial and never incubating long over one 
discovery, ^'ingenii optimi, nee uni tantum rei dediti, sed 
universim plura complectentis, ut et pluribus sese tradidit. 
Neque diu et constanter, plures ob causas, tanquam ovis gallina 

* For the literatore of this Bubject fee EUmentary Algebra toith brief notices of iu 
hiOory (Lond. 1879) by Mr. B. Potts, the editor of Euclid's Elements, 

t A work in two ▼olames 4to (Paris 1758), afterwards expanded by De la Lande 
into four (Paris 1799-1802). 

'X Joannii Kepleri astronomi Opera Omnia (Francof. a. If. 1858 — 70). 




» 



SECTION III, Ivii 

■ni invento incubare ipsi licuit ; inde fieri potuit Id quod In 
proverblo dicitur, plurihua intenttis^ minor ad singula sensus ; et 
uc quffidam, prsesertim aatem Arcbimedearum demonstratlonum 
vim minus accarato judicio perpendisse videri possit" (Kepleri 
C^. IT. 647). It is interesting to pass from this to the evidence 
of his profound insight into the abstract principles of geometry, 
and the indomitable perseverance with which he established the 
laws of planetary motion that have immortalised his name. 
Though his work might not be recognised in his lifetime, it 
could afford to wait '' centum annos" for an interpreter.* 

§ 3. The principle of A nahgy. 

The work of Kepler entitled Ad Vitellionem1[ paralipomena 
quSbtia Astronomice pars Optica traditur (Francofurti 1604) 
contains a short discussion De Coni sectionibus (cap. IV. § 4 pp. 
92 — 6) from the point of view of analogy or continuity. The 
section of a cone by a plane "aut est Recta, aut Circulus, 
aut Parabole aut Hyperbole aut Ellipsis." Of all hyper- 
bolas ^^ obtusissima est linea recta, acutissima parabole ; " 
and of all ellipses '^ acutissima est parabole, obtusissima circulus.'' 
The parabola Is thus intermediate in its nature to the hyperbola 
and '^ recta" (or line-pair) on the one hand, and the closed curves 
the ellipse and the circle on the other ; ^' infinita enim & ipsa est, 
sed finitlonem ex altera parte affectat." He then goes on to 
speak of certain points related to the sections, " quae definitlonem 
certam habent, nomen nullum^ nisi pro nomine definitlonem aut 
proprietatem aliquam usurpes." The lines from these points to any 
point on the curve make equal angles with the tangent thereat : 
^Nos lucis causa & oculls in Mechanicam intentis ea puncta The foot 
rOGOS appellabimus." He would have called them centres if 
that term had not been already appropriated. In the circle there 
is one focus, coincident with the centre ; in the ellipse or hyper- 
bola two, equidistant from the centre: in the parabola one 
within the section, ^^ alter vd extra vel intra sectionem in axe 

* Bee lib. v. EaruKmiees Mundi^ with Chasles' acoonnt of the work (Aper9a hia- 
tociqoe p. 482). 

t Optica Th€9camtiM. ALBAZBia Arab%$ libri Til. item ViTBLLiONls libri X 
(BuSL 1572). 
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fingendus est infinito tntervallo a prtare remotuSj adeo ut eduda 
HO vel 10* ex illo ccecofoco in quodcunque punctum aecHants O 
sit axi DK parallelos.^^ 

In the circle the focus recedes as far as possible from the 
Dearest part of the circumference, in the ellipse somewhat leas, 
in the parabola much less ; whilst in the line-pair the ^' focus," 
as he stili calls it to complete the analogy, falls upon the line 
itself. Thus in the two extreme cases of the circle and the 
line-pair the two foci coincide. He then goes on to compare 
the latus rectum and its intercept on the axis, or as he calls 
them the chorda and sagitta^ in the several sections, concluding 
with the case of the line-pair, in which the chord coincides with 
its arcj ^^ abusive sic dicto, cum recta linea sit.'^ But our 
geometrical expressions must be subject to analogy, ^^plurimum 
namque amo analogias^ fdelissimos meos magistros^ omnium 
natures arcanorum conscios" And especial regard is to be had 
to these analogies in geometry, since they comprise, in however 
paradoxical terms, an infinity of cases lying between opposite 
extremes, ^'totamque rei alicujus essentiam luculenter ponunt 
ob oculos." Lastly he shews how to describe an ellipse by 
means of a string fixed at the foci, without the use of the 
clumsy compasses [p. 178], ^^quibus aliqui cudendis admira- 
tionem hominum venantur," and gives the corresponding con- 
structions for the hyperbola and the parabola. 

OonttDiiity. (i) Hereupon be it remarked, that the principle of Analogy 
on which he insists so fervently is the archetype of the principle 
of Continuity. The one term expresses the inner resemblance 
of contrasted figures A and i?, which are connected by innu- 
merable intermediate forms; whilst the other expresses the 
possibility of passing through those intermediate forms from 
A to Bj without any change per saltum. Geometry was not 
indebted to Algebra for the suggestion of the law of continuity. 

seooBdfoeu (2) Having traced the transition from the line-pair to the 
' circle through the three standard forms of conies, he completes 



* The figore indicates that the line from the farther focus may be considered to 
lie either within or without the parabola. 



SBCnON III. lix 

tbe tbeory of the points henceforth named Foci bj the discovery 
of the ^^ cflBcas focus " of the parabola, which is to be taken 
at infinity on the axis either without or toithtn the curve. The 
parabola may therefore be regarded indifferently as a hyperbola, 
having (relatively to either of its branches) one external and 
one internal focus, or as an ellipse, having both foci within 
the carve. 

(3) The farther focus of the parabola being taken at infinity opposite 
on the axis in either direction, the two opposite extremities adjaoent. 
of every infinite straight line are thus regarded as coincident 
or consecutive points — a conception which has been shewn to 
conduct logically to the idea of imaginary points [p. 311]. 

W Every straifi:ht line from the "c«cus focus" of the Panoids 
parabola to a point on the curve being said to be parallel 
to the axis, the idea of the concurrence of parallel lines at 
a point at infinity has at length been formed and announced.* 
It is to be noticed that the new doctrine of parallels is here 
presented in relation to one plane, and not as springing out of 
the consideration of figures in perspective in space. 

Such were Kepler's most original contributions to pure 
geometry, although he is better known by his continuation of 
the work of Archimedes in stereometry. 

§4. Nova Stereometrta doliarum vinartarum. 

Of this work (anno 1615, Lincii. Op. iv. 545-646 ed. Frisch) 
we notice chiefly the former part, which contains a new and 
abbreviated redaction of the work of Archimedes on the circle 
and in stereometry, followed by Supplementum ad Archimedem 
(p. 574). The circuitous method of exhaustions is here trans- 
formed into the method of infinitesimals. Thus in theor. 1, on 
the approximation to ir, he treats an infinitesimal arc as a 
atnught line: ^^ Licet autem argumentari de EB ut de recta, 



* It WBB in the oonne of an attempt to trace the origin of the term Focus of a 
conic that I came upon the passage qaoted from the Paralipomena, Chasles (Les 
Porinnes p. 104) attributes the disooTery of the ooncnzrence of parallels to Desargoes ; 
•od when he says [Apergu p. 66. Cf. pp. 16, 16, 61) that Kepler first introduced 
"I'Qsage de Tmi/Cih" into geometry, he is referring " auz mithodes infinitlsimalee.'' 
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quia vis demonstrationia secat circnlam in areas minimos qui 
csqutparantur rectis*^ In theor. 2 in like manner he regards 
the circle as an aggregation of triangular elements, having a 
common vertex at the centre, and their bases coincident with 
successive small arcs of the circumference. So the sphere is 
considered in theor. 11 to be made up of small cones, having 
their vertices at the centre and their bases, ^^quarum vicem 
Bustinent puncta^" on the surface of the sphere. He then passes 
on to the conoids &c., and thence to the solids generated in 
a certain way bj conies, the generating curve being attached 
at right angles to a plane, which turns about one of its own 
points without change of place. He gives a slight rSsunU of 
his doctrine of the foci, mentioning the .further focus and 
likewise the centre of the parabola, but not in such a way 
as bring out the idea of the concurrence of parallels (p. 577). 

§5. Guldinus, quoted by Frisch (Kepleri Op, iv. 647), 
stoutly opposed Kepler's cequtparatio of an are to a chord, as 
not permissible "per ullam uUius demonstrationis geometric® 
vim"; precisely as k was objected to Antipho [p. xxx], who 
had made bold to do likewise some 2000 years earlier, that 
^^he did not start from geometrical principles." It could not 
however be denied that Kepler's method was of service in 
discovering theorems, although by no means to be recommended 
as a method of proof — at least, if any better coVild be found, 
^*si alia suppetant geometris jam probata media" (p. 653). Kepler 
had in reality grasped the idea of the infinitesimal, although a 
calculus remained still to be discovered. The law of continuity 
is now applied by him not only to the infinitely great but to the 
infinitely small. He has formed the conception of the continuous 
change of a variable : " crescit a quantita nulla continue &c," 
and discovered the law of its variation in the passage through a 
maximum value (Pt. ii. theor. 16 — 22j; thus laying a firm founda- 
tion for the fiuxional calculus of Newton, better known by the 
name and with the notation proposed by Leibnitz. 

De«mei §6. The name of Girard Desargues of Lyons (1593 — 1662) 
* had fallen into oblivion, when early in the present century his 
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geniuB was recognised by BriaDchon (1817) and Poncelet (1822). 
A further appreciative notice in the Apergu htstoriqite of his 
apparently lost works was followed by Cbasles^ own discovery 
of the chief of them, Brouilhn Protect etCy which with others 
afterwards discovered was published by Poodra in his (Euvres 
de Desargttes (Paris 1864). This edition contains a biographical 
notice of Desargues, his recovered works with an analysis of each, 
and an analysis of those of his pupil Abraham Bosse, themselves 
founded upon the ideas of the master. He proclaims himself not 
in the first instance a pure mathematician, avowing that he had 
never a taste for study or research except with a view to some 
practical application, ^' au bien et commodity de la vie." He 
was an architect and engineer, and in the latter capacity served 
under Cardinal Richelieu at the siege of La Bochelle (1628). 
After the war he retired to Paris, where he devoted himself to 
geometry and its applications, frequenting a weekly gathering of 
savants for the discussion of mathematical topics, which preceded 
the foundation of the AcadSmie des Sciences {(Euvres 1. 14). He 
was esteemed by the ablest of his contemporaries as a geometer 
second to none, but virulently attacked by some important per- 
sons^ of smaller calibre, who were confounded by the novelty 
and abstraction of his ideas. The subsequent neglect of his works 
was due partly to the form in which they were written, but in 
far greater measure to the counter-attraction of the algebraic 
geometry of his contemporary and friend Descartes. . For full 
information about his works, which include Perspective, Coupe 
des Pieires, Gnomonique, a fragment on gravitation (l. 239) &c.| 
we can only refer to Poudra's excellent edition ; but it will be 
seen from the following slight account of some portions of them 
that the Oiomitrie Projective oi the present day is in fact the 
geometry of Desargues. 

§7. In his earliest work, Methode Umverselle de mettre en 
Perspective dkc. (1636), he notices the cases in which concurrent 
lines are seen as parallels on the tableau (tome I. pp. 83, 94), 



* The hostile critique of M. de Beaagrand, aecr6taire dn Roi, "est le premier ^crit 
qui a serri an g6i4cal Ponoelet k zeooDnattre le m^rite de Desargues" {(Euor€$ ii. 863). 
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and concludes with the problem, to find the lines in a conic 
which correspond to the axes of its projection. Purposing to 
return to this work shortly, we pass on to the Bbouillon 
PBOIECT ete, [p. 261], or rough sketch of a theory of the inter- 
section of a cone bj a plane (pp. 97—242, and 243—302). He 
commences with the new doctrine of infinity.* The opposite 
points at infinity on a right line are coincident, parallel lines 
meet at a point at infinity, and parallel planes on a line at 
infinity (pp. 103-6, 229, 245-6). A straight line may be 
regarded as a circle whose centre is at infinity (pp. 108, 224). 
The theorem of the six segments found in the Aknagest and 
elsewhere is stated in a converse form (p. 256). The theory 
of Involution de six points^ with its special cases, is fully laid 
down, and the projective property of pencils in involution is 
establishedf (pp. 246—61). The theory of polar lines is ex- 
pounded, and its analogue in space suggested (pp. 263—6, 271—7, 
214, 291). A tangent is a limiting case of a secant (pp. 262, 
274, 277), and an asymptote is a tangent at infinity (pp. 197, 
210)* The joins of four points in a plane determine three 
couples in involution on any transversal (p. 266), and any conic 
through the four points determines a couple in involution with 
any two of the former (p. 267). The points of concourse of 
the diagonals and the two pairs of opposite sides of any quadri- 
lateral inscribed in a conic are a conjugate triad with respect 
to the conic, and when one of the three points is at infinity 
its polar is a diameter (pp. 188-9); but he does not explain 
the case in which the quadrilateral is a parallelogram, although 
he had formed the conception of a straight line wholly at 
infinity (p. 265). 

^^Mais voicy dans une proposition comme un assemblage 
abreg^ de tout ce qui precede " (pp. 195, 277). Thus he intro- 
duces the general theory of projection, which is the main subject 
of the Brouillon. Given any conic and a cone through it, 
let (y be any section of the cone. Through the vertex V 



* He must have been aoqnainted with Xepler^s theoiy of the foci. Notice his dm 
of Kepler's term '< foyera'' (pp. 210, 222). 

t Notice hii form of ezpreesion (p. 104), ^^Roatgit de points alignez*' [p. 249]. 
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[p. 314] draw a plane parallel to that of O meeting the plane 
of in a&, and let P be the pole of ah with respect to 0. 
Then the system of planes through VP determine the dtameters 
of (/j the centre being considered, as we should saj, to be the 
pole of the line at Infinity ; and any two such planes drawn 
through points on ab conjugate with respect to determine 
conjugate diameters of 0', the tangents at the extremities of 
which, " k distance ou finie ou infinie " are also known (p. 197). 
Since a point at which meets ab coincides with its own 
conjugate, an asymptote of & (besides being a tangent at 
infinity) is a double or self-conjugate diameter. He concludes : 
*' Comme entr' autre, que sur la queflconque de ces coupes de 
rouleau pent estre construit un rouleau qui sera coupe selon 
quelconque esp^ce de coupe donn^e" (p. 198). The ancients 
had always taken a circle for the base of their cone, and had 
drawn all planes of section at right angles to one and the same 
fixed plane. 

The Foci of a conic are determined in piano as the inter- 
sections of the axis with a certain circle, which may have for 
diameter the intercept on any tangent (or on an asymptote, 
p. 288) by the tangents at the vertices, in accordance with 
Apollonii Conica ill. 45 [p. 111]. He determines the axes and 
foci of a conic in the cone by a process (pp. 215—23, 293) which 
Chasles summarises as follows :* 

The line ab being drawn as above, take any point t upon it, 
and let the chord of contact of the tangents from tio meet ab 
in ^. Also let rr' be any segment of ab which subtends a right 
angle at V. The two sets of points ti and rr' constitute 
two involutions, having one segment cd in common. The polars 
X, X* of the points c, d correspond to the Axes of ff. 
The tangents to from the points r and the lines from r' 
to their several points of contact determine upon Xan involution, 
whose double points correspond to the Fuci of 0', since every 
tangent and its normal are harmonic conjugates to the focal 
distances of the point of contact. 



• Rapport 9ur Us progrha d^ la Gc'ometrie p. 305. 



Ixiv PROLEGOMENA. 

§ 8. A sequel to Desargues' Perspective of 1636, foond in the 
Perspective of Bosse (1648), contains some explanations of the 
principles of the former work. 

a. Proposition fondamentale de la pratique de la Perspective* 
The statement and proof by Desargues {(Euvres I. 403 — 7) 

are analysed by the editor, who reduces his fundamental propo- 
sition to the anharmonic property of a pencil of four rays (p. 425), 
which cut any transversal in a constant cross ratio. 

b. Figures in homology. 

Three other geometrical propositions are given, which embody 
the principle of perspective in one plane (pp. 413 — 22, 430 — 5). 
The first is on triangles in homology [p. 307, 321}, the second 
and third on quadrilaterals in homology. On the second he 
remarks generally that a like reduction of the figure to one plane 
may be used ^^en semblable cas" (p. 417); and in the third 
he gives a metrical relation between a system of corresponding 
segments (p. 435). Notice that he passes from solid to plane 
figures in the manner afterwards used by the school of Monge 
(Chasles^ Apergu historique p. 87). 

sebooiof §9- Although the roughly sketched essays of Desargues 
DeMTgues. themsclves fell into neglect, his ideas were preserved by an 
illustrious school of disciples, numbering amongst its members 
Bosse, Pascal and Do la Hire. The writings of the engraver 
Abraham Bosse (1643 — 1667) are analysed by Poudra in vol. II. 
of the (Euvres de Desargues. The famous Hezagrammum 
Mysticum of Pascal was a corollary from what he had learned 
from Desargues. The theory of polars was brought into 
prominence by De la Hire (1685), and forthwith supposed 
to have been discovered by him. The reader of Brianchon's 
Mimoire sur Us Lignes du Second Ordre (Paris 1817), and 
Poncelet*s TraitS des PropriStis Projectives will not need to 
be reminded how great a part of modern geometry is actually 
and confessedly founded on the work of Desargues. 

Kewton 810. Ncwtou was bom at Woolsthorpe near Grantham in 

l ^a 1T9T •* * 

* 1642, the year of the death of Galileo, and died in the eighty- 
fifth year of his age in 1727. The first edition of his Philosophies 
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naturalis Pnncipia mathemaiica was published 1687, the second| 
edited by Koger Cotes, in 1713, and the third, by Henry 
Pemberton in 1726. His Opticks was published in English 
m 1704 and in Latin in 1706, in each case with an Appendix in 
Latin containing the Enumeratio Lmearum Tertii Ordinia and 
a tract De Quadratura Curvarum. For an account of his life 
and writings see Brewster's Memoirs of the Life etc. of Sir Isaac 
Newton (Edinburgh 1855], and Edleston's Correspondence of 
Sir Isaac Newton and Professor Cotes (London 1850) ; and for 
the works themselves see Horsley's five volumes, 1779—85 
[p. 264], and the Newtoni Opuscula (3 vols.) of Job. Castillioneus 
(Lans. et Genevas 1744), Presupposing a general acquaintance 
with his geometrical discoveries, we shall confine our attention 
to a few particulars. 

§ 11. In the fourth and fifth sections of the first book of the 
Prindpia he solves various forms of the problem, to describe 
a conic subject to the equivalent of five conditions, (1) when 
a focus is given, and (2) when neither focus is given. It will 
BufiSce to allude briefly in passing to the former case. The title 
of lib. I. sect. 4 is De inventione orbium ellipticorum^ parabolicorum 
<k hyperbolicorum ex umhilico date. In it he makes much 
use of the simple property (lemma 15), that the perpendicular 
from one focus of a conic to any tangent intercepts a length 
equal to the axis on the further focal distance of the point 
of contact. The section concludes with the construction of 
an orbit of which one focus and three points are given, a problem 
which had been solved, ^^Methodo baud multum dissimili" 
by de la Hire, Sect. Conic, lib. viii. prop. 25. In this construction 
and in prop. 20 Newton assumes that the focal distance of a 
point on a fixed conic varies as its distance from the directrix, 
a theoremiproved in the Arithmetica Universalis prob. 24 (Cantab. 
1707), and sometimes attributed to Newton as its first discoverer, 
although in reality known to Pappus. 

§ 12. Inventio orbium vbi umbilicus neuter datur. 

A. 
The 5th section of the first book of the Principia^ under 
the above title, treats with the utmost generality of the pointr 
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properties and the tangent-properties of conies. It commenees 
with the problem of the Locus ad quatuor lineas (lemmas 17 — 
19), of which no geometrical solution was extant [p. 266]. Then 
follows a theorem (lemma 20) which may be thus stated : If AB 
PC be four fixed points on a given conic, the chords from B and 
(7 to a variable point on the curve meet the parallels through P 
to AB and A respectively in points T and By such that PT 
varies as PBj and conversely. From a limiting case of this 
lemma he deduces his organic description of a conic by means 
of two rotating angles* (lemma 21), giving somewhat later (prop. 
27 Scholium) his construction for the centre and asymptotes 
of the conic thus generated. By means of the above mentioned 
lemmas he shews how to describe a conic when five points 
on it are given,t or four points and a tangent, or three points 
and two tangents (props. 22 — 4). Next follows lemma 22, 
Figuras in alias ejusdem generis mutare^ in which it ip shewn 
that any curve may be transformed into another of the same 

order by substitutions of the form X=— and F=-^ [p. 330], 

and two applications of the lemma follow. (1) In order to 
describe a conic passing through two given points and touching 
three given lines, he transforms two of the given lines into 
parallels, and the third given line and the join of the given points 
into parallels (prop. 25); and (2) to describe a conic passing 
through a given point and touching four given lines, he transforms 
the four lines into the sides of a parallelogram (prop. 26). 

B. 

The lemmas next following lead up to some important 
properties of the tangents to conies, the discovery of which 
by Newton is commonly overlooked. First it is shewn that 
if A C and BD be lines given in position, terminated sft A and B^ 
and having a given ratio to one another, the locus of the point 
which divides CD in a given ratio is a straight line^ (lemma 23). 



* Cf. Ex. 853 [p. 858]. The equation to the Iocob in lemma 21 is given in the 
Ariihmttica Universalis prob. 53 (Cantab. 1707). 

t A solution of this case is foimd in Pappi CoVeclio (p. 1077 ed. Hnltsch). 
X It also divides AB in the same ratio, since AC and BD vanish together. 
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Next, if two given parallel tangents viz. at A and £ to a conic 
be cut by any third tangent in M and I respectively, the semi- 
diameter parallel to the two tangents is a mean proportional to 
AM and BI (lemma 24). From this, which is identical with lib. 
III. prop. 42 of the Conies of ApoUonius, he deduces two corol- 
laries: (1) if any fourth tangent meet AM^ BI^ MI in -F, Q, E 
respectively, then 

AMi BQ = AFi BI= MF: IQ = ME: EI', 

from the first of which proportions it follows (2) that FI and MQ 
intersect upon AB.* The next lemma and its corollaries are of 
peculiar importance in relation to the modern geometry. 

Lemma xxv. 

K MLf LK, Kly /JIf be the sides of a parallelogram touching 
a conic in A, (7, B, D respectively, and if any fifth tangent cut 
them in F^ H, Q, E respectively, then by lemma 24 cor. 1, 

ME: EI^AM: BQ^BK: BQ] 

or MEiMI^BKi BK^- BQ = BK: KQ. 




In like manner 

KH : HL^ BK : AF^AMx AF, 
or KH\ KL^AM: AF-^AM^AM: MF. 



* It is easy to generalise this result by transfonning the parallel tangents into 
non-parallels by Kewton's method. Cf. Art. 121 Cor. [p. 276]. 

e2 
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Corollary !. 

If the parallelogram and the conic be fixed and the fiftb 
tangent variable, then 

EQ.ME^MI.BK^ a constant, 

and KH.MF has the same constant value. The result may 
be expressed in words as follows : given two tangents to a fixed 
contc, the product of the intercepts upon them between the diameter 
parallel to their chord of contact and any third tangent is constant. 
The relation between the intercepts IE and IQ is of the form 
[IM-IE] [IK- IQ) = a constant, or 

a.IE.IQ-^^h.IE^-c.IQ-^- d^Q, 

which is the " tangential equation " to any conic referred to any 
two fixed tangents, and also expresses that any two given tangents 
are cut homographically by a variable third tangent 

Corollary 2. 

If eg be any other position of the tangent E^ it follows that 

KQiMe^Kq: ME^ Qq : Ee. 

Corollary 3, 

Since QK is to eM as Qq to eE^ it follows by lemma 23 that 
the middle points of KM and qE are in a straight line with the 
middle point of Qe> Hence, the middle point of KM being the 
centre of the conic, if a conic be inscribed in a quadrilateral^ its 
centre lies on the straight line bisecting any pair of the diagonals 
of the quadrilateral* This theorem suggested to Brianchon and 
Poncelet the investigation of the centre-locus of a conic passing 
through four given points [p. 282], and prepared the way for 
the general consideration of systems of conies subject to four 
conditions, 

c. 

In prop. 27 the conic touching five given lines is described. 



* It may or may not have occurred to Newton that this theorem might be 
generalised by projection ; but in any case he would not have turned aside to notioe 
results 80 distantly related to his JnvetUio orbium. It may be shewn that he must 
hare been acquainted with the theory of Polars. 
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its centre being first determined as the point of concourse of 
tbe diameters of anj two of the five quadrilaterals formed bj the 
given tangents. In a Scholium he remarks that an asymptote 
is a tangent at infinity^ and also shews how to determine the axes 
and foci of a conic described by the organic method of lemma 21. 
There are also other lemmas which he might have used for the 
construction of conies, such as that the locus of the middle point 
of a chord drawn through a fixed point to a conic is a parallel 
conic: ^'sed propero ad magis utilia.'* In lemma 26 and a 
corollary it is shewn how to describe a triangle of given species 
and magnitude having its vertices severally on three given lines, 
and how to draw a transversal the intercepts upon which by 
three given lines shall be of given lengths. This lemma is used 
in prop. 28. In lemma 27 and a corollary it is shewn how to 
describe a trapezium of given species having its vertices 
severally on four given lines, and how to draw a transversal 
which shall be cut in given ratios by four given lines, which is 
a special case of section in a constant cross ratio [p. 296]. 
An application follows in prop. 29, and the section concludes : 
'^ Hactenus de orbibus inveniendis. Superest ut motus corporum 
in orbibus inventis determinemus." 

§ 13. Curvarum Descriptio Organica. 

A well known generalisation of Newton^s description of a conic 
by angles would certainly have been passed by in the Principia 
with a ^^ propero ad magis utilia," since it merely shews how to 
describe a conic by assuming that a conic is already described. 
When however he is treating of pure mathematics, he extends 
his method to the utmost, applying it not merely to cubics, as in 
Ex. 760, but to curves of all orders having ^Mouble" points. In 
the case of a cubic, of which a double point A and six other 
points BGDEFG are given, let the angle GAB turn about A 
and the angle ABC about B] then as the intersection C of 
the arms AG^ BG assumes the new positions DEFO^ the inter- 
section / of the other arms determines four other points, say 
PQRS. Draw the conic APQRSj and let I move round its 
circumference: then G traces the cubic as required {Optick^^ 
II. 160, 1704). 
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If instead of the point C a tangent BO be given, the angle 
CAB vanishes, and the curve is described by means of one 
finite angle and a straight line, which latter moves parallel 
to itself when the fixed point through which it passes is at 
infinity.* How was Newton led to his organic description of 
conies and other curves ? Possibly he took a suggestion from 
Euclid III. 21 [p. 172], and first described a circle by means 
of an angle and a line parallel to one of its arms, or by 
two angles having one pair of their arms constantly parallel. 

§ 14. Proof and extension of Newton's Descriptio Organica, 

Let two angles A OB and AwB of given magnitudes turn 
about and a> respectively, and let the intersection A trace a 
curve of the nth order. For a given position of the arm OB 
there are n positions of A and therefore n of B. When OB is in 
the position Om the n B^s coincide with o>, which is therefore 
an n-fold point on the locus of B^ as is also the point ; and 
since any line through (or q>) meets the locus of jS in n other 
points, the locus is of the order 2n. Its order is the same when 
A<oB is a zero-angle or straight line. 

Let a given trihedral angle (ABC) — or a plane OBC and 
a line OA rigidly attached to it— turn about 0, and let a 
variable plane through a fixed point a> meet OA in A and the 
plane OBC in BC; then if the line BO describes a ruled surface 
of the order n the point A describes a surface of the order 4w.t 
For a given position of the line BC the locus of ^ is a conic, 
and when the director surface is a cone of the nth order every 
plane through a> and its vertex meets the surface which is the 
locus of ^ in n conies. 

When the director is a plane, BC must be made to pass 
through a fixed point or touch some curve in it, exc^t in the 
case in which OA is normal to the plane OBC, In the last 
case the locus of ^ is a quadric, which becomes a sphere when 
the director is at infinity. 



* For 8ome earlier essays at Descriptio Organica see Chasles' Aper^ p. 100. 
t For the determination of the order of the surface described by the point A 
I am indebted to Professor Cayley. 
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§ 15. Colin Mac Laurin developed Newton's theory of curves JJJI^JjiS. 
in his Geometrxca Organica^ sive descriptio curvarum universalis 
[p. 345]. He also wrote a treatise on Fluxions* (Edinb. 1742). 
The work Algebra with an Appendix etc [p. 128] was first 
published, after the death of the author, in 1748, and in the same 
year An Account of Sir Isaac Newton^ s Philosophical Discoveries. 
The Appendix to the Algebra (pref. p. xi) was founded on 
Cotes' theorem of harmonic means, of which further use has 
been made by Poncelet and other modern geometers (Salmon's 
Higher Plane Curves § 132 1879). 

§16, The property of the focus, directrix and determining ^^^^5^,^^ 
ratio remaining buried in the Collectio of Pappus, modern 
writers looked to later works for the first notice of the focus of 
the parabola and the directrix of the general conic. Thus 
Robertson in his Sect, Conic, pp. 340, 363 (Oxon. 1792) refers 
for the focus of the parabola to an anonymous work De Specula 
Ustorio — known to Roger Bacon, and perhaps translated from 
the Arabic — which was published at Louvain in 1 548. Gregory 
St. Vincent knew the property of the directrix for the case 
of the parabola, and virtually arrived at it for the ellipse ( Opus 
Geomet, lib. IV. prop. 139, p. 317, 1647), in the form of Ex. i6 
[p. 35] ; as did De la Hire for the hyperbola, measuring dis- 
tances from the directrix parallel to an asymptote [p. 155 
Ex. 397], in his Sect. Conic lib. VIII. prop. 18 (1685). In 
prop. 25 De la Hire introduces the directrix as the polar of the 
focus : in props. 23-4 he had proved that the tangents at the 
extremities of any focal or other chord subtend equal angles 
at the focus. It remained for Newton to bring the property of 
the determining ratio fully to light, and for Boscovich, with 

• On the rival claim of Leibnitz to the first discovery of the diflPerential calculua 
see Montncla Hitt. des Math. vol. ii. 330-343 (1768) ; Gerhardt's Hist, et OHgo Calc. 
Diff. (Hannover 1846) and other publications ; Brewster's Life of Newton 11. 23—47 
(1855); Weissenbom Die Principitn der koheren Analysis (Halle 1859); Sloman 
The ciaim of Ijtibnitz to the invention of the Differenliul Calculus, translated 
from the German (Cambridge 1860). It is disputed to what extent Leibnitz 
was indebted to the letters and MS3. of Newton. Leibnitz several times discovered 
things already in print {Biographie Unwerselle xxiii. 6*27 — 8, 634) ; and it is a 
striking fact that the leading propositions of the PBiNOifiA reappeared under the 
name of G. O. L. in the Acta ErwHiorum pp. 82-~0C (cf. p. 30). 1689. 
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the help of it, to compose the first reallj complete Seciionum 
Contcarum Elementa. The term Directrix, formerly used in the 
case of the parabola, is now used of the general conic (p. viii.) ; 
as in the following year also (1758) by Hugh Hamilton, who 
added a construction for the focus and directrix in the Cone 
[pr 204] ; but the term was still used only for the parabola by 
Le Seur and Jacquier (1760) in their edit. 2 of the Principia 
(l. 134, 179), and the characteristic property of the line itself 
in the general conic was not familiarly known even some years 
later, to judge from LexelPs elaborate discovery of the simplest 
of corollaries from it in the Nova Acta Petropol. I. (147), 1787. 

Later works founded upon the properties of the determining 
ratio and the eccentric circle [p. 3] were those of Thos. Newton 
(Camb. 1794), G. Walker of Nottingham (Lond. 1794), and 
John Leslie (Edinb. 1821), who describes Thos. Newton's work 
as ^^ clear, neat, and concise," whilst Walker's '^ though in- 
genious and strictly geometrical, is unfortunately so prolix and 
ponderous as to damp the ardour of the most resolute student." 
Walker was under the impression that he was the first dis- 
coverer of what he called the Generating Circle,* but Thos. 
Newton rightly referred it to Boscovich. Leslie's account of 
the work of Boscovichf is that it consisted ^' of only a few 
propositions, but drawn out into a string of corollaries." It is 
nevertheless a clear and compact treatise, which for simplicity, 
depth and suggestiveness will not readily be surpassed. 

* Ck>mpaie Mr. S. A. Benshaw's The Cone and it* Sectiont pp. 2&-8 (Lond. 1875) ; 
Meuenger qf Matkematia rqlL ii. 97 (1878). Walker's complete treatise was to be in 
tre books, bat one only appeared. 

t From the preface to toI. hi. of the Elementa Univ, Math, (1757) we gather 
that BoflOOTich's scheme of Conies was first published '' in Bomano litteratomm diario 
ad annum 1746,** in the form of a short article, *' schediasma brerissimum'* ; and that 
aereral years elapsed before the complete work, after repeated delays, was given to 
the world. Leslie says that it was published in 1744, and Walker's in 1795. Walker 
had discoTered the generating circle "near thirty years" before publication. An 
edition of Boeoovich's EUmenta seems to have been published at Borne in his name 
in 1752—8 ; but I have only seen the ^'editio prima Yeneta.'' 
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MODEEN GEOMETRY. 



§ 1. Although the law of Continuity, the vital principle of contiiraity. 
the modem geometry, had been decisively laid down by Kepler, 
it was not until the great discovery by Poncelet of the circular 
points at infinity in any plane that it came to be universally 
acknowledged. The principle as enunciated by Kepler was 
wholly independent of algebraical considerations, but its later 
developments were suggested by the occurrence of negative 
and imaginary roots in equations applied to geometry, whilst 
the discovery of the difiPerential calculus gave a new zest to 
speculations De infinito and De nihilo. The earliest thorough 
and geometrical treatment of the subject with which we are 
acquainted is found in Boscovich's appendix* to his Sectionum 
Conicarum Elementa [p. 311], of which a slight account is given 
below. The complete dissertation occupies more than two- 
thirds as much space as is devoted to the entire subject of 
conies in piano. The writer cautiously abstains from the too 
bold assertion of novelty in his speculations, but remarks that 
the essay contains many things which ^'ego quidem nusquam 
alibi offendi,^' and many which, although found elsewhere, 
'^nusquam ego quidem ad certos reperi redacta canones, et 
geometrica methodo pertractata." 

§ 2. His first principle is, that every member of a geome- nu— nw. 
trically defined locus must have the same nature and properties,')' 



• Elementa Unit, Math, torn. III. 228-866. (Yenet 1757). 

t See ChaaleB* Aperqu hittarique p. 197 od Mongers nse of the principle of contingetA 
relatioBs. 
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which are wrapped up in the definition itself, so that whatsoever 
is demonstrable of one part of the locus should be demonstrable 
in like manner of every other. On this principle we conclude 
a priori from the nature of the problem, to trisect a given 
circular arc, that any construction must give a series of solutions, 
three of them geometrically distinct [p. 141]. In geometrical 
demonstrations a determinate configuration is present to the 
senses, but the reasoning applies to an infinity of cases. This 
is clearly seen when, for example, we bisect a given finite 
straight line; but it is true none the less in cases in which 
a new configuration seems to render the proof nugatory, 
although some artifice may be required, ^' ad servandam 
analogiam, et retinendam solutionis ac demonstrationis vim" 
(p. 229). Notice his use of the term Analogy, by which the 
idea of geometrical continuity was first expressed. 

The correspondence of change of sign with change of direc- 
tion in lines carries with it the idea of negative rectangles and 
squares, and thus of imaginary magnitudes (pp. 234, 308). 
Change of sign implies a transition through zero or infinity^ 
and never takes place per aaltum (p. 250). To illustrate this, 
take an indefinite line AB and a point G without it, draw 
CH perpendicular to AB^ and let a line turning continuously 
about G meet AB in P. As GP passes through jB", the sign of 
HP changes, say from positive to negative : when GP becomes 
parallel to AB^ the point P is at infinity on the negative side 
of H^ and the next instant it is at infinity on the positive 
side of H. Thus the passage through infinity carries with it a 
change of sign and, like the passage through zero, is eff^ected 
by the continuous rotation of CP, and not per salfum. The 
opposite extremities of an infinite straight line are thus in 
a manner joined, as if the line were an infinite circle (p. 254), 
whose centre may be considered to be at infinity on either 
side of the line. In illustration of the principle that opposite 
infinities are thus adjacent, take the case of an infinite double 
ordinate to the axis or any diameter of the parabola, regarded 
as a closed curve (pp. 265, 343). 

The consideration of a circle of infinite radius leads to the 
idea of a 'Weluti plus quam infinita extensio" (pp. XV, 281). 
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Through fixed points AC on an indefinite straight line MA CN 
draw a circle, and bisect its minor segment AIC in / and its 
major segment in /'. If now the centre be removed to infinity, 
the arc AIC becomes the line -4(7, whilst of the arc AI'O 
part coalesces with the infinite segments AM and CN^ and 
the rest recedes to infinity with the point /', '' ut nusquam jam 
nt ;" or as we may say, the circle degenerates into the endless 
line J£4CW together with the line at infinity* [p. 344]. Hence 
it is deduced that whilst the line AC \s bisected in a point /, 
its complement AM co NC is bisected at a point I' at infinity 
(p. 274) ; which might also have been arrived at by dividing A G 
harmonically, and making one point of section coalesce with 
the middle point oi AC (pp. 6, 344). 

If jiO be a segment of an infinite right line, the remainder 
AoQ G may be regarded as its '^ complementum ad quondam 
veluti infinitum circulum" (pp. 276, 280, 292, 297 &c.). The 
hyperbola, regarded as a quasi-ellipse, has for its axis Ace A' 
the complement of AA (pp. 264, 276, 289, 292). The further 
developments of this idea already given [pp. 18, 22, 102, 153, 
•311] are in accordance with the views of Boscovich; but 
the note on Art. 13 was written, and a Scholium in continua- 
tion planned [p. 102], before his dissertation on continuity 
had been consulted.f 

The change from the real to the imaginary state is con- 
tingent upon the transition of some element of a figure through 
zero or infinity, and never takes place per saltum (p. 277). 
Examples of imaginaries are the exterior diameters of a 
hyperbola, wliose squares are negative ; for the so-called 
"secondary" axis and diameters have no real analogy to the 
minor axis and conjugate diameters in the ellipse, although 
the unwary geometer may be imposed upon by the conjugate 



• Although the arc AFC seems to lie wholly on one side of the line AB, it is to be 
remembered that opposite inJin\tU$ are adjacent. Thus every line-circle passes through 
all points at infinity in its plane. 

f Without reference to the idea of an infinite line-cirele, I had used the term 
COMPLEHBNT of a Straight line sereral years before I was acquainted with any work 
of BoBCOvich. See Osf. Camb, JJubl. Messenger of Mathematics iv. 140 (1867). 
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hyperbola, and persuaded to think that there can be a curve 
of the second order which a straight line meets in four points 
(pp. 311-317). In comparing properties related to diameters 
in the ellipse and in the hyperbola, we should endeavour to 
bring in the squares of the diameters, the signs of certain 
of which will merely have to be changed in passing from the 
one curve to the other (p. 320). The general method of 
procedure in dealing with a geometrical figure one or more 
of whose elements is evanescent, infinite or imaginary is 
summed up in eleven Canons, formally stated and fully illus- 
trated (pp. 284-339). The 5th relates to negative angles, 
and the 11th to the ratios of infinite magnitudes. He might 
have added a Canon 12 on the ratios of the Newtonian nascent 
or evanescent quantities, but promises another volume when 
time permits (p. 348) ; whilst on p. 353 he refers to his 
former dissertation De Natura et usu infinitorum et infinite 
parvorum (1741). In the course of the essay now under con- 
sideration he treats of curves of all orders, their infinite branches 
and asymptotes, their curvature, cusps, points of inflexion, 
and the tangents thereat (pp. 245, 267, 270-3, 325). 

§ 3. The general solution of the problem, given the focus 
directrix and determining ratio^ to find the intersections of an 
arbitrary line with the conicy completely determines by im- 
plication the nature and properties of the curve (p. 286). His 
construction is as follows. Take a point o) exterior to the 
given line, instead of a point upon it [p. 10] ; draw wZ 
parallel to PQ meeting the directrix in Z, and let the parallel 
through Z to SB meet the eccentric circle of o> in p and j. 
Then the focal radii parallel to top and wq' meet the given 
line at its intersections with the conic (p. 39). This construc- 
tion failing (1) when PQ is parallel to the directrix, in which 
case the line Zp'q is indeterminate, and (2) when PQ passes 
through 8j in which case the parallels through S to cap and 
caq' coalesce with PQ, instead of cutting it each in one point ; 
he shews how to meet the difficulties thus arising. The former 
case however leads only to a simplification when the centre 
of the circle is taken upon PQ, as in the present work. Con- 
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Bidering the second case iu relation to Art. 16 Cor. 1 [p. 29], 
let a fixed chord drawn through the focus S be intersected in 2 
by a variable chord containing a given angle with the axis. 
Then the products of the segments of the two chords are as 
the squares of the parallel tangents, however near 2 be taken 
to 8^ and therefore in the limit the products of the segments 
of any two focal chords are as the squares of the parallel 
tangents. 

A line still meets a conic in two points, even though, for 
example, one of them should disappear at infinity. In the 
parabola, any two chords as they become infinite are in a ratio 
of equality. In the hyperbola, if from any two points LL' 
parallels be drawn meeting the curve in PP' and its adjacent 
asymptote in hh' respectively, then as the latter points recede 
to infinity the intercepts Ph and P'h' remain finite [p. 146], 
and the ratios of LP to 'Lh and L'P' to L'h! tend to equality 
as their limit. The infinite segments LP and L'P' are as the 
distances of i^ and L' respectively from the asymptote hh' (p. 347). 



§4. It is remarkable that Boscovich enters upon these 
abstruse speculations in an elementary treatise for beginners, 
and even several times touches upon the subject of the appendix 
in the text itself, as for example when he notices that the 
properties of chords of a conic may be transferred to one of 
its limiting forms, the line-pair (p. 100). The preface to the 
volume contains an earnest plea for the introduction of the 
modem ideas into the schools. He had taught the appendix 
viva voce to his own tyros with the happiest results. The 
mind of the tyro is commonly overwhelmed with a multitude 
of details not reduced to any system ; demonstrations are put 
before him in an unsuggestive form which gives no play to 
his inventive faculty; and thus it comes to pass that of the 
many students so few turn out genuine geometers. Let the 
learner be furnished with principles, and not alone with fully 
explained facts, and be continually stimulated to exertion by 
the intense pleasure of finding something left to discover for 
himself. 



Brianchon. 
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§5. The newly founded Ecoh Polytechniqm led the waj 
in the geometrical revival of the nineteenth century. From this 
source issued first the works of Camot and Monge, which 
further illustrated the principles of continuity above described. 
The leading conception of Carnot's Oiomitrie de position (Paris 
1803) is the doctrine of quantities " dites positives et negatives" 
(p. ii), to which he recurs in his Easai sur la thSorie des Trana^ 
versales &c. p, (96), Paris 1806. This essay is in great measure 
based upon the ancient theorem of the six segments [p. 1.]. 

Referring to the Apergu historique for a good description 
of the works of Monge, we pass from the master to one of his 
most illustrious scholars, whose short incisive essays in pur- 
suance of the ideas of Desargues, Pascal and Newton were the 
prelude to their fuller development by Poncelet, Steiner and 
Chasles. 

§ 6. Second in importance only to the principle of Continuity 
is the principle of Duality^ of which Brianchon's hexagram 
(1806) occasioned the discovery [p. 290]. Noticing again the 
important article of Brianchon and Poncelet on the Equilateral 
Hyperbola [pp. 175, 282], we next come to the separate 
publications :* 

(1) Mimoire sur les lignes du Second Ordre^ faisant suite aux 
recherches publiies dans les journaux de VEcole royaU polyteck" 
nique. Par C. J. Brianchon, capitaine d*artillerie, ancien Hhve 
de I'Ecole Poly technique. Paris 1817. 

(2) Application de la ik&>rie des Transversales (Brianchon. 
Paris 1818). 

The latter memoir consisted of Legons donnSes h V Scale 
d^artillerie de la garde royale en mars 1818. The former, which 
is of greater interest, must be described in detail. A line of 
the Second Order is defined as the section of any circular cone 
by an arbitrary plane: the term projection is introduced in 
relation to perspective : poles and polars are defined : as also is 
the expression Oiomitrie de la r^gle. The term polar had 
been introduced by Gergonne as correlative to " pole," an old 

* It would be worth while to republish Brianchon's articles and memoirs in 
one volume. 
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expression for a fixed point, which was beginning to be used 
in its restricted modern sense (Gergonne's Annales i. 337 ; 
III. 297). 

Pp. 7—10. The property (afterwards called anharmonic) of 
four radiants is enunciated, the case of the harmonic pencil 
specially noticed — the term faiaceau harmonique being intro- 
duced apparently as new — and it is noticed that the harmonic 
property holds "pour toutes les projections de la figure," a 
reference being given to Gregory St. Vincent's Opus Geome- 
tricum p. 6, prop. 10 (1647). A fourth harmonic to three given 
points in a straight line is found " avec la rfegle seule" by the 
property of the complete quadrilateral, and a reference for this 
is given to De la Hire's Sectiones Conicce p. 9, prop. 20 (1685). 

Pp. 10-16. Any transversal is cut in Involution (1) by the 
sides and diagonals of a quadrilateral, regarded as the projection 
of a parallelogram : and (2) by these and any circumscribed 
conic regarded as the projection of a circle. The latter theorem 
(S XI) was due to Desargues and had been preserved by Pascal. 
The case In which a conic degenerates into a line-pair is noticed. 
In a note (p. 14) he refers, on the theory of transversals, to 
the works of the ancients — the Almagest for example; to Fr. 
Maurolycus Opuscula Mathematica p. 281, 1575 ; and to Schubert 
in the Nova Acta Petropol. tome xii. ann. 1794. 

Pp. 17 — 28. Pascal's theorem is proved by considering the 
six points of concourse of a conic with any triangle, and in a 
note is added the property of triangles in homology. The 
extension of the theory of polars to quadrics is ascribed to 
Monge (p. 19), although In reality due to Desargues [p. 329], 
who would however have thought definitely only of the quadrics 
of revolution. The theorem that the joins of four points on a 
conic determine a self-polar triangle with respect to it [p. Ixii] 
is proved, and the reciprocal property of four tangents deduced. 
Hence follows " une propriety bien remarquable des llgnes du 
second ordre," viz. that the intercepts on any two fixed tangents 
hy the diameter MN parallel to their chord of contact and a 
variable tangent EI have their product EM. NI constant (gxxvill). 
He does not seem to be aware that this is one of Newton's 
theorems [p. Ixviii] although he refers to Newton more than 
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once (pp. 38, 45), has a general acquaintance with lib. I. sect 5 
of the Pnncipia from which it is taken, and knows the third 
corollary of the lemma to which it is the first corollary. 

Pp. 28 — 53. He draws conies passing through n points (one 
or more of which may be at infinity) and touching 5 — n lines 
(where n is 0, 1, 2, 3, 4 or 5), referring also to Newton's 
methods, and in one case to Maclaurin's Algebra. He makes 
use in these constructions of his own property of the hexag^m, 
the reciprocal of Pascal's ; and from the two together deduces 
(p. 35), that the six summits of two triangles touching a conic 
lie on a conic, and conversely. 

Pp. 53 — 60. The theorem of Desargues (§xi) "va nous 
d^couyrir de nouvelles propri^t^s des coniques k branches 
infinies." Take four points UXYZ on a conic, of which XY 
are at infinity and 27 variable, then any fixed chord AB is met 
by VX and UY in points G and F^ such that the cross ratio 

-j^: -DEt>8 constant (p. 54). If AXYZ be fixed points on a 

parabola or hyperbola, of which Z only is at infinity, and U a 
variable point on the curve, the lines UX and UY meet AZ 
at distances from A which are in a constant ratio. By making 
U coincide with each of the points XY^ he deduces £x. 429 
[p. 159] and its analogue for the parabola; as also Ex. 427, 
that the arms of any angle in a fixed segment of a hyperbola 
intercept a constant length on either asymptote. By means of 
these results he shews how to describe a hyperbola, having 
given an asymptote, and in addition three points or a point 
and two tangents or two points and one tangent. All that 
remained to bring the anharmonic point-property of conies fully 
to light was a simple application of the method of projection, 
which the writer had already used with such efi^ect. Knowing 
so well the importance of the projective property of the an- 
harmonic pencil, it is remarkable that he should have left it 
for others to take the final step. 

^'Toutes les proportions contenues dans ce M^moire se 
rattachent au th^orfeme XI " (p. 61). Thus the name of 
Desargues is brought effectually into notice. He also refers 
to Lambert {Perspective ed. 2, 1774J, Blondel, MuUer &c. 




SECTION lY. ' IxZZi 

Pp. 61 — 65. He deduces from Pascars hexagon the pro- 
perties of similar central conies, and concludes with some new 
properties of the tangent cones to quadrics. If a conic passes 
through two fixed points AB and touches two given lines, the 
chord of contact passes through a fixed point on the line AB 
(p. 20). Hence, if a quadric passes through two fixed points 
AB and has a given enveloping cone, the plane of contact 
passes through a fixed point on the line AB. A construction 
is deduced for a quadric passing through four given points and 
having a given enveloping cone. 

§ 7. To Poncelet as a geometer belongs the double honour iTsa^f^. 
of supplying what was lacking in the theory of Continuity by 
his discovery of the focoids [p. 311],* and bringing to light the 
principle of Duality by his method of reciprocal polars [p. 346] ; 
whilst, like Desargues and Archimedes before him, he was no 
less a master of the principles and practice of mechanics. Bom 
at Metz on the first of July 1788, he was allowed to grow up 
almost without instruction at St. Avoid, until in his seventeenth 
year, at the end of 1804, he entered the Lyc^e imperial de 
Metz. Three years later he gained his admission to the JScole 
Polytechnique^ was employed in 1811 upon the fortifications of 
Bammekens in the island of Walcheren, marched In 1812 with 
Napoleon to Moscow, and was taken prisoner and interned at 
Saratov on the Volga until the general peace of 1814. In his 
captivity he set to work, in spite of all hindrances, to reconstruct 
for himself a course of mathematics, and entered upon those 
bold speculations which are the characteristic of his famous works 
on geometry. For a full list of his scientific publications see 
Didion^s Notice sur la Vie et les Ouvragea du Gen. J. V. Poncelet 
(Paris 1869). The appearance of his Cours de MScanique 
appliquScj dating in part from 1826, Is described as having 
'^falt sensation dans le monde de la science et de I'lndustrle^' 
(p. 33). The dominating Idea of his geometrical works was to 
increase the resources of pure geometry, to generalise its con- 



* Poncelet, before Flticker, Bpoke of a conic as having four foci {PropriiUs 
Prqjeeiivu p. 271, 1822). 

/ 
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ceptlons and language, and thus to raise it to the level of 
analysis. See the Introduction to his TraiU des Propriiti» 
Projectives des Figures edit. 1 p. xxxiii. (1822) ; edit. 2 tome I 
p. xxii (1865-6). At the end of the year following he died 
(Dec. 23 1867), with his thoughts turned again to mechanics: 
"Ma t6te est bonne, et j'espfere bien pouvoir cet hiver publier 
ma Mecanique (p. 45)." 

steiner. §8. One of the leading contributors to the further syste- 
matisation and development of geometry was Jacob Steiner, 
the author of numerous mathematical articles and of the works : 

(a) Systematische Entwickelung etc. 1832 [p. 262]. 

(J) Die geometrischen Konstructionen^ ausgefuhrt mittdst der 
geraden Linie und einesfesten Kreises (Berlin 1833). 

The work (a) was a first instalment of a treatise in five 
parts, of which no further part appeared iu the author's life- 
time; but his Vorlesungen vher synthetische Geomeirie were 
edited posthumously by Geiser and Schroter (Leipzig 1867, 
1876). Of the second part of the Vorlesungen^ containing the 
projective geometry of conies, the third section is on Kegel" 
schnitibuschel and KegeUchnittschaar. 

niMien §9. Michel Chasles, the most famous of livine:* creometers, 

17y3— 1880. ^ ' O O I 

is perhaps best known as the author of the Apergu historique 
sur Vorigine et le dSvehppement des Mithodes en GSomStrie etc 
(Paris 1837, 1875), which contains an invaluable series of notes 
on the history of geometry from the earliest times, followed 
by a MSmoire de GeomStrie (pp. 573—848) devoted to the ex- 
position of the two general principles of Duality and Homo- 
graphy. Supplementary to the Apergu was his Rapport sur les 
progrls de la GSomitrie (1870), forming one of a series of 
official reports on the various branches of literature and science. 
He is also author of treatises on the GdomStrie SupSrieure (1852, 
1880), Porismes d*JEuclide (1860), Sections ConiqueSj premih-e 
partie (1865), and of a multitude of separate articles, several of 
which relate to Maclaurin's theorem in attractions {Gomptes 

* These pages were already in type when tlie death of Chasles took place, on the 
18th December, 1880. 
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Bendus V. 842. VI. 808-812, 902-915. 1837-8, &c.). At this 
point we may fitly offer soqie remarks upon the history of 
the '* anharmonic" properties of conies and the general principle 
of "homography,'' with which the name of Chasles is so 
intimately associated. 

(a) 77ie anharmanic potnt-property of conies. 

From the Collectio of Pappus we are led to infer that 
Euclid was acquainted with a form of the theorem (1) that the 
cross ratios of four fixed radiants are constant, and ApoUonius 
with the theorem (2) that the locus a7 = A;.^8 is a conic. From 
the union of these two at once arises the well-known " Fro- 
pri£t6 anharmonique des points d^une conique,^' which never- 
theless remained unnoticed for upwards of 2000 years longer. 
Although the theorem (1) was rediscovered by Desargues and 
taken as his fundamental property in Perspective, whilst (2) 
was brought into notice by Descartes and afterwards proved 
synthetically by Newton, the combination of the two was not 
yet thought of.* The third and last stage in their history was 
inaugurated by Brianchon, who proved that, if AB be a fixed 
chord of a conic and XYita points at infinity y the chords from a 
variable point on the curve to ABXY cut AB in constant cross 
ratios. Chasles shewed, in course of an account of his '^ Trans- 
formation Parabolique,'' that the same is true when X and Y 
are any two fixed points on the conic; and he deduced that 
the locus of the point at which four given points subtend a 
harmonic pencil is a conic through the four points. See 
Quetelet's Correspondance Math, et Physique tome V. 293—4, 
301 (1829): Chasles Rapport etc. p. 268. All that was still 
wanting was a familiarity with the ''throne complete des 
rapports anharmoniques,"t which might have been found in the 
Barycentrische Calcul of M5bius (1827). The property of 
conies now under consideration is fully stated, and its impor- 

* Although it is oonTenient to dedace Newton's description of a conic by angles 
from the four-point property [p. 264], we ought, historically speaking, rather to 
reyezse the process, and say that the anharmonic property is eyidently contained in 
his Descriptio Organica, 

t See the Preface to Cremona's Geometric Projective p. xv (Paris 1875). In thia 
work, originally written in Italian, the reader will find references to many of the 
leading treatises and historical facts of geometry. 
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tance pointed out in the Apergu historique (pp. 80, 334—341), 
which was presented to the Brussels Academy in a rudimentaiy 
form in 1829, and ultimately published in 1837 : it is also 
found in Steiner's Systematische Entmckelung^ publbhed in 
1832 [p. 262]. 

(6). The anhannonic tangent-property of conies. 
It was shewn by Newton that, if IM and IK be certain fixed 
segments of two given tangents to a conic, any third tangent 
cuts them in points E and Q respectively such that the 
rectangle (/JIf — IE) {IK— IQ) is of constant magnitude ; and 
the same theorem was reproduced by Brianchon in 1817 
[p. Ixzix]. Poncelet, who refers to Brianchon's Mimoire^ proves* 
that, if the opposite sides AB and CD of a fixed quadrilateral 
circumscribed to a given conic be met by any fifth tangent in 
L and N respectively, and if BC^ DA be met by any sixth 
tangent in M and P, then 

DP BM_BL DN 
AP' CM" AL' CN' 

and by fixing the tangent MP he deduces that the crosa^ratio 

BL CN 

*Tr ' TTn ^ ^^ segments of AB and CD by any fifth tangent 

is constant.^ In the case of the parabola this cross ratio is equal 
to unity [p. 295] — a theorem which he believes to be due to 
Halley (p. 118)4 Ohasles gave a second proof of Foncelet's 
generalisation, regarding the tangents to a conic as projections 
of the generators of a ruled hyperboloid, and shewed how to 
pass from it to Newton's theorem, which however he ascribed 
only to Brianchon (Quetelet's Cprrespondance IV. 364-70. Cf. 
Chasles Rapport p. 239). He afterwards proved it again in 
the form, that the ratio of the products of the distances of the 
fifth tangent from A^ C and J?, D respectively is constant 
(ibid. y. 289, 1829); and also shewed that the envelope of a 

* ProprUtis profectives p. 115 (1822) ; toI. I. p. Ill (1865). 

t This is obvious from Newton's figure p. [Izvii] for the case of two pairs of 
parallel tangents : it then follows by projection for any two paiis of tangents, the 
*' cross-ratio" having different bnt constant values for different planes. See Art. 133 
(u) [p. 312]. 

X ApoUonii Perg»i De Sectione Bationu ^e, lib. I. pp. 6i— 5, ed. Halley 
(Oxon. 1706). 



^ 
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line cat harmonically by four fixed lines is a conic touching 
them (p. 294). The property of which this last is a special 
case was at length completely stated, simultaneously with its 
reciprocal (a), by Steiner and Chasles. It might have been 
deduced at once by projection from Lambert's solution of 
Sir Christopher Wren's problem [p. 296]. 

(c). A conic regarded as the projection of a circle. 

Chasles, in his Sections Coniques (at the suggestion of 
M. J. Delbalat), defines a conic as the projection of a circle 
(p. 7), deduces its anharmonic properties, and founds his treatise 
upon them. The effectiveness of this method and the ability 
with which he applies it are known to all. Nevertheless, 
however excellent in a supplementary course of geometry, 
it is less suited for beginners, owing to the difficulty of proving 
conversely that every conic — secondarily defined by the an- 
harmonic properties— can be placed in perspective with a circle. 
The problem is indeed solved concisely on p. 5, but not without 
references to a later paragraph and a separate work for further 
reasoning in justification of the construction. It naturally 
presents some difficulty to the tyro, being in fact a form of a 
problem which no geometer was able to solve generally before 
Desargues. 

[d) nomographic Jigurea in two and in three dimensions. 

The general principle of '^ homographie" — as it was named 
by Chasles — is somewhat obscurely set forth in the works of 
Desargues, who regarded figures in homology as special cases 
of figures in perspective in space, at the same time taking for 
his Proposition Fondamentale de la pratique de la Perspective 
a form of the property of the anharmonic pencil.* The idea of 
transforming solid figures also is briefly hinted at by Desargues 
[p. 329]. Poncelet studied the relations of figures in " homology'* 
(to use his own expression], and devoted a supplement of his 
Traits des Propr. Projectives pp. 369-416 (1822) to the pro- 
jective properties of figures in space. Not the least valuable 
part of the Aperfu historique is the full exposition of the 



* Pondra (Euvru ds JDuarguet I. 426. 
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principle of Homographie^ as applied to plane and to solid 
figures, with which it conclades. 

§10. The following works maj be mentioned as having 
advanced the knowledge of the new geometry in this country. 
The essay on Transversals in the 12th edition of Hutton's 
Course of Mathematics, by T. S. Davies, also an editor of the 
journal the Mathematician] Salmon's compendious works on 
the various geometrical and other methods, to which we have 
80 often referred ; Gaskin's Oeometrical Construction of a Conic 
Section; Mulcahy's Principles of Modem Qeometry ; and 
Townsend's two volumes on the Modern Geometry of the 
Pointj Line and Circle^ t^hich within their prescribed limits are 
as complete an exposition of the principles of the subject as 
could be desired. We must not omit to notice also Prof. 
H. J. S. Smith's article on the Focal Properties of nomographic 
Figures in vol. II. 196 — 248 of the Proceedings of the London 
Mathematical Society, some of the results of which are given 
below, with especial reference to the case of reverse figures. 

PrapcrtiM §^^' ^i^^N 1>® ^^7 angle which is EQUAL to its reverse 
^'fi^ST '"^P^^ ^* ™^* ^ ^^^ ^^ MON [p. 323]. Hence (1) for a 
given position of P there are an infinity of angles MPN^ each 
of which reverses into an equal (or supplementary) angle ; and 
the arms of such a system of angles constitute a pencil in 
involution, since the points MN always lie on a circle of the 
coaxal system through and P. (2) If (7 and q>' be the 
points finch that the base-line bisects 0(y and toon! orthogonally, 
every angle subtended at or 0* reverses into an equal 
angle subtended at <o or w. (3) Every conic which has or 
O for a focus reverses into a conic having a> or m for a focus 
[p. 317 (i)]. (4) An ellipse (or hyperbola) having and 0* for 
foci reverses into a hyperbola (or ellipse) having co and to for 
foci; their normals at reverse points Pp correspond — being 
fourth harmonics to the focal distances and tangents at P and 
p respectively; and therefore their centres of curvature and their 
evolutes correspond. (5) The coaxal circles of which 00* are 
the limiting points reverse into those of which cdcd' are the 
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limiting points. (6) The parallels through w and m to the 
base-line are such that every segment of either reverses into 
an equal segments And (7) on anj two reverse lines MP and 
mp there are two sets of equal corresponding segments, which 
determine two pairs of involutions having their centres on the 
base-line — as may readily be deduced from the constancy of 
the product MP.mp [p. 328] for given positions of the two 
lines. These results apply mutatis mutandis to homographic 
plane figures in general, however placed. 

. § 12. The organic description of curves has within the last Linkagei. 
few years received developments of the greatest theoretical « 

interest and practical importance, consequent upon the dis- 
covery (1864) by Feaucellier, an officer of engineers in the 
French army, of an apparatus for the Inversion of circular 
into rectilinear motion. Let A OB be an angle of equal arms, 
and A GBP a rhombus whose sides are less than the arms 
of the angle. Then OCP is a straight line, and the product 
OC.OPj being equal to OA^ — AG*^ will be constant if the 
sides of the rhombus and of the angle be constant. Let these 
be now replaced by bars or ^' links" jointed at the five points 
OABCPy then the whole linkage is called a Peaucellier cell. 

If this linkage be moved about a fixed pivot at in any 
possible manner in one plane, then whatever be the locus 
of G the point P will trace its inverse with respect to 0, on 
account of the constancy of the product OG.OP. To make 
P describe a straight line we must make G describe a circle 
through 0\ which is at once effected by joining G to an 
" extra link" GQ^ whose end Q works about a fixed point 
at a distance equal to its own length from 0. This apparatus 
may evidently be applied also to produce Parallel Motion ; and 
we may make P describe an arc of a circle of as great a radius 
as we please by making the distance OQ sufficiently nearly 
equal to the length of the "extra link." The principle of 
linkages is well explained by Mr. A. B. Kempe in his concise 
work How to draw a Straight Line^ a lecture on Linkages 
(London 1877), and references are given in it to the chief 
articles that had been written upon the subject To concludei 
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in the words of Sylvester,* to whom Feancellier^s method of 
linkages owes so much of its further development: ^^It is 
posstbhj by means of an apparatus consisting exclusively of rigid 
rods^ compass joints^ and pivots^ to convert circular into linear^ 
hyperbolic^ elliptic^ and parabolic motion; andj in general^ to 
describe any curve of the form x^ (a:*, y*) + ^ (a5*, y*) = 0, where 
^, ^ are homogeneous forms of functions of any degree respeo^ 
tivdy in a*, y*." 



* Educational Times Reprint yoL xxi. 58 (1874). Later infoimation is to be 
sought in the same and other scientific periodicals. 



NOTE. 

In continuation of Note f p. Ixx, 

The order of the surface is thus determined by Professor 
TowDsend. For a given position of OA, the plane OBC envelopes 
a quadric cone, 2n of whose tangent planes pass each through 
a generator of the director scroll. These generators give 2n 
positions of the plane t»BC and 2n of the point A ; and when OA 
coincides with Om all the A^^ coalesce at w, which is therefore 
a 2»-fold point on the locus. Again, every line through w meets 
the scroll in n points, through each of which passes a generator ; 
and these generators severally determine n conies, cutting the 
line through la in 2n points, all of which, when the line is wO, 
coalesce a|i 0. Thus also is a 2n-fold point; and every line, 
through or w passes through 2n other points on the locus, which 
is accordingly of the order 4n. 
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DBFnnnoKrs. 

A Conic Section, or, briefly, a Coma^ is a curve traced by 
a point which moves in a plane containing a fixed point and 
a fixed straight line in such a way that its distance from the 
fixed point is in a constant ratio to its perpendicular distance 
from the fixed straight Une. The Conic Sections were so named 
firom the circumstance That they are, and were originally defined 
as, the plane sections of a cone. 

The fixed point is called the Focus ; the fixed straight line 
the Directrix] and the constant ratio the Eccentriciti/j or the 
Determining Batio, 

A Conic is called an Ellipse^ a Parabola^ or a Hyperhola^ 
according as its eccentricity is less than, equal to, or greater 
than unity. 

Similar Conies are such as have the same eccentricity. 

The Ajdis is the straight line through the focus at right 
angles to the directrix, and the point between the focus and 
the directrix in which it cuts the conic is called the Vertex. 

When the eccentricity is either greater or less than unity, 
the conic cuts its axis in a second point, which is also called 
a vertex. In such cases the term Axis may denote the Jlnite 
stnught line which joins the vertices. Its middle point is called 
the Centre of the conic, and the conic is called a Central Conic. 
^ The IxUus Bectum, or, as it is sometimes called, the Para^ 
\ meter, is the chord through the focus at right angles to the axis 

B 




2 DEFINITIONS. 

Other uses of these terms will be noticed in the course of the 
work. 

A Diameter is the locus of the middle points of a system of 
parallel chords. It will be shewn that the diameters of conies 
are straight lines. The points in which diameters and chords 
meet the curve are called their ends or Extremities. The 
extremities of diameters which do not meet the curve will be 
defined in the chapter on Central Conies. The diameter at 
right angles to the axis of a central conic is called the Minor ^ 
or Conjugate^ Axis. 

Two diameters are said to be Conjugate when each bisects 
the chords parallel to the other; and two chords are said to 
be conjugate when they are parallel tp conjugate diameters. 

Supplemental Chords are such as join the extremities of a 
diameter to a point on the curve. 

A Tangent to a conic is the limiting position of a secant, 
whose two points of intersection with the curve have become 
coincident. Thus, if P, Q be adjacent points on the curvci 
and if the chord joining them be turned about P until its 
further extremity Q coincides with P, the chord in its limiting 
position will have become the tangent at P. Hence a tangent 
is said to be a straight line which passes through two consecutive 
or coincident points on the curve. 

If the point of contact of a tangent to a hyperbola be 
removed to infinity the tangent will coalesce with one of two 
straight lines through the centre, which are called Asymptotes. 

The Normal at any point of the curve is the straight line 
drawn through that point at right angles to the tangent. 

The perpendicular upon the axis from any point is called 
absolutely the Ordinate of that point ; but the ordinates of a 
specified diameter are the segments of the chords which that 
diameter bisects. The term Abscissa will be defined later. 

The portion of the axis intercepted between the tangent at 
any point of the curve and the ordinate of that point is called 
the Subtangent 

The portion of the axis intercepted between the normal at 
any point of the curve and the ordinate of that point is called 
the Subnormal* 



^ 



DEFINITIONS. o 

A straight line is said to be divided barmonioaUy at four 
points P, 8j Qj Bj when PQj and FQ produced, are cut in the 
same ratio by 8 and Bj so that 

BP:BQ = 8F:8Q^BP^E8:B8-BQ, 

since, when this is the case, the lengths BPj B8j BQ are in 
harmonical progression, the extremes being to one another as 
their differences from the mean. In the case in which 8 is the 
middle point of PQ^ the point 5 is at infinity, or P8Q oo is 
divided harmonically. 

The locus of intersection of the tangents at the extremities 
of a chord which passes through a fixed point, or Pole^ is called 
the Polar of the point. It will be shewn that the polar of any 
point with respect to a conic is a straight line; and that the 
polar of an external point coincides with the chord of contact 
of the tangents to the conic from that point. 

If about any point in the plane of a conic, other than the 
centre of the conic, a circle be described, such that the ratio 
of Its radius to the perpendicular distance of its centre &om 
the directrix is equal to the Eccentricity^ the circle may be 
called the Eccentric Circle of the Conic with respect to that 
pointy or, briefly, the Eccentric Circle* of the point. It is evident 
that the circle will cut} touch, or fall short of the directrix, 
according as the conic is a hyperbola, a parabola, or an ellipse. 

The circle which is described according to the same law 
of magnitude about the centre of an ellipse or hyperbola is called 
the Attxiliary Circle of the curve. This latter is commonly 
defined as the circle described upon the axis as diameter, but 
it will be seen that the two definitions are coincident. The 
circle described upon the Minor Axis as diameter is called the 
Minor Auxiliary Circle. 

In a central conic, the locus of intersection of tangents at 
right angles to one another is a circle, which b called the 



* The propertieB of this circle form the groundwork of the treatise of Boscoyich, 
Beeiionwn Coniearum Elementa nova quadam methodo concinnaUtf contained in his 
Slemenla Universas Matheteos, Ybnbtxib, 1757. Boscovich gaye no name to his circle, 
bat some later writers haye called it the Gentrating Cireie, since it affords a teadj 
means of tracing a conic whose elements uc giyen. 

b2 




4 DEFINITIONS. 

Director Circle. The correspondrng locos in the parabola ia 
the directriz. 

The Order^ or Degree^ of a curve is determined by the 
number of points in which it can be met by a straight line; 
and the Claaa of a curve by the number of tangents which can 
be drawn to it from a point. Thus, a curve of the second 
order, or degree, is one which a straight line meets generally 
in two, and never in more than two, points; and a curve of 
the second dass is one to which generally two, and never more 
than two, tangents can be drawn from a point. 
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CHAPTEB I. 



DB90EIPTION OF THB OUKVJil. 

1. To trace a conic tehose foca»^ directrix^ and eeceiUneity 
are given. 

Let iS be the focna,* MM the directrix, and X the point 
in which the auB meets the directrix. In 8X take a point A 



Bach that the ratio of SA to AX maj be eqnal to the eccen- 
tricity. Then ^ is the vertex. 

Let a strtught line cut the axis at right angles in N. About 
B as centre, with radius BP, snch that 

BP:NX=BA:AX, 
describe a circle catting the straight line in P, P'. From these 
points draw perpendiculars PMf P'M' to the directrix. Then 
eTidently 

BP:PM=8A:AX, 

* Ttw planeta de*eribe approzinuitelj «lliii«M abont Uie edu in one f ocas. Foi 
this leaaon th« Snt latter of SOL it hen ued, u b; Hewten, to denota ttu Font, or 
M ha called it, tba CttbiUcm. 






6 DESCfilPTION OF THE CUBYE. 

or P Is a pomt on the curve. And In like manner P' iB a 
point on the curve. 

If now we suppose the straight line PNP* to move parallel 
to Itself, the points P, P' upon it will trace out the entire curve. 
From this construction it Is evident that the curve Is symme- 
trical with respect to its axis, since Its points are always 
determined In pairs, as P, P', which are symmetrically situated 
with respect to the axis. It appears also that the tangent 
at the vertex Is at right angles to the axis, since when the point 
N coincides with the vertex, 8P= 8A = 8P' ; that is to say, 
the points P, P' coalesce at A^ and the chord joining them, 
which Is always at right angles to the axis, becomes the tangent 
at A. 

In order that pairs of real points may be determined by 
the above construction, It Is necessary and sufficient that 8N 
should be less than 8P^ and therefore 

8NiNX<8AiAX, 

a condition which enables us to discriminate between the three 
species of conies as follows : 

(I) The Parabola. 

If the eccentricity be equal to unity, we must have 8N< NXj 
a condition which Is satisfied by taking N anywhere In XA 
produced. The point N therefore may be supposed to start 
from Aj and to move In the direction A8 to Infinity, so that 
the extremities of the chord PP' trace out a single infinite 
branch. 

(II) The Ellipse. 

If the eccentricity be less than unity, the curve will have 
a second vertex A' In XA produced, and in order that the 

condition 

8N:NX<8A:AX 

may be satisfied, It may be shewn that the point N must be 
taken between A^ A\ Hence the ellipse consists of one oval 
branch, as In the figure of Art. 3. * 

(iii) The Hyperbola. 

If the eccentricity be greater than unity, the curve will 
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have a second vertex A lying in AX produced beyond the 
directrix ; and the point N may lie anywhere in AA' produced 
either way, but not between -4, A. Hence, the hyperbola 
consists of two infinite branches situated on opposite sides of 
the directrix. 

A point is said to lie within a conic when it lies between 
the extremities of a chord perpendicular to the axis; and all 
other points in the plane of the conic, with the exception of 
those which are upon the curve itself, are said to lie without 
the conic. 

Let 0^ be the ordinate of an internal point 0, and let NO 
be produced to meet the conic in P, then evidently 

SO:NX<SPiNX, 

< SA : AX. 

Next let be an external point. Then \i N^ the foot of 

its ordinate, fall within the curve, it may be shewn in like 

manner that 

80xNX>8A:AX. 

But if N fall without the curve, then 

8NiNX>8A:AX, 

and afcrrtiori 80 : NX> 8A : AX. 

Hence, in every case, a point will lie within or toithout a 
conic according as the ratio of its focal distance to its per^ 
pendicular distance from the directrix is less or greater than 
the eccentricity. 

SCHOLIUM. 

Ths Cibole is the limiting form of an ellipse whose eccentricity 
is indefinitely diminished, and whose directrix is removed to an 
infinite distwce from the focus. For if, in the next figure, 
PMy P'M' be perpendiculars on the directrix from any two points 
P, P on a conic, and if the distance of the directrix from ^8^ be 
increased indefinitely whilst SP^ SF' remain finite, then (i) the ratio 
8P : PM is diminished indefinitely ; and (ii) the ratio PM : PM' 
tends to equality. But 

8Pi SP^PMiPM. 

Therefore ultimately SP : SP is a ratio of equality, and the conic 
becomes a circle about S as centre. 
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8 DE8CEIPTI0N OF THE CURVE. 

2. The focal diatanceB of all points on a conic are to one 
another as their parallel distances from the directrix. 

Ijet 8 be the focus; P^ P any two points on the curve; 




Mj JIT their projections upon the directrix. Then from the 
definition 

From Pj F draw a pair of parallels meeting the directrix 
in B^ PS. Then bj similar triangles, 

PMxPR^FWxFB. 

Therefore BPx PR^ 8F : FR. 

Hence the focal radii 8P^ 8F are to one another as the 
parallels PR^ FR\ and, whatever be the position of the point 
P on the curve, the ratio of 8P to PR will be constant if 
PR be drawn to meet the directrix at a constant angle. 

3. A conic is a curve of the second order. 

For if P, e be any two points on a conic, a. in the figore 

of Art. 4, and if the straight line joining them meet the directrix 

in JS, then, drawing perpendicnlars PM^ QN to the directrix, 

we have 

8Pi8Q = PM: QN 

^PR: QR. 

Hence 8B makes equal angles with 8P^ BQ\ and, con- 
rerselj, if P be a point on die curve, and 8Q be drawn 
meeting RP^ and equally inclined with 8P to iSfi, then Q will 
be a point on the curve. 

It is evident from this construction that no third point can 
be found on the conic in the same straight line with P, Q. 



DESGBIFTION OF THE CUBYB. 



9 



Hence a straight line whicli meets a conic will in general meet 
it in two points, and no straight line can meet a conic in more 
points than two. It is for this reason that conies are called 
cnryes of the second order, or of the second degree. 

Let a straight line parallel to the axis meet the directrix 
in M and the curve in P. Make the angle MSB equal to 
M8P^ and let R8 meet MP in Q\ then, from above, the 
point Q lies on the curve. In the case of the eUipae the 




points P, Q will lie on the same side of the directrix; for, 
since SP is less than PM^ the angle BMP is less than MBP^ 
and therefore the alternate angle MBX is less than MBP or 
MSB. Hence the straight line BB falls without the angle 
MBXj and meets MP on the same side of the directrix with P. 
Bj similar reasoning it may be shewn that a straight line 
parallel to the axis of a hyperbola intersects the curve in two 
points on opposite sides of the directrix. In the case of the 
parabola^ BB coincides with the axis, to which MP is parallel. 
Hence a straight line parallel to the axis of a parabola meets 
the curve in one point onlj. 



4. To describe a conic of given focus^ directrix^ and eccen* 
iricity by means of the eccentric circle of any given point 

Describe the eccentric circle of any point in the plane 
of the conic, and let a straight line through B meet the circle 
in p and the directrix in B. Let BO meet the focal radius 
parallel iopOmP^ and let OD^ PM be the perpendiculars from 
0, P to the directrix. 
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Then bj parallels, 

SP: Op =:PB : OB 

=-PM:OD, 

or SP:PM=Op:OI) 

= the eccentricity. 

Hence, ssp moves roand the circle, P traces the conic which 
was to be described. 

In the case of the hyperbola* it may be seen that the 
directrix divides the circle into two parts, each of which cor« 
responds to one branch of the curve. 

5. To determine the points in which a given straight line 
intersects a conic of given focus^ directrix^ and eccentricity. 

Let the given straight line meet the directrix in R. Describe 
the eccentric circle of any point on the straight line, and 
let it cut 8R in jp, j. Let the focal radii parallel to ^0, qO 



* Since the locus of jp is a continuous curve, the conic, which is the locus of P, 
is also to be regarded as in all cases a continuous curve. In the case of the hyperbola, 
as the point JP crosses the directrix, the point P passes from infinity on one side of the 
axis to infinity on the other side of the axis. Hence the two branches of the 
hyperbola may be conceived of as oonnoctod diagonally at infinity. 
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meet the straight Une in P, Q. Then, as ahove, if 02?, PM 
be perpendicolars on the directrix, 

SPiPM^Op: OB 

= the eccentricity, 

or P is a point on the conic. 

Similarly it may be shewn that Q is a point on the conic. 

From this construction it follows that a conic is a curve 
of the same order as the circle; that is to say, it is a curve 
of the second' order, as was shewn in Art. 3. 

6. A conic 18 a curve of the second class. 

If the points^, q become coincident, the points P, Q likewise 
become coincident, since Op, Oq are always parallel to 8Pj 8Q 
respectively; that is to say, if SB touches the circle, BO 
touches the conic. 




Hence the problem of drawing tangents to a ''conic from 
a point O is reduced to that of drawing tangents from 8 to 
the eccentric circle of 0; for if the tangents from 8 to the 
circle meet the directrix in 5, if, then BOy EO will be the 
required tangents to the conic. 



^^ 



12 DESCBIPTION OF THE CUBVE. 

Sinoe the same number of tangents can be drawn from O 
to the conic as from 8 to the circle, it follows that a oonio 
is a cnrve of the same class as the circle} that is to say, it 
is a curve of the second class. 

In order that two real tangents to the conic may be deter- 
mined by the above construction, it b necessary and sufficient 
that 8 should lie without the circle. The point must therefore 
be so situated that 80 mBj be greater than the radius of the 
circle, and therefore 

80: OD>Opi OD 

> the eccentricity, 

where D is the projection of upon the directrix. 

When is on the curve the circle passes through 8^ and 
the two tangents coalesce. 

No tangent can be drawn to a conic from any point between 
the curve and its axis, since at every such point 

SO : OD < the eccentricity. 

Hence no tangent can pass between the curve and its axis,* 
and the curve is therefore concave at all points to its axis. 



EXAMPLES. 

1. If an ellipse, a parabola, and a hyperbola have the 
same focus and directrix, the ellipse will lie wholly within the 
parabola, and the parabola wholly within the hyperbola; and 
no two conies which have the same focus and directrix can 
intersect one another. 

2. If parallels from the focus and any point P on a conic 
meet the directrix in i>, £, and if L be equal to half the 
latus rectum, then 

8PiPE:^Li8D. 



* In particular it is to be noticed that no tangent can be drawn to either bianch 
of ft hyperbola froij^ any point within the other branch. 
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3« If the focus and two points of a conic be given, the 
directrix will pass through one of two fixed points. 

4. If FN be the ordinate of any point P on a conic, then 

SP % L : 8N^ the eccentricity. 
Hence ahew that if P8P be any focal chord, then 

SP^ 8P L' 

5* Determine the condition that the chord of a conic may 
be greater than, equal to, or less than the diameter of the 
eecentric circle of its middle point. 

6. In the figure of Art. 4, if OpSPhe a quadrilateral formed 
by drawing through 0, iS a pair of parallels, and a pair of 
stnught lines which intersect on the directrix, theii p will lie 
without or within the eccentric circle of 0, according as the 
ratio of SP to PM is greater or less than the eccentricity. 
Prove also by means of this construction that a tangent at 
any point to a conic cannot meet the curve in any other point. 

7. If |i be made to describe a series of circles about as 
centre, P will describe a series of conies having a conunon focus 
and directrix; and the eccentricities of the conies will be to one 
another as the radii of the circles. 

8. If p be made to describe a curve of any degree, P will 
describe a curve of the same degree; and the corresponding 
arcs of the two curves will subtend equal angles at the points 
Oy 8 respectively. 

9. If pm be the perpendicular firom p to the directrix, then 
PM.pm = OD. 8X. Hence shew that the sum of the reciprocals 
of the segments of a focal chord of a conic is constant, and any 
focal chord is divided harmonically by the focus and the direc- 
trix. Shew also that if OP^OQ^ then BqSp is divided 
harmonically. 

10. Shew from the construction of Art. 6 that the tangents 
OP^ OP' subtend equal angles, and that JSP, JSP subtend right 
anglesi at the focus» 
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CHAPTER IL 

THE GBlTEEAIi OONIO. 

In this chapter we shall prove some of the principal 
properties which are common to the Parabola, the Ellipse, 
and the Hyperbola, reserving for future consideration the 
properties which are distinctive of the three species of conica. 

. PROPERTIES OF TANGENTS. 

PROPOSITION I. 

7. The tangents to a conic from any point on the directrix 
subtend right angles at the focus. 

Let P, Q be adjacent points on the curve, and let PQ 
produced meet the directrix in R. Then, as in Art. 3, 




and 8R bisects the angle which 8Q makes with P8 produced. 

Let P8 produced meet the conic in 0. Then since the 
angles R8Q^ R80 are always equal, therefore in the limit, 
when BQ coincides with 8P^ each of these angles becomes a 
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right angle, and BP^ -which becomes the tangent at P, subtends 
a right angle at 8. 

Hence, (i) to draw the tangent to a conic at a given point 
P on the curve, make P8B a right angle, and draw FR to 
the point in which SB meets the directrix ; and (ii) to draw 
tangents to a conic from a given point B on the directrix, draw 
the focal chord OSF at right angles to 8B^ and join JSP, BO. 

Corollary. 

Hence it appears that ^ the tangents at the extremities of 
any focal chord PO meet at a point B on the directrix ; and 
conversely, if tangents be drawn from any point B on the 
directrix their chord of contact PO will pass through the focus. 

The Directrix is therefore the Polar of the Focus. 

PROPOSITION II. 

8. If from any point T on the tangent at P perpendiculars 
TLj TN he drawn to 8P and the directrix respectively^ then 
SL : TN=i the eccentricity,'^ 

(i) For if the tangent at P meet the directrix in B^ and 




if PM be a perpendicular to the directrix, then, since 8R is 
at right angles to /SP, and is therefore parallel to TL^ we have 

8Li 8P^TBi PB 
= TN:PM. 



* It will be shewn at the end of the chapter that this theorem, which, with its 
applicationB as in the text, was discovered by Prof. Adams, is the geometrical 
analogue of the polar eqxiatio;i b«tw«ea 8T and its indinatlon to the axia. 



^ 
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Therefore BL : TN^BP : PM 

^BA I AX, 
where ^ is the vertex, and X the foot of the directrix. 

(ii) It appears from the above proof, that this proposition 
may be regarded as a coroUaiy from the preceding; bat the 
two may be proved at once, as follows, if we consider the 
tangent to be defined mutatis mutandis after the manner of 
Euclid. 

Let P be a point on the carve, and B a point on the directrix, 
sach that PR subtends at right angle at 8. Take any point T 
in the same straight line with P, B, and let fall the perpen- 
diculars PM, TN on the directrix, and the perpendicalar TL 
on BP. Then, as before, 

BLiTN^BAiAX. 

Hence BT : TN> BA : AX, 

and the point Tlies without the carve in eveiy case except that 
in which it coincides with P. The straight line PB is therefore 
the tangent at P. 

Corollary. 

It is evident that if Zr, ^ be the projections of a point T 
upon a fixed focal chord and the directrix respectively, and if 

BLx TN==BA:AX, 

the point T will lie on the tangent at one or other of the 
extremities of the fixed focal chord. 

Hence, a second construction analogous to that of Art. 6, 
for drawing tangents to a conic from a given point 71 About 
B describe a circle equal to the eccentric circle of T, and 
draw TL, TM touching the circle at L,M] then BL, BM 
will pass through the points of contact of the two tangents 
which can be drawn to the conic from T, There is an apparent 
ambiguity in this construction, since each of the focal chords 
through L, JIf meets the conic in two points; but to determine 
the actual tangents, draw BB at right angles to BL to meet 
the directrix, and join BT\ and draw BB at right angles 
to BM io meet the directrix, and join BT. 



\ 
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9. The two tangents which can be drawn to a conic from 
any exUmal point subtend equal or supplementary angles at 
the focus. 




For if TPj TQ be the two tangents, and TZ, TM^ TN be 
perpendiculars upon 8P^ SQj and the directrix respectively, 
then since T lies on the tangent at P, 

SLi TN=8A:AX. 
In like manner 

SM: m^SAiAX, 

rinee T lies on the tangent at Q. Therefore in the right-angled 
triangles STL^ 8TMy the sides fiZi, SM are equal ; and the 
hjpotennse ST is common to the two triangles; therefore 

/.TSL^TSM. 

Now fi) if rP, TQ touch the same branch of the conic, the 
angles which they subtend at S will be either equal to T8L 
and TSMf as in the above figure, or supplementary to TSL 
and TSM. In either case JP, TQ will subtend equal angles 
at S. 

Bat (ii) if TPj TQ touch opposite branches of a hyper- 
bola, so that one, and one only, of the radii 8L, SM has 

c 
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to be produced backwards to P or Q, tben the angles T8L, 
■ 7S'i/' being equal as before, the tangeuta TP, TQ will subtend 
SUPPLEMBNTIET angles at 8.* 

CoroUary 1. 
If the chord of contact PQ of a pair of tangents TP, TQ meet 
the directrix in B, then 8T, SB bbect sapplementarjr angles 




at S, and are therefore at right angles to one another. And 
the chord of contact PQ !a divided internally and externally in 
the same ratio SP: SQ, that ia to aaj, it ia divided harmonicaUy, 
at the points at which it meets ST and the directiix. Since 
the straight line ST is evidently the polar of Jt, it follows 
that the chord PQ is cat barinonically by the point B, and 
the polar ot B. ' . ■ 



■ But in tllii ca«e sIbo, we may say that they iDbteiid bqdal anglee, if, in 
■ccoiduice with the priociple ol the Note oa Prop, vir, we regud TQ u Bubtending 
at S, not the *agle TSQ, but iu luppleoieat. 
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Corollary 2. 

If be any point on PQ^ or PQ produced, and M the 
projection of O upon the directrix, and if the perpendicular 
from to 8T meet SPj or 8Qj in X; then, since this perpen- 
dicnlar is parallel to SB^ it follows, precisely as in Prop. ix.| 
that 

SL : OMss the eccentricity. 

THE NORMAL. 

PROPOSITION IV. 

10. If the normal at P meet the axis in (7, then 80 : /8P« the 
eccentricity. 

For If the tangent at P meet the directrix in £, the circle on 
PR as diameter will pass through 8^ since the angle P8B is 
a right angle; and likewise through Jf, the projection of P 
upon the directrix ; and PO^ which is at right angles to PB^ 
will touch the circle. 




Therefore L SPG = 5i/P, in the alternate segment. 

Also L PSG = 8PM, by parallels. 

Hence the triangles 80Pj PSMsLve similar, and 

SG : 8P^8P: PM^8A:AX. 

Conversely, if in ^5 produced a point G be taken such that 

8G : /RP- 8A : AX, 

then will PG be the normal at P. 

This suggests an obvious method of drawing a normal to a 
conic at a given point on the curve, or from a given point 
on the axis. 

C2 
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11. The perpendicular let fall upon the focal radius to any 
point of a conic from the foot of the normal at that point meets 
the focal radius at a distance equal to half the latus rectum from 
its extremity. 

Let O be the foot of the normal at a point P whose ordinate 
is PNj and let a perpendicular GK be drawn to 8P. Then 




by similar right-angled triangles 

SK:8G^8N:8P. 
Therefore hj the preceding proposition 

8K:8A = 8N:AX. 
Bat, from the definition of the carve| 

8P:8A^NX:AX. 

Therefore fiP- SK: 8A:=8X: AX. 

Therefore iSP^ 8K^ or PK^ is constant, and equal to half 
the latus rectum. 



k 



ANGLE PROPERTIES OF SEGMENTS. 

PROPOSITION VI. 

12. The chords containing the angles in a focal segment of 
a Qonio intercept on the directrix lengths which subtend right 
angles at the focus. 

Let PSp be a focal chord, and PQp an angle which it 
subtends at the circumference. Let PQ^ Qp meet the directrix 
m B^r respectivelj. Produce Q8 to q. 

Then since 8P: SQ^PBi QR, 

and 8p : 8Q « pr : (?r. 
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therefore BE and Sr bisect the supplementary angles which 8p 
makes with Qq^ and consequently the angle R8r is a right 
anglb, or Br subtends a right angle at B. 

Corollary, 

The opposite sides of a quadrilateral whose vertices are at 
the ends of a pair of focal chords PBp^ QBq intersect upon the 
directrix, and the portion of the directrix which they intercept 
subtends a right angle at the focus. For, proceeding as aboYCi 
we see that each of the straight lines PQ^ qp meets the directrix 
on the bisector of the angle p8Q\ and each of the straight 
lines Pq^ Qp meets the directrix on the bisector of the sup- 
plementary angle pBq ; that is to say, the two pairs of opposite 
sides of the quadrilateral intersect upon the directrix at points 
JZ, r, such that Br subtends a right angle at 8. 

PROPOSITION Til. 

13. The chorda containing the angles in a fixed segment of a 
tonic intercept on the directrix lengths which subtend constant 
angles at the focus ^ the constant angles being equal or supple^ 
mentary to half the angle which the chord of the segment subtends 
at the focus. 

Let PQ be a fixed arc of a conic, and PBQ a variable angle 
at the circumference. Let Pfi, QB meet the directrix in p^ q 
respectively. 

Then since SP'. SB = Pp : % 
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the straight line 8p bisects the angle jB/SP, and likewise the 
straight line 8q bisects the angle B8Q^ externally or internally. 




Hence, by addition or subtraction, as the case may be, the 
angle ^/Sy is eqifal or supplementary* to \PSQ. For example, 
in the figure drawn, 

L R8q = J supplement of BSQ^ 

and z B8p = I supplement of BSP; 

whence, by subtraction, 

IpSq^iPSQ. 

Corollary. 

In like manner it may be shewn, by successive applications 
of Prop. III., that if the tangents at P, Q meet the tangent 
at B in p and q\ the angle j)'8q' will be equal or supplemen- 
taiytojp^j, or^PiS^. 

SOHOLITTH ▲. 

The AiroLE Fbofebtiss of conies comprise some simple gene- 
ralisations of fundamental theorems in the geometry of the circle, 
as may be seen by removing the directrix to infinity, when, as has 
been already shewn, the conic becomes a circle about S as centre. 

(i) Kemoving the directrix to infinity, we have, referring to the 
figure of Art. 8, the tangent FB parallel to SB, and therefore at 
right angles to SP. That is to say, at any point P on a circle the 
tangent is at right angles to the radius. 

■- 

* The tbeozem appears to fail when Pf Qtaeon opposite branches of a hyperbola^ 
in which case Z. pSq = complement of iPSQ, Bat in thia case the chord of 
the segment is not the finite straight line PQt which lies without the conic, bat the 
portion of the unlimited straight line through P, Q which falls within the conic. The 
angle subtended at 8 by the chord of the segment is therefore not PSQ, bat the 
supplement of PSQ. 
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(u) Bemoyin^ the directrix to infinity in Art. 12, we haye PQ 
parallel to SB, since It is at infinity ; and Qp parallel to Sr, since 
r is at infinity. Therefore PQ, Qp contain an angle equal to ^Sr^ 
or the angle in a semicircle is a right angle. 

(iii) Proceeding similarly with reference to Art. 13, we have 
P^ parallel to Sp^ since p is at infinity; and QE parallel to Sq, 
since q is at infinity. Therefore the angle PRQ, or its supplement, 
is equal to \PSQ, Hence, by varying the positions of the points 
npon the circumference, we come to the properties of the circle, 
that the angle at the centre is double of the angle subtended by 
the same arc at the circumference ; that angles in the same segment 
are equal to one another; and that the opposite angles of an 
inscribed quadrilateral are together equal to two right angles. 
Ijastly, by making R coalesce with P, we deduce that the tangent 
at P makes with a chord PQ an angle equal to PEQ in the alter- 
nate segment. 

DIAMETERS. 



PROPOSITION VIII. 

14. The locus of the middle pointBof any system of parallel 
chorda of a conic is a straight line which meets the directrix 
on the straight line through the focus at right angles to the chords. 

Let PQ be any one of a system of parallel chords, and Tthe 
point in which the focal perpendicular upon them meets the 
directrix. Let PQ meet 8V in Y^ and the directrix in R. 




A S 

Then since fiP: PR^BQ : QR] 

therefore SP'^SQ" : PE'^QB'^SP': Pff, 
or, subtracting 8Y* from each of the magnitudes 8P* and SQ^j 
PY'^ QY' : PR^^ QR?^8P* : PB". 
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^ But, if be the middle point of PQy the sum of PY and Q Y 
will be equal to 201^, and their difference to PQy or vice versa. 

Therefore PY* ^ QY^'^^^OY.PQ^ 

and in like manner PB" - (giP = 2 05 . PQ. 

Therefore OYxOR^SP^i PS", 

which, bj Art. 2, is a constant ratio for all parallel chords. 
Hence the locus of is a straight line through F.* 

Corollary L 

The tangents at the extremities of diameters are parallel to the 
ordinates of those diameters, since a bisected chord as PQ may 
be supposed to move parallel to itself until its segments yanish 
together, and its extremities coalesce, viz. at the end of 
its diameter. Hence the diameter through the point of contact 
of an J* tangent meets the directrix at a point V such that SV in 
perpendicular to the tangent. If a diameter meets the curve in 
two points, the tangents at those points are parallel to one 
another, and to the ordinates of that diameter. Conversely, 
the chord of contact of any two parallel tangents is a diameter. 

Corollary 2. 

If POQj poq be double ordinates of a given diameter Oo, 
then since PQ, pq are both bisected by the same diameter, 




* This may also be prored by means of the eccentric circle of 0, For in Art. 16, 
if OP be made equal to OQy then Sp : 8q ~ pR i qR^ or RpSq ii diyided harmonically ; 
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the directlonB of jQ>| Qq will intersect at some point T on that 
diameter. Hence, making pq coalesce with FQ^ so that PT^ 
QT become the tangents at P, Q, we see that the tangents at 
the extremities of any chord meet upon the diameter which bisects 
the chord; and conversely, that the diameter through an external 
point bisects the« chord of contact of the tangents from that 
point. 

Corollary 3. 

If the chord PQ be parallel to the axis, so that SY the 
focal perpendicular upon it is parallel to the directrix, then, 
proceeding as before, and supposing PQ to meet the directrix 
in Mj we have 

OY:OM=SP':PiPi 

and, the ratio of F to OM being thus constant, the locus of 




HA W^ 




is a straight line perpendicular to the axis. Let it meet the 
axis in (7, which (Def. p. 1) is the Centre of the conic. Then, 
evidently, CO divides the curve symmetrically, since it bisects 
every chord PQ to which it is at right angles ; and the conic 
has therefore a second focus J7, and directrix NIV^ which are 
the exact counterparts of the original focus and directrix with 
reference to which the curve was considered to be described. 

From the symmetry of the curve, it is manifest that every 
chord through the centre is bisected at that point, and hence 
that all diameters pass through the centre.* Other immediate 



■sd therefoie the focal pezpendionlar 8Y ia the polar of JR ¥rith respect to the circle, 
and OT, OR^ being equal to the square of the radius, is in a constant ratio to OlPf 
if the indinatioQ of PQ to the directrix be invariable. Therefore OY : OR is a 
constant ratio, and the locus of is a straiglit line through V. 

* A diam^t^'^ is sometimes defined as a straight line through the centre. 
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coDBequences of the twofold symmetiy of Bifocal Conies will 
be assumed as self-evident in the course of the work. 

In the case of the parabola, since 8P* : PM^ is a ratio 
of equality, OY: OM and CSiGX are likewise ratios of 
equality. Hence the parabola may be regarded as a conic 
whose centre is at infinity. Its diameters ^re straight lines 
parallel to the axis, since they all co-intersect at the infinitely 
distant point C on the axis; and conversely, every straight 
line parallel to the axis is a diameter. 

Corollary 4. 

In a central conic, if one diameter bisect chords parallel to a 
second, the second will bisect chords parallel to the former. 
For if the two diameters meet the directrix in F, F', and if 
8V be perpendicular to GV* ; then, C8 being perpendicular to 
FF', the focus is the orthocentre of the triangle GW*^ or 8V' 
is perpendicular to GV. That is to say, it CV bisects chords 
parallel to GV\ then GV bisects chords parallel to C7F. 

If (7F, C7F' be thus related, it b easily seen that 

VX.rX^GX.8X. 
THE SEGMENTS OF CHORDS. 

PROPOSITION IX. 

15. TTie semi-lotus rectum is a harmonic mean hetioeen the 
segments of any focal chord. 

Let a focal chord P8Q meet the directrix in jB, and let 
PMf 8Xj QN be perpendiculars to the directrix. 
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Then 8P: 8Q = PM: Q?T 

= PR : QB^ 

or PQ is divided harmoDically at 8 and B, 

Bat by parallels, and from the definition of the ciure, if JS 
be the semi-latas rectum, 

PB:8B: QB^PMi8Xi QN 

^8P: L : 8Q. 

And, from above, PB^ 8B^ QB are in harmonical progression. 
Therefore also 8P^ X, 8Q are in harmonical progression. 

Corollary. 
This result may also be written in the forms 

8P'^ 8Q'' L^ 

and L.PQ^L{8Pi-8Q)=^28P.8Q. 

Hence, if PQ, pq be any two focal chords, 

PQ : pq^8P.8Q : Sp.8qf 

or ybcaZ chords are to one another as the rectangles contained by 
their segments. 

PROPOSITION X. 

16. A chord of a conic being divided at any pointy to determine 
the magnitude of the rectangle contained by its segments. 

Let be any point on a chord PQ of a conic, or on the 
chord produced ; it is required to determine the magnitude of 
the rectangle OP.OQ. 

Let the chord, produced if necessary, meet the directrix 
in iS, and let OD be a perpendicular to the directrix. Describe 
the eccentric circle of 0, and let it cut 8B in^ and g. Then, as 
in Art. 5, the radii Op, Oq are parallel to P/S, Q8 respectively. 

Therefore OP : Sp = OB : JBp, 

and ' OQ: 8q^0B:Bq. 

Hence OP.OQ : 8p.8q^ OB' : Bp.Bq, 

= OB" : Be, 
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if Rt be a tangent from R to the circle ; or (Euclid ill., 35) 
if it be a semi-chord at right angles to the diameter through 
Rj in the case in which R falls within the circle.* 

In this result it is to be noticed (i) that the magnitude 
Sp.Sq depends only upon the position of (?, since when is 
given, its eccentric circle being given, Sp.Sq is constant; and 
(ii) that the ratio OR^ : J2^ depends onlj upon the direction'[ of 
PQj since when the angle ORD is given, OR^ varies as Oi>*, 
and therefore as Oi*, and therefore as OR* ^ Of^ or Rf. 

Corollary 1. 

If through any other point 0' there be drawn a chord FQ 
parallel to PQ, and if^, q' be the points corresponding to^, j, 
viz. on the eccentric circle of 0\ then, the ratio OR* : Rt* being 
the same for any two parallel chords, it follows that, 

OP.OQ : Sp.Sq^ar.ffQ : Sp\Sq\ 

where the consequents depend only upon the positions of 0, 0*. 
If therefore any second pair of parallel chords be drawn through 
the same points (?, 0', we have the general theorem that : 

* This happens when P, Q are on opposite branches of a hyperbola, since p^ q 
then lie on opposite sides of the directrix. 

f This follows most readily in the case of the parabola, since then the circle 
tonches the directrix in V, and the ratio in question becomes that of /SO* to RL* 
which is constant for a giren inclination of the chord. 
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The ratio of ike rectangles contained ly the segments of any 
two intersecting chords of a conic is equal to that of the rect- 
angles contained by the segments of any other two chords parallel 
to the former^ each to each. 

Taking special cases, we see that this ratio is equal to 
that of the parallel focal chords (Prop. IX., Cor.); and to 
that of the squares of any pair of tangents parallel to the 
chords ; and, in a central conic, to the ratio of the squares of 
the semi-diameters parallel to the chords. 

Hence also, any two intersecting tangents are to one another 
in the snbduplicate ratio of the parallel focal chords ; and, in a 
central conic, thej are in the ratio of the semi-diameters to which 
they are parallel. 

Lastly, to take a case which will be made use of in Prop, xil., 
]£ OT(y touch a conic in T, and if OPQ, OFQ be a pair 
of parallel chords, then 

OT : aT^OP.OQ : O'F.OQ. 

Corollary 2. 

If a circle and a conic intersect in four points, their common 
chords will be equally inclined, two and two, to the axis of 
thp conic* For if POQ^ pOq be one of the three pairs of 
common chords of a circle and a conic, the rectangles PO. OQ 
and pO,Oq will be as the focal chords parallel to PQj pq] 
and the same rectangles will be equal to one another, by a 
property of the circle. Therefore the focal chords will be equal, 
and therefore equally inclined to the axis. 

Corollary 3. 

Lei the conic be a parabola,t 0O that the eccentric circle 
touches the directrix in D ; and let 8D meet the circle again 
in Z, Then, for a given inclination of the chord, the rectangle 
OP.OQ varies as 8D.SZ. Let V be the extremity of the 



* That ia to say, each pair of chords will form an isosceles triangle with the axis ; 
but thej will not be parallel to one another, except when thej are -parallel or perpen- 
dicular to the axis. 

f Another proof will be given in the chapter on the Parabola. 
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diameter through D. Then, since OZ is eqaal to OD and 
parallel to F/9, it is easilj seen that 

OVi 8Z^VDx8D^BDx28X. 

Hence OP.OQ varies as 2/SZ.OF, and is equal to F.OV^ 
where F is the focal chord parallel to PQ. 

This may also be deduced as a special case from Cor. 1, 
by regarding any two diameters as chords Foo and F' oo ^ whose 
further extremities are at infinity; for, if the parallel chords 
PQy P'Q meet the two diameters in and (7, then 

OP.OQ : op\OQ^ ov.Occiav'.aa:> ^ov: av% 

since it may be shewn that co : 0" oo is a ratio of equality ; 
and therefore OP.OQ Taries as OF. 

POLAR PROPERTIES.* 

PROPOSITION XI. 

17. If a chord of a conic pass through a fixed pointy the 

tangents at its extremities will intersect on a fixed straight 

line; and conversely^ if pairs of tangents he drawn to a conic 

from points on a fixed straight line^ their chords of contact 

vnll pass through a fixed point. 

If be any point on the chord of contact of the tangents 
from 7^ to a conic, and if TL be a perpendicular to 80^ and 




r\ 



* The theory of Polartj although the name is of later origin, wob known to 
Pesargaes. See Poudra's <Euvrt$ dt Duargues^ toL I., p. 263, (PARm, 1864). 
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OMf TN be perpendiculars to the directris:, then will the 
rectangle 80. 8L be in a constant ratio to OM. TN. 

Draw 8P to one of the points in which the chord meets 
the conic, and let TL' be a perpendicular to SP.* Upon ST let 
fall the perpendicular OKj and produce it to meet 8P in L". 
Then, since each of the ratios SL' : TN^ and 8L" : OM 
(Prop. III., Cor. 2), is equal to the eccentricity, the rectangle 
8L\ 8L" is in a constant ratio to OM. TN. 

And because the angles at jET, 2/, L are right angles, the 

points JT, r, X, 0, and the points K^ T, L\ i", are concyclic. 

Therefore 

80. 8L^ 8K. 8T^ 8L. 8L", 

which has been shewn to vary as OM. TN. Hence, if he a 
fixed pointy 8L varies as 7W, and the locus of T becomes a 
straight line,t which meets the directrix at a point JB, such that 
OSR is A RIGHT ANGLE. Conversely, if T be taken on the 
fixed straight line 2!8, the chords of contact will co-intersect 
at 0. 

When the POLE lies without the conic, its PoLAB, the 
locus of jP, is the chord of contact of the tangents from 0, since 
these points of contact are evidently points on the locus. 

Corollary 1. 

From the above investigation it is evident that, if a point T 
lies on the polar of 0, then lies on the polar of T, Take 
any two straight lines A^ B^ and let a, h denote their poles. 
Then the polar of any point on A passes through a, and the 
polar of any point on B passes through i, and therefore the 
polar of the intersection of A^ B passes through both a and b. 
That is to say, the intersection of any two straight lines is the 
Pole of the straight line which joins their two Poles. 

Corollary 2. 

Since every point at infinity in the plane of a central conic 
is the point of intersection of a pair of tangents whose chord of 



♦ See the lithographed figorei No. 1. 
t See Scholiam B, 
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contact, being a diameter (Prop. Yiii, Cor. 1), passes through 
the centre, all such points at infinity are on the polar of the 
centre, and may therefore be regarded as lying on a straight 
line, which is called the Straight Line at Infinity. 

Corollary 3, 

Since when is a fixed point SL varies as 7W, the straight 
line which is the locos of jT is a tangent (Art. 8), viz. at the 
point in which it meets BO^ to a conic having the same focus 
and directrix, and whose determining ratio is that of SL to TN\ 
and further, it will be a tangent to the same conic if be 
no longer fixed, but subject only to the condition that the ratio 
of SO to OM is constant. Hence, if a point lie on a conic, 
the envelope of its polar with respect to a conic having the 
same focus and directrix will be a third conic having the same 
focus and directrix, and conversely ; and the eccentricities of the 
three conies will be proportionals. 

PROPOSITION XII. 

18. All chords dravm through any point to a conic are 
cut harmonically by that pointy and its polar toith respect to 
the conic. 

Let HTy RT be a pair of tangents to a conic, and PP* 
a chord which passes through H^ and cuts the chord of contact 
TT \vlK\ so that ^is on the polar of JT, and JTon the polar 
of H. Through P, P' draw parallels to TT\ and let them 
meet the curve in ' Q, Q', and the two tangents in 0, (f and 
5, B! respectively. 
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Then since the straight line which bisects TT' and passes 
through J? bisects also OU and O'JK'; and since, by Prop. Viii., 
Cor. 2y the same straight line is the diameter which bisects 
the chords PQ^ P'Q] therefore the intercepts OQ^ PR are 
eqaal, and likewise the Intercepts 0*Qf^ P'R. 

Hence, and by Prop, x., Cor. 1, 

Or» : 0'r»= OP.OQ : O'P'.O'Q 

^op.pit'.ap'.p'x 

by similar triangles. That is to say, HOTC/ is cut harmo- 
nically, and therefore HPKP' Is cut harmonically. 

Corollary. 

The diameter through H is divided harmonically at that 
point, and the point in which it meets the double ordinate TT. 
Let it meet the latter in F, and the curve in D and U. * Then, 
if C7 be the centre of the conic, and therefore the middle point 
of DU^ it follows from the nature of harmonic section that 
CF. CH^ GIf, But in the case of the parabola, if D and oo be 
the extremities of the diameter through J7, then SV is divided 
harmonically at D and oo , and therefore ^TF is bisected at 2>. 

SGHOLTUH B. 

In Prop. XI, having shewn that SL^ the projection of BT on a 
fixed straight line SO^ varies as the perpendicular distance of T 
from another fixed straight line, the directrix, we inferred that the 
locus of T was a straight line ; and that it met the directrix at a 
point R such that L OSR « a right angle. This is virtually proved 
m Art. 8, where, leaving the curve out of consideration, we may 
regard the eccentricity as any constant ratio. In Prop. xi. there is 
the same ambiguity as in Prop, n, Oor., the locus of T apparently 
consisting of two straight lines through R. This arises from the 
drcumstance that when the magnitude only of the ratio 80\ OMia 
ffiven, the point is not completely determined, but the choice 
ues between two points 0, 0' collinear with the focus, each of 
which has its own polar. If, however, the actual position of be 
given, as in the proposition, then taking into consideration the 
tign of the ratio SZ : TNza well as its magnitude, let the direction 
/SO be regarded as positive, and that of 08 negative ; and let 
perpendicmars to the directrix £rom its iS'-side be positive, and 

D 
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those from the further side negative. Then, 8Lj TN being 
positive or negative together, the locus of T is seen to be the single 
straight line TR, 

The polar of is the straight line through R parallel to the 
wdinates of the diameter through ; for if a> be the pole of that dia- 
meter, and V its point of concourse with the directrix, then 
(Prop. III., Cor. \) Sco is at right angles to iSF, and is therefore 
(Prop, yiii.) parallel to the ordinates of the diameter OV, In 
the case of central conies this follows at once from Prop, vni., 
Cor. 1. 

If e denote the eccentricity, then, referring to the proof of 
Prop. XI., we see that 

SO.SL-^^.OM.TJSr. 

Hence (i) \i SOhe less than e, OMy then will SL^ and a fortiori ST, 
be greater than e . TN; but (ii) if >S0 be greater than e. OM, then 
will 8L be less than e, TN^ and ST^ which may have any magnitude 
not less than 8L^ may be either less or greater than e . TN. It 
follows that the polar of will cut or not cut the oonio according ae 
lies without or within the conic, 

SOHOLITTM C. 

The Polar Equation of a conic referred to its focus and axis 
may be seen, from Example 4, to be of the form 

- =a 1 + ^ COS0, 

where r denotes 8P; 6 the angle A8P; and e, I denote the eccen- 
tricity and the semi-latus rectum. The corresponding equations of 
the Tangent, the Normal, of any Chord, and of the Polar of any 
point, may be deduced, as below, from geometrical theorems which 
we have already proved. 

(i) The Tangent. 

In Prop. II., let r, be the coordinates of jT, and let a be the 
angular coordinate of the point of contact P. 

Then 8L = 8T cos T8Z = r cos (6 - a), 

and e . 7W= e {SX- 8T cob AST) ^l-e.r cosa. 

; 
Hence ' - =tf co86 + co6(6-a). 

(ii) The Normal, 

In Prop, rv., let a parallel to the axis cut 8P in Zy and FG in 
Q. Denote LASP by a, and let r, be the coordinates Q. 

Then ZQ'--e.ZP^e{SP- SZ), 

or e.8P'^ZQ\e,8Z\ 
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ZQ sin re -a) 8Z sinO 

and — = — r ' : — - — — . 

r Bina r sma 

TT * • SP Bin a . ^ 

Hence = sm(0 - a) + « flin6 ; 

/ sin a . ^^ V . « 

or - . a Bin (0 - a) + « sin6, 

since iSP, a are the coordinates of a point on the curve. 

(ill) Any Chord. 

From Prop, iii., Oor. 2, it is easy to deduce the equation 

- «tf cosO + sec/3 oos(6 -a), 

tepresenting the chord which cuts the conic at the points whose 
angular coordinates are a±fi respectively. 

(iv) The Polar of any Point 

In P^p. XI., let r, be the coordinates of T, and p, a those of 
0. Then it is easily seen that 

e. Ty^l-e.r cosO'y e,OM- 1 -e.p cos a; /SJT./ST-'p cos(6-a).r. 

Hence, equating SJT. ST to e*. OM. TN, we deduce that 

[r -* cosaj f- -tf cos6j«cos(6- a), 
which is the equation of the polar of the point (p, a). 

EXAMPLES. 

1 1. Determine the pole of the latus rectum of a conic. 

1 2. Every tangent is the polar of its point of contact. 

13. The segments of any focal chord subtend equal angles 
at the point in which the directrix meets the axis. 

14. Ktwo conies have a common focus, their common chord 
or chords will pass through the intersection of their directrices. 

15. The tangents at the ends of a focal chord meet the 
latus rectum at points equidistant from the focus. 

1 6. The focal distance of any point on a conic is equal to 
the ordinate at that point produced to meet the tangent at an 
extremity of the latus rectum. 

d2 
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17. The directions of any two tangents to a circle are 
equally inclined to the diameter through their point of inter- 
section. State this theorem in a form applicable to all conies. 

1 8. Given the focus of a conic and a focal chord, the locus 
of the extremities of the latus rectum b a circle. 

19. Given the focus, the length of the latus rectum, a 
tangent, and its point of contact, shew how to construct the 
conic. 

20. When the focus and three points of a conic are given, 
shew how to construct the curve. 

21. Given the focus of a conic inscribed in a triangle, 
determine the points of contact. 

22. Given a chord of a conic and the angle which it 
subtends at the focus, shew that the focal radius to the pole 
of the chord passes through a fixed point. 

23. With given focus and eccentricity construct a conic 
which shall pass through two given points. 

24. Determine in what cases a chord of a conic wiU be a 
maximum or a minimum. 

25. The portion of any tangent intercepted between the 
tangents at the ends of the parallel focal chord is divided at 
its point of contact into segments whereof each is equal to the 
focal distance of that point. 

26. If the tangent at any point of a conic meet the directrix 
in 2>, and the latus rectum in Z, then 

SLiSD^SAiAX. 

27. If PJf, QN be the ordinates of the extremities of a 
focal chord PQ, and if the direction of the chord meet the 
directrix in £, then will RN meet MP at a distance from the 
axis equal to 2PM. 

28. If if be the projection upon the directrix of any point 
Pon a conic, then will /Silf meet the tangent at the vertex upon 
the bisector of the angle SPM. If a focal chord of central 
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coDic meet the tangents at the vertices in F, F', give a con- 
struction for determining the points in which the circle on VV 
as diameter meets the conic. 

29. Prove the following construction for drawing tangents 
to a conic from a given point T. Divide 8T in t^ so that 

StiST^AX: TN, 

where TN is a perpendicular to the directrix; about 8 as 
centre describe a circle touching the conic, and from t draw 
tangents to the circle, and let them meet the tangent at the 
vertex in F, F'; draw TF, TV\ which will be the tangents 
required. 

30. If a chord of a conic subtend a constant angle at the 
focus, the locus of its pole will be a conic having the same focus 
and directrix. Shew also that the envelope of the chord will 
be another conic having the same focus and directrix, and that 
the eccentricities of the three conies will be proportionals. 

31. The vertex of a triangle which circumscribes a conic, 
and whose base subtends a constant angle at the focus, lies on a 
conic 

32. Two sides of a triangle being given in position, if the 
third subtends a constant angle at a fixed point, determine 
its envelope. 

33. If a fixed straight line intersect a series of conies which 
have the same focus and directrix, the envelope of the tangents 
to the conies at the points of section will be a conic, have the 
same focus, and touching both the fixed straight line and the 
directrix of the series of conies. 

34. The focal perpendicular upon any tangent to a conic is 
a mean proportional to the segments into which it divides the 
portion of that tangent intercepted between the tangents at the 
extremities of any focal chord. 

35. If iSFbe the focal perpendicular on the tangent at any 
point P to a conic, and X the point in which the axis meets 
the directri;^, then 

" • SYzYX^SA'.AX. 
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Determine the locus of F, and shew that it is the envelope 
of the circle on BP. 

36. If PN be the perpendicular from any point P on a 
conic to the latus rectum, the straight line connecting N with 
the point in which the axis meets the directrix will pass through 
the foot of the perpendicular let fall from the focus upon the 
tangent at P. 

37. If the diameter at a point P on a conic bisects the 
chord normal at Qj the diameter at Q bisects the chord normal 
at P. 

38^ In Art. 10, shew that the normal PG becomes equal 
to the semi-latns rectum when P coincides with the vertex 
of the conic. 

39. The perpendicular from O on fi^P varies as the ordinate 
of P; and the foot of this perpendicular lies upon the straight 
line which passes through the foot of the ordinate of P, and 
is parallel to SM, 

40. If Q be any point on the normal at P, and L and M be 
its projections on 8P and the ordinate of P, shew that 

QL : P3f== 8A : AX. 

41. The perpendicular upon a focal chord from the inter- 
section of the normals at its extremities meets the chord at 
a distance from one extremity which is equal to the focal 
distance of the other; the locus of the foot of this perpen- 
dicular is a conic ; and the straight line drawn parallel to the 
axis through the intersection of the normals passes through 
the middle point of the chord. 

42. If P be the pole of a normal chord which meets the 
directrix in Q, shew that the circle 8PQ passes through an 
extremity of the chord. 

43. If a circle touch a conic on opposite sides of its axis 
it will intercept a constant length upon the focal chords through 
the points of contact. When the circle passes through the 
focus, determine the focal radii to the points of contact. 
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44. The rectangle contained by the focal perpendicular upon 
the tangent at any point to a conic and the portion of the 
normal intercepted between the curve and its axis is equal 
to the rectangle contained by the semi-latus rectum and the 
focal distance of the point. 

45. If Q^ be a focal chord of a conic, and if the normal at 
P be at right angles to the chord and meet the axis in (?, then 

PGP^SQ.SQ. 

46. Shew also that, if a parallel to the chord be drawn 
through O and meet the direction of P8 in Z7, then PJ7= \ QQ\ 

47. If the normal to a conic at P meet the axis in (7, and 
\( 8Y the focal perpendicular upon the tangent meet the 
directrix in F, shew that 

PGxSY^aViVY. 

48. The ratio of the normals, terminated by the axis, at any 
two points of a conic is equal to that of the tangents at those 
points. 

49. Given an arc of a conic, shew how to construct the 
curve. 

50. The parallel diameters of two similar and similarly 
situated conies bisect the same systems of parallel chords. If 
the two conies be concentric ellipses or hyperbolas, or equal 
parabolas whose axes are coincident, shew that any chord of 
the exterior conic is divided into pairs of equal segments by 
the interior, and that any chord of the former which touches 
the latter is bisected at the point of contact. 

51. The angle between any two chords of a conic is equal 
to the angle subtended at the focus by the portion of the 
directrix intercepted by the diameters which bisect the chords. 

52. The arms of the angle which a focal chord of a conic 
subtends at any point on the circumference meet the directrix 
upon diameters through the points of contact of tangents at 
right angles. 

53. The polar of any point with respect to a conic meets 
the directrix on the diameter which bisects the focal chord 
through that point. 
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54. The diameter through anj point, and the polar of that 
point, meet the directrix and the axis respectively on a straight 
line parallel to the focal distance of the point. Hence shew 
that the foot of the ordinate of any point in the plane of a 
central conic is at a distance from the centre which varies 
inversely as the distance therefrom of the intersection of the 
polar of the point with the axis* 

55. From the preceding example deduce a construction for 
drawing tangents to a conic from a given point. 

56. The triangle whose angular points are the focus of a 
conic and the intersections of the tangent and the diameter at 
any point with the a^is and the directrix respectively has its 
orthocentre at the point in which the tangent meets the directrix. 

57. Given the focus and the directrix of a conic, shew that 
the polar of a given point with respect to it passes through a 
fixed point. 

58. If the polar of a point with respect to a conic intersect 
a conic having the same focus and directrix in P, and if 8Q be 
drawn at right angles to 8P to meet the directrix in Q, the 
locus of the intersection o( QO and /SPwill be a conic, 

59. Deduce from Art. 16 that the square of the ordinate at 
any point of a conic varies either as the distance of the foot 
of the ordinate from the vertex, or as the rectangle contained 
by the segmefits into which it divides the axis. 

60. A focal chord of a conic and the diameter which bisects 
it meet any fixed straight line perpendicular to the axis at 
points whose ordinates contain a constant rectangle; and the 
square of the ordinate of the middle point of the chord varies 
either as the distance of the foot of the ordinate from the focus, 
or as the rectangle contained by its distances from the focus 
and the centre of the conic. 

61. K a chord of a conic passes through a fixed point in the 
axis, determine the locus of its middle point, and in the case 
of a central conic, the locus of its intersection with another 
chord which passes through a fixed point in the axis and is 
parallel to the diameter which bisects the former. 
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62. If a tangent be drawn parallel to any chord of a conic, 
the portion of it terminated by the tangents at the ends of the 
chord is bisected at its point of contact. 

63. Two tangents being applied to a line of the second 
order, if from any point in one of them a straight line be drawn 
parallel to the other, the portion of it intercepted by the chord 
joining the points of contact will be a mean proportional to 
its segments made by the curve. Examine the case in which 
the secant becomes a tangent. 

64. In Art. 16, investigate the case in which coincides 
with 8j and shew that 8X is then a mean proportional to the 
distances of P and p from the directrix. 

65. Shew also that, if SZ be drawn parallel to PQOIt to 
meet the directrix, then 

0P.0QiSp.8(i = 8Z*:8Z'-L\ 

where L denotes the semi-latus rectum. 

66. If a chord of a conic subtends equal angles at the 
extremities of another chord, it likewise subtends equal angles 
at the extremities of any chord parallel to the latter. 

67. If ABG be a triangle whose sides touch a conic at the 

points a, &, c, then 

Ab.Bc.Ca^Ac.Ba.Cb, 

68. If any conic be drawn through four given points, and 
if a fixed straight line meet the conic in P, Q, and one of the 
pairs of straight lines joining the four points in A^ B^ then will 
the ratio of the rectangle PA.AQ to the rectangle PB.BQ 
be constant. 

69. Any tangent to a conic is divided harmonically by Its 
point of contact and the three points in which it meets any two 
other tangents and their chord of contact. Examine the cases 
in which two of these four straight lines become parallel. 

70. If from any point on a conic parallels be drawn to two 
adjacent sides of a given inscribed quadrilateral figure, the 
rectangles under the segments intercepted by those adjacent 
and by the other two opposite sides will have a given ratio. 
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71. li ABO be a triangle inscribed in a conic, and if from 
any point on the curve there be drawn a parallel to BA 
meeting BG and the tangent at A in P, Q^ and a parallel to 
BC meeting AB^ AG m P^ Q] then will OP.OQ be to 
OF.OQ in a constant ratio, viz. that of the focal chords 
parallel to BA and BG respectively. 

72. If from any point on a conic pairs of perpendiculars 
be drawn to the opposite sides of a given inscribed quadrilateral, 
the rectangle contained by the one pair of perpendiculars will 
be in a constant ratio to the rectangle contained by the other 
pair. 

73. The perpendicular from any point on a conic to a fixed 
chord is a mean proportional to the perpendiculars from that 
point to the tangents at the extremities of the chord. 

74. If from any point on a conic straight lines be drawn 
at given angles to two adjacent sides of a given inscribed 
quadrilateral figure, the rectangle under the segments inter- 
cepted by those adjacent and by the other two opposite sides 
will have a given ratio. 

75. Hence shew that, if from a given point M there be 
drawn two fixed straight lines meeting a conic in A^ B and 
(7, D ; and likewise a variable straight line meeting the curve 
in E^ E^ and the straight lines A 0, BD in iT, i ; then 

EW : E'M^ = LE.EK: LE'.E'K-, 

and investigate the form which this relation assumes when the 
fixed straight lines become tangents to the conic. 

76. Deduce from the preceding example that, if Ay B^ Gj D 
be any four points on a conic, the three straight lines joining 
the intersections of AB^ GB] BG^ BA] and GA^ BD^ are cut 
harmonically by the curve, and that each of these points is the 
pole of the straight line which joins the other two. 

77. Hence shew how to draw tangents to a conic from any 
external point with the help of the ruler only. 

78. If PFP' and QVQ be any two intersecting chords of a 
conic, and if the circle through <?, P, Q meet PP' in 5, then 
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Will the ratio of VP' to VB be equal to tbat of the focal chords 
parallel to PP' and QQ^. Examine the cases in which two or 
all of the points P, Q, Qf coalesce. 

79. 1( PQ be any chord of a conic, and i^the parallel focal 

chord, and if the direction of F meet the tangent at P in T, 

then 

PQ.8T==F.8P. 

80. If there be a quadrilateral figure inscribed in a conic 
section, and if from one of its angular points there be drawn 
parallels to the sides about the opposite angle ; and if from the 
two remaining angles there be drawn straight lines to any point 
in the curve to meet the parallels; the intercepted portions 
of the parallels, estimated from their common point, will have 
a given ratio, wherever in thei curve the fifth point be taken. 




( M ) 



CHAPTER IIL 

THE PARABOLA. 

19. The parabola being a conic whose determining ratio 
is one of equality, some of its properties may be at once 
deduced by equating SA : AX to unity from properties of the 
general conic already proved; thus 8L becomes equal to TN 
in Art. 8, and 8G equal to 8P in Art. 10. The semi-latus 
rectum of the parabola is equal to SX] that is, to SA + AX^ 
or 28 A. 

Other properties of the parabola may be derived from those 
of central conies by regarding It as a conic whose centre* and 
second focus are at infinity, and the further extremities of whose 
diametersf are likewise at infinity ; but in the present chapter 
we shall give Independent proofs of such properties, commencing 
with the original definition of the parabola. 

The portion of any diameter intercepted between the curve 
and the ordinate of any point with respect to that diameter is 
called the Abscissa or Absciss of the point ; and any focal chord 
of a parabola is called the Parameter of the diameter which 
bisects it. 

CHORD PROPERTIES.* 

PROPOSITION I. 

20. The ordinate of any point on the parabola is a mean 
proportional to the abscissa and the latus rectum. 



* See Art. 14, Cor. 8. 

t See Art. 16, Cor. 8. 

X Under this head are included such propositions only as can be proved ante- 
cedently to the definition of a tangent ; bat the restriction does not apply to tlM 
CfjroUarias from those Proiiositions. 
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Let AN be the abscissa of any point P on the curve, and X 
the point in which the directrix meets the axis. Then, by 
Euclid I. 47, and from the definition of the parabola, 




Hence PIP + [AN'^^ASf = [AN+ ASf. 

Therefore P2P=:4:A8.ANj or PN is a mean proportional 
to AN and AAS^ which latter, by Art. 19, is equal to the 
latus rectum. 

Conversely, if the square of the ordinate of any point P 
vary as its abscissa, the locus of the point will be a parabola. 

The above proposition suggests an obvious method of tracing 
the curve, since for any assumed magnitude of AN the 
magnitude of PN and the position of P are determined. 

Corollary. 

Hence, to find two mean proportionals between a given pair 
of straight lines,* with latera recta equal to the given lines 
describe two parabolas, having a common vertex, and their 
axes at right angles ; then will the ordinates of either of their 
points of intersection be mean proportionals to their latera recta, 
as required ; for it is evident that the ordinate in either parabola 
will be a mean proportional to its own latus rectum and the 
ordinate in the other. 



* This inoblem, which is of great historical interest, was aolTed as abore by 
KenaBchmns, according to the statement of Entokius. Compare Bretflchneider'B, 
Die Geometric und die Geometer vor Ettkiidesy p. 160' (Leipzig, 1870). 
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PROPOSITION II. 

21. The locus of the middle points of any system of parallel 
chords of a parabola is a straight line parallel to the axis ; and 
the bisecting line meets the directrix on the straight line through 
the focus at right angles to the common direction of the chords. 

Take QQ^ any one of a system of parallel chords, and let 
JIf and M' be the projections of its extremities upon the directrix. 

Let the focal perpendicular upon the chords meet QQ in. Y^ 
and the directrix in ; and through draw a parallel to the 
axis meeting QQ \si V. Then will V be the middle point 
of QQ. 

For oir= og*- (2Jr= o(jt- 8(f 

and OM** may be shewn to have the same value. 

Therefore OM^ OM' being equal, the straight line through 




parallel to the axis bisects QQ ; that Is to say, it bisects 
every chord which is at right angles to 08. 

Hence it is evident that every straight line parallel to the 
axis of a parabola is a diameter of the curve, and that all 
diameters are parallel to the axis and to one another. 

Corollary. 

It follows, as a particular case of the above proposition, that 
the direction of the focal perpendicular SY on the tangent at P 
to a parabola meets the directrix at a point M such that PM 
is parallel to the axis. 
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Hence it appears that the tangent at P bisects the angle 
SPM^ as will be otherwise proved in Art. 25 ; and it may also 
be deduced, independently of Art. 7, that the intercept on the 
tangent made by the curve and the directrix subtends a right 
angle at 8* 



PROPOSITION III. 



22. To find the Ungth of any focal chord of a parabola. 
Let Q^ be any focal chord; M and M' the projections 
of its extremities upon the directrix ; and the point in which 




the focal perpendicular upon the chord meets the directrix. 
Let a parallel through to the axis meet QQ in v, which, 
by Prop. II, will be the middle point of the chord. 
Hence, and from the definition of the curve, 

And because 08v is a right angle, and SP= PO ; therefore 
Pi)^ 8P=P0j and therefore vO = 28P. 



48 



THE PARABOLA. 



Hence QQ = A^8P^ or the parameter of any diameter of a 
parabola is equal to four times the focal distance of the ex- 
tremity of that diameter. In particular^ as we have already 
seen, the latus rectum is equal to 4t8A. 



PROPOSITION IV. 



23. The ordinate of any point on a parabola toith respect 
to any diameter is a mean proportional to its parameter and 
the abscissa of the point. 

Let QFand PFbe the ordinate and abscissa of any point Q 
on the curve; let VP meet the directrix in 0^ and the focal 




chord parallel to QVmv\ and let 08^ which (Prop. 11.) is at 
right angles to 8v and QV^ meet the latter in Y. 

Then, as in Art. 21, if Z> and M be the projections of Q on 
the diameter PF, and on the directrix, 

And since, by similar triangles, the lengths QD^ OY^ 8Y 
are proportional to QV^ OV^vV^ therefore, from above, 

And since Pv^8P='P0^ as in Art. 22, the sum of OF and 
vFis equal to 2PF, and their difference to 2/SP, or vice versa] 
and therefore, in either case, the difference of their squares 
is equal to 2SP.2PV. 
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Therefore QF" = A8P. PVj or the ordinate QVia a mean pro- 
portional to the parameter 4/8P (Prop, iii), and the abscissa FV. 

Corollary 1. 

It may be shewn that QIf' = 4:A8.PV] and further, that 
if a straight line QD' be drawn in any direction from Q to the 
diameter PVj it will be a mean proportional to the parallel 
focal chord and the abscissa PV. This follows most readily 
with the help of the theorem (Art. 30, Cor. 1), that if the base 
of a triangle be parallel to the axis of a parabola the squares 
of its remaining sides will be as the parallel focal chords.^ 

Corollary 2. 

If the tangent at P meet QM in 5, then the figure PVQB 
being a paraUelogram, it foUows that 5P' ==4.8P.IiQ. Hence, 
if £ be any point on the tangent at a given point P to a 
parabola, and if the diameter through B meet the curve in Q, 
then will BP* vary ba BQ. 

Corollary 3. 

On the tangent at a given point P to a parabola take any 
two points T and B ; and let the diameters through them meet 
in curve in E and Q, and let the former diameter meet PQ 
in P. Then, by Cor. 2, and by similar triangles, 

TEiBQ^ TP^ : BP*= TF^ : B(^. 

Hence TE: TF^ TF : BQ =PF : PQ, 

or, the portion of any diameter intercepted by any chord and the 
tangent at either extremity of the chord is divided at the curve in 
the same ratio as that in which it divides the chord. 

PEOPOSITION V. 

24. A chord of a parabola being divided ai any pointy to 
determine the magnitude of the rectangle contained by its segments. 

Let any chord QB be divided internally or externally at the 
point 0] and let the diameters through and the middle 

* This may be dedaced withont the help of tangent-properties from the second 
\ note on p. 28, or from Art. 22, where QQ^ yaries as SQ.SQff that is to say, as 80*^ 

the angle QOQ^ being a right angle. It follows that the focal chords of a parabola 
TBiy inrersely as the squares of the sines of their inclinations to the axis. 

E 
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point V of the chord meet the parabola in M and P. Then 
by Prop. IV, and by Euclid ii. 5, Cor., if MU be the ordinate 
of Jf with respect to the latter diameter, 

^4.SP.M0, 

or the rectangle whereof the magnitude was to be found varies 
as MO J which depends only upon the position of the point O ; 
and as the parameter 4/SP, which depends only upon the 
direction of the chord QR. 

Corollary. 

Hence, if QB! be any second chord through 0, and AiBP' 
the corresponding parameter, 

QO.ORi Q0.0R'^4.8P:4t8P\ 

or these rectangles are proportional to the focal chords parallel 
to QRj QB!^ as was proved also for the general conic in 
Art^ 16. Hence also, the squares of any two intersecting 
tangents are as the focal distances of their points of contact. 

TANGENT PROPERTIES.* 

PEOPOSITION VI. 

The tangent to a parabola at any point is the bisector 
of ^e angle which the focal radius mcJces ijoith the diameter 
produced. 




* See alao the Corollaries in Articles 21, 28, 24. 
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(i) Let the tangent at any point P meet the directrix in B^ 
and let the diameter produced beyond the curve meet the 
directrix in Jf. 




Then nnce PS subtends a right angle at Sj and since 
BP^PM^ and PR is common to the right-angled triangles 
SPR^ MPR^ therefore their angles at P are equal, or the 
tangent PR bisects the angle 8PM. 

It is likewise evident that BP and MP make equal angles 
with RP produced towards t^ as in the figure of Art. 21, Ck>r. ; 
and that if PRj or PR produced, meet the axis in 7, the 
angles at P and T in the triangle BPT^ and therefore also 
the sides BP and BT^ will be equal to one another. 

(ii) Or we may proceed as follows, taking Euclid's 
definition of a tangent. 

Draw the straight line bisecting the angle BPM^ and take 
any point upon it. The distance of any such point from B is 
equid to its distance from if, and therefore greater than its 
distance fi*om the directrix, except when the point coincides 
with P. Hence every point except P on the bisector of the 
angle BPM lies without the curve, and the bisector of BPM 
is therefore the tangent at P. 

Corollary 1. 

It is evident from the above that the tangent at P bisects 
the angle BRM between the directrix >and the focal distance of 
the point R in which it meets the directrix; and, in like 
manner, that the second tangent RQ from R bisects the 

£2 
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supplementary angle 8BN between SS and the directrix. 
Hence the two tangents to a parabola from anj point on its 
directrix, or at the extremities of any focal chord, are at right 
angles ; and conversely, the directrix of a parabola is the locos 
of the intersection of tangents at right angles. 

Corollary 2. 

To draw tangents to a parabola from any external point E, 
with centre E and radius E8 describe a circle cutting the 
directrix in M and Ny and let the diameters through those 
points meet the curve in P and Q, which will be the points 
of contact of the tangents required ; since, as readily appears, 
EP bisects the angle BPM and EQ bisects the angle 8QN. 

Corollary 3. 

The subtangent at any point is double of the abscissa ; since, 
in the next figure, ST=SP=^NX=AN-{-ASj and therefore 
AN:== ST-- A8=^ATy or NT the subtangent is equal to iAN. 

PROPOSITION VII. 

26. The normal at any point of a parabola bisects iJie interior 
angle between the diameter and the focal distance of ike point. 
If the normal at P meet the axis in (?, then, by Art. 19, 




80 s= 8P] and therefore PO makes equal angles with 8P and 
the axis, and bisects the angle which 8P makes with the 
diameter through P. 

The same might have been deduced as a corollary from the 
preceding proposition. 



■N 
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Corollary. 

}i AN\^ the abscissa of P, th«n since &0^8P^NX, 
therefore NG^NX-^ 8N= 8X=2SAj or the subnormal is 
eqnal to the semi-latns rectam. 

PROPOSITION VIII. 

27. ITie tangent at the vertex of a parabola i$ the lociis of the 
foot of the focal perpendicular upon the tangent at any point ; 
and the focal perpendicular is a mean proportional to the focal 
distances of the vertex and of the paint of contact of the variable 
tangent. 

(i) Let the diameter at any point P of a parabola be pro- 
duced to meet the directrix in M^ and let the tangent at A 
meet SM in F. 

Then, 8Y being evidently eqnal to MY^ and 8P being 
equal to PM^ and PY common to the triangles 8PY^ MPY\ 
therefore PFis at right angles to 8M^ and it bisects the angle 
8PM^ and is therefore the tangent at P. 

Hence F, which by construction lies on the tangent at A^ 
is the foot of the focal perpendicular upon the tangent at P; 
and conversely, the locus of the foot of the focal perpendicular 
on the tangent at P is the tangent at A. 

This suggests an obvious method of drawing a second tangent 
to a parabola from a given point on the tangent at its vertex. 

(ii) Again, since the two tangents from Y to the parabola 
subtend equal angles at 8^ the right-angled triangles 8AY^ 
8YP are similar, so that 

8Ai8Y^8Yi8P, 

or BY'^8A.8P. 

Corollary. 

Since (Art. 24, Cor.) any two intersecting tangents to a 
parabola are in the subduplicate ratio of the focal distances of 
their points of contact, they are in the same ratio as the focal 
perpendiculars upon them. 
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PROPOSITION IX. 

28. The eoeterior angle between any two tntereeeting tangente 
to a parabola is equal to the angle which either of them subtendi 
at thejbcue; and the inclination of either tangent to the axis ie 
equal to that of the other to the focal distance of their common 
point. 

(i) Let the tangents at P and Q intersect in jS, and meet 
the axis in 2^ and Z7; and let be a point in A8 prodaced. 




Then the exterior vertex angle P80 of the isosceles triangle 
PST being donble of the interior base angle STP^ and thie 
angle Q80 in like manner bemg doable of SUQ^ therefore by 
Babtraction, in the figure drawn, 

lP8Q^2TRU. 

Therefore, since the two tangents subtend equal angles at 
By the angle subtended by either is equal to the exterior angle 
2!B [7 bet ween them. 

Hence Z TRU will be acute or obtuse according as the 
focus lies without or within the segment of the curve cut off 
by PQ, In either pase it will be seen that the acute angle 
between the tangents is equal to half the angle which their 
chord of contact subtends at the focus. 

(ii) Since the angle TBU\a equal to P8By therefore 

lSBU^PSB-^PRS^BPT 

^8TPi 

or the angles which QB makes with SB are equal to those 
which TB makes with the axis. 
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Hence also, nibtracting the angle TB Uj 

L 8BP^ BTP-- TBU^ SUQ 

Corollary 1. 

If from any point B on the tangent at a fixed point P the 
second tangent BQ he drawn, the angle SBQ will be constant^ 
since the equal angle 8PB is fixed. If one of the tangents 
be the tangent at the vertex, 8B will be the focal perpendicular 

upon the other. 

•• • 

Corollary 2. 

The triangles 8PB^ 8BQ are similar, havbg their angles at 
B equal, and likewise those opposite to 8P and 8B respectivelj. 
Hence 8B^ = 8P. 8Q^ or the focal distance of the intersection of 
anj two tangents to a parabola is a mean proportional to the 
focal distances- of their points of contact; and each tangent 
is to the other as 8B to the focal distance of the point of 
contact of the latter. 

Corollary 3. 

If two fixed tangents be eut by any third in points P 
and Q, as in the next figure, the triangle 8PQ will have 
its angles constant, since, by Cor. 1, its angle at Pis constant, 
and likewise its angle at Q. Again, in the same figure, if 
the three tangents be fixed, and if any fourth cut them in points 
X, Jf, Ny then, the angles of the triangles SLNj 8MNj 
being constant by the former case, the ratio of LN to MN 
is constant. Conversely, the envelope of a straight line which 
is cut in a constant ratio by three fixed straight lines is a 
parabola touching the three fixed lines. 

PKOPOSITION X. 

29. The ctrcumscribed circle of any triangle whose three aides 
totich a parabola passes through the focus. 

Let PQB be any triangle whose three sides touch a parabola, 
and let PB meet the axis in T. Then, by Art. 28, 

l8BQ^8TP=8PQ. 
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Therefore the pointB 8^ P, BjQ are concydic ; that is to saj, 
the focus 8 lies on the circumscribed circle of the triangle 

PQB. 

Corollary 1. 

Let p^ qj r* be the points of contact of the tangents QBj 
BPj PQ^ and let PQ meet the directrix in 2), so that Z rSD 
is a right angle. Let the perpendicular drawn from jS to PQ 
meet the directrix in 0^ and 8D in N. Then the angles PQB 
and Q8r are equal by Prop, ix., and therefore their com- 
plements are equal, so that 

lQBN^QSN, 
or N lies on the circle QB8^ which also circumscribes the 
triangle PQB. Moreover, PQ bisects the angle ODN (Art. 25), 
and therefore also the line ON^ to which it is at right 
angles. Hence is the orthocentre of the triangle PQB^ or 
if any parabola he inscribed in a triangle^ its directrix vnUpass 
through the orthocentre* 

Corollary 2. 

If four tangents to a parabola be given, its focus is de- 
termined by the intersection of the circumscribed circles of any 
two of the triangles formed by the four tangents, and its 
directrix is the straight line joining the orthocentres of any two 
of them. Hence it appears that one parabola can in general 
be described touching four given straight lines. 



* See the lithographed fignie. No. 2. 
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Corollary 3. 

Since (Art. 13, Cor.) BQ and Pq subtend equal angles at 8\ 
and nnce, in the circlei l.8Pq=s8QB'j therefore the triangles 
SPjj 8QB are similar, so that 

QB:Fq^8B: 8q. 

Hence, and by Art. 28, Cor. 2, 

QB : Pq^Bp : Bq^ Qp : P5; 

or, if two tangents to a parabola be cut by any third, their 
alternate segments will have the same ratio, and this ratio 
will be constant if the two tangents be fixed. 

SOHOLIUM. 

The above proposition^ with several deductions therefrom, is 
£)und in Section I. §§ 15 — 24 of I. H. Lambebt's Insigniores Orhita 
C^metarum Proprietaiei (AugustsB Yindelioorum, 1761). The pro- 
position itself, together with Cor. 1, may be applied to prove 
certain properties of the straight line and circle, as below. 

Sin any g^ven triangle, and with any point on its circnm- 
d circle as focus, suppose a parabola to be inscribed. Then, 
since the sides of the triangle are tangents to the parabola, the 
feet of the three focal perpendiculars upon them must lie on the 
taneent at the vertex. Hence, if from any point on the circum- 
scribed circle of a triangle perpendiculeurs be let fall upon its three 
sides, the feet of the wee perpendiculars will be coUinear. 

(ii) Supposing a parabola to be described touching four given 
straight lines, its focus must lie on the circumscribed circle of the 
triangle formed by any three of the said lines. Hence the circum- 
scribed circles of the four triangles formed by any four straight 
lines meet in a point. 

(iii) The directrix of the parabola touching four given straight 
lines passes through the orthocentres of the four triangles formed 
by those lines. Hence the orthocentres of the four triangles formed 
by any four straight lines are collinear. 

For the proof of Cor. 1 given above I am indebted to Mr. 
Bawdon Levett, of St. John's College, Cambridge. Another 
elementary proof, based upon the property that the feet of the 
foccd perpendiculars on the'^three tangents are collinear, was given 
in No. 160, p. 63, of the Lady' 9 and Oentleman^t Diary (1863). 
The theorem in question, which is in reality a particular case 
of Brianchon's theorem (Salmon's Conio Sections, Art. 268), was 
propounded by J. Steineb in Crelle's Journal fur die reine und 
angewandte Mathematikf vol. u. p. 191 (Berlin, 1827), and was 
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demonstrated by him in Gergonne's AnnaUa de Mathimatiques purei 
et appUquies, vol. xix. p. 59 (Paris, 1828), with the help or Pascal's 
theorem, as follows. If iS be any point on a conic, PQR an in- 
scribed triangle, and PF', QQ chords through any point 0; then 
in the hexagon PP'SQQR the points (P'fif, QR) and {8Q, RP) 
will lie on a straight line through 0. If the conic be a eireUy and 
the orthoeentre of the triangle, the straight line through will 
evidently meet the continuations of the perpendiculars from 8 to 
the sides of the triangle at distances from 8 which are respectively 
double of those perpendiculars, and will therefore be the directrix 
of the parabola drawn with 8 as focus to touch the sides. Steiner 
himself likewise applied his theorem as in §iii. (Grelley n. 97; 
Ctorgonne, ziz. 59). 

PBOPOSITION XI. 

30. The portion of any diameter intercepted by any tangent 
and the ordinate of its point of contact with respect to that 
diameter is bisected at the curve,* 

Let the diameter at P be met by the tangent at Q in T, 
and by the ordinate of Q in F; and let the tangent at P meet 
that at QmB. 

Complete the parallelogram QBPO by drawing PO parallel 




to RQ. Then the diagonal RO bisects the diagonal PQ^ which 
is also the chord of contact of the tangents RPj R Q. Therefore 
RO IB SL diameter of the parabola, and hence, all diameters 
being paralleL 

PV^RO^^PT, 

or VT is bisected at P. 



* ThiB ia included in Art. 28, Ck>r. 8. See alflo Art. 18, Cor^ and Art. 25, Oor. 8. 
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Corollary 1. 

Any triangle whose base is parallel to the axis of a parabola 
has its remaining sides in the ratio of the parallel tangents; 
for supposing those sides parallel to the tangents in the figarOi 
their ratio will be that of BP to RT^ whereof the latter is equal 

to BQ. 

Corollary 2. 

If from anj external point B there be drawn a tangent 
meeting the curve in P^ and a chord meeting the curve in 
M^ N^ and the diameter through P in V^ then by Cor. 1, and 
by Art. 16, Cor. 1, it is easily shewn that BV* = BM.BN. 

Corollary 3. 

It may be deduced from the propoedtion that the intercepts 
npon any diameter made by any two tangents and the ordinates 
of their points of contact are equal ; and hence, that the area 
between the two tangents and the diameter is equal to half the 
area between their chord of contact, the ordinates of its ex- 
tremities, and the diameter ; and hence, that the triangle made 
by any three tangents is equal to half the triangle formed by 
joining their points of contact. 

QUADRATURE. 

PROPOSITION XII. 

32. The area of the parabolic segment upon any chord as 
hose is equal to once and one^third of a triangle having the same 
base and altitude.^ 

Take BB' as the base of the segment, and suppose it parallel 
to the tangent at P. 

Let the diameters through B and through an adjacent 
point Q on the curve meet the tangent at P in Jf and ; 
and let the diameter through P meet BQ in T, and BB in U] 

* This thfioiem, one of the great discoverieB of Archihedbs^ was the first 
example of the exact qaadratme by infinitesimals of a continuous curvilinear ares. 
It forms the twenty-fourth and last proposition in his special treatise on the Quad* 
ntnze of the ParabolA. See the Oxford edition of his worksi p. 33 (1792). 
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and let PV be the absciflsa of Q. Complete the parallelogram 
UTLR by drawing TL parallel to the base of the segment 
to meet BM produced. 

Let Q coalesce with 5, so that the chord QB becomes a 
tangent, and P becomes the middle point of VT^ and therefore 
PM bisects the parallelogram QL. 




Hence, and by Eaclid I. 43, 

the parallelogram QU^ QL^2QM. 

Through any number of points on the arc PB draw parallels 
to BR and PU^ so as to form with PU two series of paral- 
lelograms, the one corresponding to QU and the other 
to QM^ and let the number of the points be increased and 
their successive distances diminished indefinitely. 

Then, as above, the several parallelograms in the former 
series become double of those in the latter, and the sum of 
the former, which is ultimately the parabolic area BPU^ becomes 
double that of the latter, or of the parabolic area BPM. 

Hence the semi-segment BPU is equal to two-thirds of the 
parallelogram MUj or to four-thirds of the triangle BPU; and 
the whole segment BPB! is equal to four-thirds of the triangle 
BPB^j which has the same base and altitude. 

CoroUary. 

Let the tangents at B^ B! meet in T. Then the area of 
the segment is equal to two-thirds of the triangle formed by 
these tangents and its base, or the portion of the triangle on the 
concave side of the arc is double of that on its convex side. 
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This might have been proved by connecting the points By R by 
an infinity of consecutive chords^ drawing the tangents at their 
extremities, and shewing, after the manner of Prop. XI., Cor. 3, 
that the area between the successive chords and RE is double 
of that between the corresponding tangents and the tangents 
»t £, S. 

EXAMPLES. 

8i. The radius of the circle through the vertex and the 
extremities of the latus rectum of a parabola is equal to fire- 
eighths of the latus rectum. 

82. A point on a parabola being given, if the focus also 
be given the envelope of the directrix will be a circle; or if 
the directrix be given the locus of the focus will be a circle. 

83. If two parabolas have a common focus their common 
chord passes through the intersection of their directrices and 
bisects the angle between them. 

84. The common chord of two parabolas which have a 
common directrix bisects the straight line joining their foci 
at right angles. 

85. Deduce from Prop. i. that the ordinate of the middle 
point of a chord whose direction is given is of constant magni- 
tude. 

86. The perpendicular to a chord of a parabola from its 
middle point and the ordinate of that point intercept on the 
axis a length equal to the semi-latus rectum. Hence shew 
that the locus of the middle point {^f a focal chord, or of any 

chord which meets the axis in a fixed point, is another parabola. 

« 

87. Prove the following construction. Let AN be the 
abscissa of any point P on a parabola, and let MP be equal 
and parallel thereto. Divide NP into any number of equal 
parts and through the points of section draw parallels^,, p^^p^... 
to the axis, and divide MP into the same number of equal parts 
in points 1, 2, 3... . Then will the lines ^j, p^ p^,., meet 
^1, A2f AZ... respectively on the parabola. 
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88. If Pg be a focal chord of a parabola, BA.PQ^ 8P. SQ. 

89. If the ordinates or the focal distances of all points on 
a parabola be cut in a given ratio the locus of the points of 
section will in either case be a parabola. 

90. Circles whose radii are in arithmetical progrtssion tonch 
a given straight line on the same side at a given point. If to 
each circle a tangent parallel to the g^ven line be drawn It 
will cut the circle next larger in points lying on a parabola. 

91. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line; or 
which touches a given circle and a given straight line. 

92. If a parabola be made to roll upon an equal parabola, 
iheir vertices being initially coincident, the locus of the focus of 
the former will be the directrix of the latter. 

93. Find the locus of a point which moves so. that its 
shortest distance firom a given circle is equal to its perpendicular 
distance from a given diameter of that circle. 

94. The circle' described on any focal chord of a parabola 
as diameter touches the directrix ; and the circle on any focal 
radius touches the tangent at the vertex. 

95* Given the focus, or the directrix, and two points of a 
parabola, shew how to construct the curve, and state the number 
of solutions in each case. 

96. The diameters through the extremities of any focal 
chord of a parabola meet the chords joining them to the vertex 
upon the directrix and intercept upon it a length which subtends 
a right angle at the focus. 

97. Two circles whose centres are on the axis of a parabola 
touch the parabola and one another. Prove that the difference 
of their radii is equal to the latus rectum. 

98. Semicircles being described upon the segments of a 
focal chord, shew that the squares of their common tangents 
vary as the length of the chord. 
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99. The arms of any angle in a focal segment of a parabola 
meet the directrix at distances from the axis to which the semi- 
latOB rectnm is a mean proportional. 

100. Shew how to place in a given parabola a focal chord of 
given length. . 

loi. A parabola being given, find its axis, focns, vertex, 
and directrix. 

102. If a chord be drawn to a parabola from the foot of 
its directrix, the rectangle contained bj its segments will be 
equal to the rectangle contained by the segments of the parallel 
focal chord. 

103. If ^Q be a chord drawn from the vertex A o{ ^ 
parabola, and QB be a perpendicular to it at its extremity 
Q meeting the axis in £, then will AB be equal to the focal 
chord parallel to A Q. 

104. If PQ be a focal chord of a parabola, and B any point 

on the diameter through Q, then will -p^ be equal to the focal 
chord parallel to PB, 

105. Find the locus of the points which divide parallel 
chords of a parabola into segments containing a constant 
rectangle. 

106. The latus rectum in a mean proportional to the ordi- 
nates of the extremities of any chord which passes through the 
focus or through the foot of the directrix ; and the rectangle 
contained by the abscisses of the extremities of the chord is 
equal to the square of the focal distance of the vertex. 

107. If a chord subtends a right angle at the vertex, shew 
that it passes through a fixed point on the axis, and that 
the latus rectum is a mean proportional to the ordinates, and 
likewise to the abscisses, of its extremities. 

108. Shew that the absciss cut off by any chord from any 
diameter is a mean proportional to the abscisses of its ex- 
tremities with respect to that diameter, and that the corre- 
sponding ordinates are proportionals. 
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109. The distances from the focns at which the straight 
lines joining the ends of a focal chord to the vertex meet 
the latus rectum are altematelj equal to the ordinates of 
the ends of the chord. 

no. In a given parabola inscribe, and about it circumscribe, 
a triangle whose sides shall be parallel to three given straight 
lines. 

HI. A chord of a parabola and the chord joining the two 
points on the curve at which it subtends right angles intercept 
on the axis a length equal the latus rectum. 

112. Deduce from Ex. 54 that the intercept on the sods 
made by any polar. and the ordinate of its pole is bisected 
at the vertex. 

113. The intercepts upon any diameter by any two polars 
and the ordinates of their poles with respect to that diameter 
are equal. 

114. On a chord through a fixed point a mean pro- 
portional OM is taken to the segments of the chord. Shew 
that the locus of if is a diameter. 

115. A circle being described on a chord of a parabola 
which is parallel to a given line, shew that its centre is at a 
constant distance from the middle point of its opposite chord 
of intersection with the parabola. 

116. If a circle cut a parabola in four points the ordinatea 
of the points of section on one side of the axis will be together 
equal to the ordinate or ordinates of the point or points of 
section on the other side. 

117. If three of the points of section coalesce their common 
ordinate will be equal to one-third of the ordinate of the fourth 
point; and the common chord of the circle and the parabola 
will be equal to four times their common tangent Measured 
from its point of contact to the axis. 

118. Three chords of a parabola drawn at right angles to 
a focal chord through its extremities and the focus are pro- 
portionals. 
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119. If from the vertex of a parabola a pair of chords be 
drawn at right angles, find the locus of the further vertex of 
the rectangle of which thej are adjacent sides. 

120. If a chord perpendicular to the axis be produced to 
meet the tangent at an extremity of the latus rectum, the 
rectangle contained by its segments will be equal to the square 
of its distance from the focus. 

121. A chord of a parabola drawn from a given point on 
the curve is intersected by any ordinate of the diameter through 
that point and by the diameter through the extremity of the 
ordinate. Shew that the chord is a third proportional to its 
segments estimated from the given point to the ordinate and 
the diameter through its extremity respectively. 

122. The ordinate of a point Q on the curve being inter* 

sected by its diameter in F, by any other diameter in Bj and 

by the straight line joining the vertices of those diameters in R^ 

shew that 

QV^^VR.VR. 

123. The straight lines joining any point on a parabola 
to the extremities of a given chord meet any diameter at 
distances from its extremity which have the same ratio as 
the segments into which it divides the chord. 

1 24. If from the point of contact of any tangent straight 
lines be drawn to two points on the curve, each to intersect 
the diameter through the other point, the two points of inter- 
section will lie on a parallel to the tangent. 

125. If the diameter through any point P of a parabola 
meet a given chord in a, and the tangents at its extremities 
in i, c, shew that Pd^ — Pb,Pc^ and deduce the theorem of 
Ex. 73* for the case of the parabola. 

1 26. Three fixed points and a variable point being taken on 
a parabola, shew that the chords joining the latter to two of 
the fixed points cut off abscisses from the diameter through the 
remaining fixed point which are in a constant ratio. 



* In the example referred to, for "ia '' read varies as. 
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127. Shew that the preoeding theorem is « special oase of 
Ex. 80. 

128. If a parabola which bisects the sides of a triangle 
ABC meet its sides again in a, i, c, then will Aa^ Bh^ Cc be 
parallels. 

129. Through a given point within a parabola draw a chord 
which shall be divided in a given ratio at that point. 

130. Describe a parabola through four given points; or 
through three given points, and having its axis in a g^ven 
direction ; and shew that the latter is a particular case of the 
former. 

131. Shew that a circle can be described touching any two 
diameters of a parabola and the focal radii to their extremities ; 
and hence, that any two intersecting tangents to a parabola 
subtend equal angles at the focus. 

132. The four points of Intersection of two parabolas whose 
axes are at right angles lie on a circle, and the sums of the 
ordlnates of their points of intersection on opposite sides of the 
axis of either are equal. 

133. 1{ ACPhe a sector of a circle of which CA is a fixed 
radius, and if a circle be drawn to touch GA^ CP and the arc 
APj the locus of its centre will be a parabola. 

134. If a circle and a parabola touch at one point and 
intersect in two others, the diameters of the parabola at the 
latter points will meet the circle again on a parallel to the 
tangent at the former. 

135. If a straight line be drawn from a fixed point on 

a circle to bisect any chord parallel to the diameter through 

that point, find the locus of its intersection with the diameter 

through an extremity of the variable chord. 
« 

136. If the two tangents from any point on the axis of 

a parabola be cut by any third tangent, their alternate segments 
will be equal. 
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137. If OP, OQ be the tangents at P and Q to a parabola, 
and Pp^ Qq chords parallel thereto, the distances of from 
pq and PQ will be in the ratio of five to one* 

138. If there be three tangents to a parabola, whereof one 
is parallel to the diord of contact of the other two, shew that 
the three tangents contain an area equal to half the area of 
the triangle whose vertices are at their points of contact, and 
apply this result to prove Prop. xii. 

139. The locus of the vertex of a parabola which has a 
given focus and a given tangent is a drcle. 

140. If the tangents at P and Q intersect in JS, the circle 
through P touching QR in B passes through the focus. 

141. The tangent at any point meets the directrix and 
the latus rectum at equal distances from the focus. 

142. A chord of a parabola being drawn through a given 
point, determine when the rectangle contained by its segments 

will be a minimum. 

• 

143. Two equal parabolas have the same axis and directrix, 
and from a point on one of them two tangents are drawn to 
the other ; shew that the perpendicular from that point to the 
chord of contact of the tangents is bisected by the axis. 

144. If a leaf of a book be folded so that one corner moves 
along an opposite side the line of the crease will envelope a 
parabola. 

145. The three straight lines drawn through the points of 
intersection of three tangents to a parabola at right angles to 
their respective focal distances meet in a point. 

* 

146. The centre of the circle through any two points on a 
parabola and the pole of the straight line joining them lies upon 
the focal chord at right angles to the focal distance of the 
said pole. 

F 2 
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147. Adj two parabolas which have a common focus and 
their axes in opposite directions intersect at right angles. 

148. The portion of any tangent intercepted by the tangents 
at two fixed points subtends a constant angle at the focus. In 
what case will the subtended angle be a right angle? 

149. If QF' be the ordinate of any point Q on a parabola, 
and if the diameter bisecting Q V meet the curve in P, then 
will VP meet the tangent parallel to QF at a distance from its 
point of contact equal to |QF. 

150. The tangent from the vertex of a- parabola to the 
circle round SPN^ where FN is the principal ordinate of a 
point P on the curve, is equal to ^PN. 

151. The focal vectors to the points of contact of a common 
tangent to a parabola and the circle on its latus rectum as 
diameter are equally inclined to the axis. Express the distance 
between the points of contact in terms of the latus rectum. 

^^ » 

152. Describe an equilateral triangle about a given parabola ; 

and shew that the focal distances of its vertices pass each 
through the opposite point of contact, and that the centre of 
gravity of the triangle must lie upon a certain fixed straight 
line perpendicular to the axis. 

153. The segments of the sides of a regular polygon cir- 
pumscribing a circle subtend equal angles at the centre. State 
an analogous property of the parabola. 

154. Find the envelope of a straight line which cuts the 
sides OAj OB of a given triangle OAB in points P, Q such 
that the rectangle OP.OQ is equal to AP.BQ. 

155. Find the envelope of the straight line connecting the 
feet of the perpendiculars let fall from any point of a parabola 
upon the axis and the tangent at the vertex. 

156. If PQ be a chord at right angles to the axis of a 
parabola, the perpendicular from P to the tangent at Q will 
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cat off from the diameter at Q a length equal to the latus 
rectum. 

157. A circle being drawn through the focus of a parabola 
to cut the curve in two points, compare the angles between 
the tangents to the parabola and the tangents to the circle at 
those points, 

158. If the tangents to a parabola at P and Q meet in 0, 
and if the diameter through meet PQ in Vy shew that 
OROQ^208.0V. 

159. If the tangents at P, Q intersect in and meet the 
tangent at £ in P, Q', then will OB pass through the inter- 
section of PQ and P Q. 

160. A parabola being inscribed in a triangle so as to bisect 
one of its sides, shew that the perpendiculars from the vertices 
of the triangle upon any tangent are in harmonical progression. 

161. The vertex of a constant angle whose sides envelope 
a parabola traces a hyperbola having the same focus and 
directrix. 

162. In Art. 29, if PB and QM be perpendiculars to QB 

and the directrix, the point in which the perpendicular from 

Q to PB meets the directrix, and PP* a diameter of the circloi 

shew that 

8Q : (2Jf= QBiPQ^QO : PP', 

and deduce Steiner's theorem. 

163. To two parabolas which have a common focus and 
axis, two tangents are drawn at right angles. Shew that 
the locus of their intersection is a straight line perpendicular 
to the axis; and examine the case in which the directrices 
of the two parabolas coincide. 

164. Chords of a parabola being drawn to touch an equal 
parabola having the same vertex, their axes being in opposite 
directions, shew that the locus of the middle points of the chords 
is a parabola, whose linear dimensions are one-third of those 
of the original parabola. 
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165. Two parabolas have a common vertex, ai^d their axes 
are in opposite directions. If the latns rectum of one of them 
be eight times that of the other, the intercept on any tangent 
to the former made by their common tangent and the axis 
-will be bisected by the latter. 

166. If the vertex of an antrle of constant macn^itade move 
on a fixed straight line, and one of its arms p^thn»ngh a 
fixed point, the other will envelope a parabola of which the 
fixed point and line are the focus and a tangent. 

167. If a focal chord meet any tangent at a given anglei 
determine the locos of their point of intersection. 

168. If the tangents to a parabola at points P and Q 
intersect in and meet the tangent at any point B m P' 
and Q', and if OR meet PQ in Z, then 

PZiQZ^P'IPx Qff. 

169. The locus of the foot of the focal perpendicular upon 
a normal chord of a parabola is a parabola. 

170. If PQ be a chord normal at P and parallel to the 
focal chord FF\ then 

PQxFF'^SYxBA, 

where A is the vertex and 8Y the focal perpendicular upon 
the tangent at P. 

171. If from a given point on a parabola any two chords 
be drawn making equal angles with the normal at that point, 
the focal distances of their further extremities wiU contain 
a constant rectangle. 

172. The intercept on any tangent made by the curve 
and the tangent at the further extremity of the normal at 
its point of contact is bisected by the directrix. 

173. If T be the pole of a chord PQ normal at P, and 
AN be the abscissa of P, shew that 

PQ'.PT^PNxAN. 
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174. The perpendicnlAr to a nonnal to a parabola at the 
point in which the normal meets the axis envelopes an equal 
parabola, and the focal vector of the point at which the normal 
is drawn meets the envelope at the point in which the per- 
pendicular touches it. 

175. The normals at the ends of a focal chord intersect 
npon its diameter, and the locus of their intersection is a 
parabola* 

176. The normal, terminated by the axis, is a mean pro- 
portional to the segments of the focal chord to which it is 
at right angles. 

177. The squares of the normak at the extremities of a 
focal chord are together equal to the square of twice the 
normal perpendicular to the chord. 

178. The normal at any point is equal to the ordinate 
which bisects the subnormal at that point. 

179; The locus of the centre of the circle circumscribing 
the triangle BYP^ where 8Y is the focal perpendicular on the 
tangent at any point P, is a parabola. 

i8o. All circles which have their centres on a parabola and 
touch the tangent at its vertex are cut orthogonally by a circle 
which touches the parabola at its vertex and whose diameter 
is equal to the latus rectum. 

181. From a point on any double ordinate QQ 9k per- 
pendicular is drawn to its polar to meet the polar in M and 
the axis in N. Shew that J/, N^ Q, Q^ and the point in which 
the polar meets the axis are concyclic with the focus. 

182. The continued products of the focal vectors to any 
three points on a parabola and of those to the poles of the 
chords joining the three points are equal. 



72 EXAMPLES. 

183. If the tangents at p^ ;, r intersect in P, Q^ B^ as in 
Art. 29, and if be the point in which the diameter through r 
meets pq^ shew that 

pQ : QB^^EP: Pq=^ Qr : rP=^pO : gO* 

Shew also that 

PQ.PB=-Qr.Bqi QB.QP=^Bp.Pr] BP.BQ^Pq.Qpi 

and PQ.QB.BP=^Pq.Qr.Bp=^Pr.Qp.Bq. 

1 84. Prove that in general two parabolasf and any number 
of central conies can be drawn through four given points ; and 
that no two parabolas or other conies can interaect in more 
than four points; and that no two parabolas can touch one 
another in more than one point. 

185. If one triangle can be inscribed in a given circle 
(or ellipse) so that its three sides touch a given parabola, 
shew that any number of triangles can be so inscribed, and 
that the locus of their ccntroids is a straight line. 

186. Any number of parabolas being described with the 
same -vertex and axis, the polars with respect to them of all 
points on affixed ordinate to the axis will meet in a point. 

187. If a polygon be described about a parabola the 
continued products of the abscissas of its vertices and of its points 
of contact respectively will be equal. 

x88. If T be the point of concourse of the tangents to a 
parabola at P and Q, and if p, q be the points in which any 
third tangent intersects them, then 

TP^ TQ'' 

189. If from any point on the chord of contact of any 
two tangents to a pariibola parallels to them be drawn each 
to intersect the other tangent, the points of intersection will lie 



♦ This is proved by Apollonius in lib. ill., Prop. 41, of bis Conies, 
t Two chords of a parabola being given, it may be dedace^ from Art. SO, Ck>r. 2 
that there are two possible directions of its axis. 
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on the tangent at tlie extremity of the diameter through the 
assumed point. 

190. If P and Q be any two points on a parabola, and if 
PMy QN be the principal ordinates of P, Q, and AL the principal 
abscissa of the pole of PQ^ shew that FM.QN^4.A8.AL* 
Shew also that if ff be the pole of any chord drawn through 
any point 0, and 0'V\ OF be the ordinates of 0' and with 
respect to the diameter at any point P on the curve, then 

0V.ar = 28P{PV-{-PF'). 

191. If two parabolas be described each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side, prove that they have a common focus and that 
the tangent to either of them at their point of intersection 
is parallel to the axis of the other. 

192. If two parabolas be described each touching two 
ndes of any triangle at the points in which it meets the third 
side, determine the area common to the two curves; and if 
three parabolas be so described, determine the area common 
to the three. 

193. Any two tangents to a parabola intercept on two fixed 
tangents lengths which are in a constant ratio. 

194. If P and Q be fixed points on a parabola, and RR 
any double ordinate of a given diameter, then will MP and 
RQ meet that diameter at distances from the curve which 
will be in an invariable ratio. 

195. The projections of any two tangents upon the 
directrix by lines radiating from the vertex are equal. 

196. A triangle is revolving round its vertex in one plane; 
prove that at any instant the directions of motion of all the 
points of its base are tangents to a parabola. 



* This follows with the help of Examples 108 and 112, whereof the former may 
be deduced from Art. 30, Cor. 2, or from Prop. iv. 
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197. If three parabolaa be ingcribed in a given trlaoglt, 
when will the area of the triangle formed by joining thmr 
foci be a maximum ? 

1918. The area of the parabolic sector eat oflf bj anj two 
fecal radii is equal to half the area bounded hj the arc of 
the segment^ the diametera throogii ita extrenuties, and thir 
directrix. 

199. The difference of the ordinatea of two pointa on a 
parabola being equal to QD^ shew that the chord joining them 

will cut off a segment whose area is equal to J:^^ . What 

is the envelope of a straight line which cuts off an area of 
given magnitude from a given parabola? 

200. If the foci of four parabolaa whereof each touches 
the stxuigfat lines joining the foci of the other three lie on a 
drcle, the tangents at tfao vertices of the four parabolas will 
meet in a point. 
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CHAPTER IV- 

OBNTBAIi OONIOS. 

In this chapter we shall deal with the common properties 
of the Central Conies, and in the next chapter with certain 
properties, viz. those of its asymptotes, which are peculiar to 
the Hyperbola. 

The AbacisscB or Abscisses of any point with respect to any 
diameter of a central conic are the segments of that diameter 
made by the ordinate of the point; and the Central Abscissa 
is the distance of the foot of the ordinate from the centre 
of the conic 

THE ORDINATE. 

PBOPOSITION I. 

33. The square of the principal ordinate of any point on a 
central conic varies as tJie rectangle contained by its ahscissw^ 

Let the straight lines connecting the vertices A^ A' of a 
central conic with any point P on the curve meet the directrix 
in Z and Z' ;* and let PN be the ordinate of P, and X the point 
in which the directrix meets the axis. 




♦ For the hyperbola, use the figure on p. 80, supplying the lines P-iZ, PrA\ 




76 



CENTRAL COKICS. 



Then (Art. 12) the intercept Z2j subtends a right angle 
at 8^ and therefore ZX.Z'X has the constant magnitude SX"^. 



AX, 
A'X; 
AX. AX 

AX.A'X, 



And since FN : AN = ZX 
and FN : A'N = ZX 

therefore FN^ I'AN. A'N^ ZX . Z'X 

which is an invariable ratio. 

Let N be taken at the centre G of the conic, and let FN, 
in virtue solely of the above proportion, and without reference 
to the form of the curve, become equal to (7jS, so that 

CB" : CA^^SX" : AX.A'X. 

Then FN* : AN.A'N^FN* : CA'^ CN'^ CB' : CA\ 




In the ellipse it is evident that CB is equal to half the 
conjugate axis. In the hyperbola the conjugate axis does not 
meet the curve; nevertheless, for the sake of uniformity of 
expression, we shall define CB as the half of its length,* and 
the point B and a corresponding point B' equidistant from the 
axis as its extremitiea. 

Corollary 1. 

If the ordinate of F be divided in the ratio of the transverse 
to the conjugate axis at the point p, then pN*^AN.A'N. 

* The conjugate aziB of any central conic is occasionally called its Minor Axis, 
although not neoeeBarily less than the transTerae axis, nnlen the corre he an 
ellipse. 
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Hence, when P lies on an ellipse, the locas of p Is the circle 
described upon its major axis as diameter, and when P lies 
on a hyperbola, the locus of p is the hyperbola whose transverse 
axis is AA'^ and whose conjugate axis is equal to AA\ 

Corollary 2, 

If Pn be the ordinate of P with respect to the conjugate axis, 
it follows from the proposition that 

PN* : CA^^Pn*^ CIP : CA\ 
and Pn* i CR-^Cn^^CA*: CB\ 

Hence also It may be shewn, after the manner of Cor. 1^ 
that the locus of the point which divides Pn in the ratio of the 
conjugate to the transverse axis is either the circle on BB as 
diameter, or the hyperbola whose transverse axis is BB\ and 
whose conjugate axis is equal to BR. Some of the uses of 
this corollary and the preceding will be pointed out in the 
diapter on Orthogonal Projection. 

Corollary 3. 

From Cor. 1 it appears, conversely, that if the ordinates of 
any number of points lying on the circle upon AA' as diameter 
be cut in any given ratio of minority CB : CA^ the points of 
section will lie on an ellipse whose transverse axis is AA\ and 
whose conjugate axis is equal to 2CB. The smaller CB in 
comparison with CM, the less nearly circular is the ellipse ; and 
ultimately, when CB vanishes, the ellipse becomes coincident 
with its major axis AA\ In like manner, the ^^ complement''* 
of AA is the limit to which the hyperbola described upon it as 
transverse axis tends when its conjugate axis is indefinitely 
diminished* 

PROPOSITION II. 

34. The square of the ordinate of any point on a central 
conic with rey>€ct to any diameter is in a constant ratio to the 
rectangle contained by its abscisses on that diameter* 

* It may sometimei be oonyenient to speak of the remainder of an unlimited 
straight line from which any part haa been taken away aa the CompkmeiU of that 
part. 
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For by Art. 16, if Q^ be any chord parallel to a fixed 
straight line, and PP* be a fixed diameter meeting the chord 
in F, then the ratio QV.VQi PV.VP' is constant. It follows 
as a special case that, if QQ' he a double ordinate of the 
diameter PP'^ then QV^ : PV.VP' is a constant ratio. 

It is evident in the case of the ellipse that this result is 
equivalent to 

QV^ : PV.VP'^QV* iCP^'-CV^^Ciy xCP", 

where CD is the semi-diameter parallel to the ordinate QV. 

In the case of the hyperbola, supposing that CP meets and 
CD does not meet the curve, we might define the lengpth of the 
semi-diameter CD and the position of its extremity D by the 
condition that CD^ must be to CP* in the above-mentioned 
constant ratio, viz. that of the focal chords parallel to CD 
and CP, so that 

gr* : PF.FP'^QF* : CP-aP"=CZ?" : (7P», 

and therefore OF'+CD' : CZ>' = CP : CP*; 

but we shall at present merely remark that such a definition 
would be in accordance with the conventions usually adopted * 

THE SECOND FOCUS AND DIRECTRIX. 

PROPOSITION III. 

35. Every central conic has a second focus and directrix; 
and the sum of the focal distances of any point on the curve 
in the case of the ellipse^ or the difference of the same in the 
case of the hyperbola^ is constant and equal to the transverse 

axis. 

The existence of a second focus and directrix has been 
proved in Art. 14, Cor. 8 ; but it may also be deduced from 
the relation 

Py* : C^*-Bi"= Cff : CP*, 



* Upon this Bubjectf soe Scholiam C. 
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"where PAT. and Pn are the ordinates of any point P on the carve 
with respect to its transverse and conjugate axes. 

For since the ordinates with respect to either axis of the 
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points in which a parallel to that axis meets the curve are 
equal, and since, from the above proportion, the corresponding 
ordinates with respect to the other axis must consequently be 
equal, it is evident that points on a central conic may be 
determined in pairs as P, P' or p^ p' on opposite sides of and 
equidistant from the one axis, and likewise in pairs as P, ^ 
or P', jp on opposite sides of and equidistant from the other 
axiB. 

The curve is therefore divided symmetrically by its con- 
jugate axis as well as by its transverse axis, and it has a 
second focus B' equidistant with B from the centre, and a 
corresponding directrix meeting the axis at a point X' whose 
distance from the centre is equal to CX. 

Hence, if P be any point on the curve, 

SP'.NX'^SA : A'X'^SA : AX^SP : NX. 
Therefore 8P i 8'P ; NX J NX' « 8A : AX. 

Hence, in the ellipse, since NX+ NX' or XX' is constant, 
therefore SP^ 8'P is equal to a constant length, viz. to 
8A + 8' A or AA' ; that is to say, the sum of the focal distances 
of any point of the curve is equal to the major axis. 

In the hyperbola, in like manner, NX'^'NX' is constant, 
and therefore SP'^ SP is constant and equal to 8A ^ SA or 
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AA ; that is to say, the difference of the focal dLstances of 
any point on the curve is equal to the transverse axis. 

Corollary 1. 

Since SAiAX^ 8 A : AX^\[8At 8 A) : i {AX t A'X) ; 
and since the latter ratios are equal respectively to CA : CX 
and C8 : CA^ or vice versa ; therefore 

C8:CA^CA:CX^8A:AX, 

and C8.CX^CA\ 

Corollary 2. 

It may now be shewn, as in the next proposition, that 

CB^^CS''^CA^^A8.A'8. 

Hence, in the hyperbola, (7>S* == CA^ + CB^^ or C8 is equal to 
the distance AB between two adjacent extremities of the axes ; 
and in the ellipse, C/S" + CB" = CA*^ or 8B is equal to the 
semi-axis major. In the case of the ellipse it follows more 
directly that, 8B^ 8'B^CA ; and hence, conversely, that 

CB'^^CA^-CS'^AS.AS. 
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CoroUary 3. 
Hence C8.8X^CS''^C8.CX^C8'^CA^^GE^, 
ud 8X : CJX» C8. 8X : C8.0X^ Cff : 0A\ 



THE LATUS RECTUM. 

PBOPOBinON IV. 

86. The latua rectum i$ a third pr&partumal to the tranaverae 
und canfugate axes. 

Since C8: CA^8A : AX^8A' : ^'X; 

therefore 0a'^0A\0A^8A -^AX x AX^8X\ AX^ 

and (7flf-C4 : G4 = fi4' - AX : ^'X= /9X : A'X. 

Hence, and by Art. 33, 

OS*- G4" : C4*= SJ? : ^X. AX^CB" : G4*, 

and therefore 

CS^'^CA^ or A8.ASj is equal to CB".* 

Hence, by Prop, i., if 8L be either of the ordinates corre- 
sponding to A 8 and A 8 as abscissie, 

iSZ;* : A8. A 8^ 8U : CB^^CB^ : Ol', 

or the semi-latus rectum iSL is a third proportional to CA and 
CB^ and therefore the whole latus rectum is a third propor- 
tional to AA and BB. 

CoroUary. 

If FF' be any focal chord, CD the parallel radius, and LL' 
the latus rectum, then by the proposition, and by Art. 34, 

FF' : LL^Cir : CB'^CD' : \LL\CA, 

or FF'.CA^2CB'] 



* The axis being a focal chord, it IoUowb, from Art. 16, Cor., that 8L,CA is 
equal to A8,A*8, which in the eUipee may be shewn to be equal to CB*. In 
the case of the hyperbola, the length CB may then be d^ned as a mean proportional 
to CA and 8L. Apollohius (lib. iiL 46) defined the points which we call 
the fod of central conies as certain points dividing the axis into segments whose 
rectangle is equal to 8L . CA ; but he nowhere mentions the focus of the parabola. 

G 
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that is to say, any focal chord is a third proportional to the 
transverse axis and the diameter parallel to the chord* 

SGHOLITTM A. 

The Latus Beotxth of the axis, according to Apollonixts, was 
a certain straight line drawn at right angles to it from the vertex, 
equal to the double focal ordinate but defined without reference 
to the focus. The axis bein^ regarded as DXay/a, the tranwerse 
side of the '^ figure," the straight line drawn as above was taken as 
its 'Of>9ia, or $re0t side ; the term ** figure" being used to denote 
the rectangle contained by those lines. 

If AL be the latus rectum, and if the ordinate PIf in Prop. i. 
meet A'Z in Q, tKen 

PN* : AN.A'N'-JLL : AA'^ QNi A'N» QN.AJf: AN.A'N. 

It follows that the square of the ordinate PIT is greater than the 
rectangle AL.AN contained by the latus rectum and the abscissa 
in the case of the hyperbola, and less than the same rectangle in 
the case of the ellipse; and hence the name Hyfsbbola,. which 
signifies $xcm8^ and the name Ellipse, which signifies defieieney. 
The Parabola was so called from the equality of the square of the 
ordinate of any point upon it to the rectangle contained by its 
abscissa and the latus rectum. The names of the three conies have 
indeed been otherwise explained, but the interpretations of them 
g^ven above are in accordance with the manner in which 
ApoUonius introduces them. See Halley's edition of his works, 
lib. X., props., XI., xn., xm., pp.31 — 37(Oxon., 1657). Moreover, 
it is reported by Proclus in his Oonmientaries on the first book of 
Euclid, at the commencement of the fourty-fourth proposition, 
upon the authority of ''the Familiars, of Eudemus," that the 
terms parabola, hyperbola, and ellipse had been used by the 
Pythagoreans to express the equality or inequality of areas, and 
were subsequently transferred to the conic curves for the reason 
given above. The passage is quoted in the original Gbeek on 
page 13 of E. F. August's Zur Kenntniu dm- geometrUehm Mfthode der 
AlUn in iMonderer Be^iehunq auf die Platonisehe Stelle im Meno 22d 
(Berlin, 1 843), and it may be seen in English in Thomas Tayloi^s 
translation of the Commentaries of Proclus, Vol. u. p. 198 (London, 
1789). The whole work in the original Greek was printed at the 
end of editio prineeps of Euclid's Moments (ed. Simon Gxynseus, 
Basil., 1533); and it has also been edited separately by Gbdfr. 
Friedlein (Teubner, Leipzig, 1873). 

More generally, the Latui Rectum of any diameter was a length 
measured from its extremity upon the tangent thereat, equal in 
the case of the parabola to the parallel focal chord (although 
defined without reference to the focus), and in other cases a third 
proportional to the said diameter and its conjugate. Some later 
writers, as Mydorge, used the term Parameter tor Latus Bectum in 
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all oases, that of the axis being distinguished as £seta ParameUr. 
Hamilton gave the altematiyei "Latus Bectum sive Parameter 
istius diametri, &o." ; but these expressions are now seldom used 
in ff eometrioal treatises otherwise than as defined above on pages 1 
and 44. 



THE TANGENT. 



PBOPOBITION ▼• 



37. The tangent at any paint of a central oonio makes equal 
angles with the two focal dietances of that point. 

Let the tangent at any point P to an ellipse, or a hyper- 
bola, whose foci are 8 and 8\ meet the directrices in R and E ; 




and let a parallel through P to the axis meet the directrices 
in M and M\ 
Then since 

i8P:/8P'=:PJf:PJf' = PB:PB', 

and since PR and PR subtend right aisles at 8 and 8' re- 
spectively, therefore the triangles 8PR^ ffPR are similar, 
having their angles at P equal; that is to say, the tangent 
at P makes equal angles with 8P and 8'P. 

In the ellipse, the tangent lies without the angle 8P8' and 
bisects it externally* 

In the hyperbola (fig. p. 80), the tangent must cut the axis 
between A and A (since otherwise it could not lie wholly 

Q2 
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without the cnrre), and therefore between B and 8' ; It mnst 
therefore bisect the angle SPB' internally!^ 

CoroUary. 

If P be one of the fonr points of intersection of an ellipse 
and a hyperbola which have the same foci B and B\ their 
tangents at P, being the two bisectors of the angle BPB'^ will 
be at right angles to one another. Hence ccf^fooal canica inr 
tenect at right cmgles. 

PROPOSITION VI. 

88. The projections of the foci upon the tangent at any point 
of a central conic lie on its auxiliary circle; and the aemiroxis 
conjugate is a mean proportional to the distances of the foci from 
their respective projections. 

Let B and ^ be the foci, Y and Z their respective pro- 
jections npon the tangent at any point P. Then will Y and Z 




lie on the drde described npon the axis AA' as diameter, and 
the rectangle BY.HZwJl be equal to CS*. 

(i) For let a parallel to EP through Y meet BP in 0. 
Then the tangent makes equal angles with BP and the parallel 



* If, in aoooEdanoe with the principle of the note on p. 22, the digtanoe of anj 
point P on a fayperbok from ff be estimated toithin the cmrTOi in which case it wiU be 
the *' complement" of S'P, we may say of the hyperbola, as of the ellipee^ that the 
tangent bieeeta the angle between the focal diatanoes exitmalhf. 
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to £P| viz. the angles OPY^ OTPj and ttie complements of 
tbese angles, viz. OST^ 0Y8 are eqaal| therefore 

OP^ OT^ 08. 

Hence, the parallel to HP bisects ifiS| viz. at the centre 




z 

of the comC| and 

(7r= OOtOY^ \HP 1 4/8P= OA/ 

the upper signs being taken in the case of the ellipsCi and 
the lower in the case of the hyperbola. 

Hence, the anxiliary circle is the locus of the foot of the 
perpendicular from either focns to the tangent at any point 
of the conic; and, conversely, the straight lines drawn firom 
any point on the auxiliary circle at right angles to the two 
focal distances of that point are tangents to the conic 

(ii) Let ZH meet the drcle again in F; then, the angle 
at Z being a right angle, VT passes through the centre 0. 
Hence, evidently 8Y^ is equal to HV] and therefore, 

8T.HZ^HV.HZ^HA.HA ^ OB", 

or OB is a mean proportional to the focal perpendicnlarB upon 
any tangent.t 



* TfaiB raralt might also hare been azriTed at by ffappoemg ST^ HP to meet in a 
pdnt ^S*, and shewing that CT=z\H8' = CA, 

t In the figure on p. 88, if T be the point of conoonne of any two tangents, then 
8Y : HZ' = 8T* : HZ. It follows that angle 8TT =: HTZ' ; or, oonvenelj, fzom 
Ptop. ZTin. it may be dednoed that 87,HZ= CS*. 
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CcroUary !• 

This proposition enables us to draw a tangent to the conic 
which shall be parallel to any given straight line, tiz. by 
drawing BY (to a point Y on the anxiliary circle) at right 
angles to the given straight line, and drawing YP at right 
angles to 8Y. 

Corollary 2. 

The points F, Z in which any focal chord meets the anxiliaiy 
_ circle lie npon parallel tangents to the conic, and the semi-axis 
, conjugate is a mean proportional to the perpendicolars HV^ HZ 
from either focos JJupon any two parallel tangents. 

Corollary 3. 

The diameter parallel to the tangent at P intercepts on 
either focal distance EP a length Pk equal to CY or CA. 

PBOPOsrriON vii, 

39. The diaUmce from ih^ centre at whioh any tangent meets 
a given diameter varies inversely as the central abscissa qf its 
point of contact vnth respect to that diameter. 

Let the tangent at any point Q meet a given diameter in T, 
and let (77 be the abscissa of Q with respect to that diameter; 
then will the rectangle CV.CThe of constant magnitude. 

(i) Let CT meet the curve in P, and let the tangents at 
P and Q intersect in B ; complete the parallelogram QBPO. 
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Then Bince, in the parallelogram, BO bisects PQ^ and sinoe 
PQ is the chord of contact of the tangents from Bj therefore BO 
passes through the centre 0. 

Hence, by parallels, 

OV: CP^OO: CB^CP: OT, 

or CV.CT has the constant magnitade (7P*, and CT varies 
inversely as the abscissa GV* 

(ii) Next, let t be the point of concourse o( QT with any 
diameter of a hyperbola which does not meet the curve; and let 
the ordinate QV in the former case of the proposition be 
supposed an ordinate of the conjugate diameter, and therefore 
parallel to Ct. 




Then since Ct : CT^ QV: VT, 

therefore QV.Ct : CV.OT^ QV* : GV.VT. 

And since, by the former case, CV.CT is equal to CP*, 

therefore 

QV.Ct: CP^^QV*: CV'-CP*; 

and therefore (Art. 34) QV.Ct is equal to the square of the 
^^semi-diameter" CD parallel to QV', that is to say, Ct varies 
inversely as QF, or as the abscissa of Q with respect to the 
diameter on which Ct is estimated. 

Corollary 1. 

The relation CV.CT = CP* implies that any diameter PP' 
which meets the conic is divided harmonically (Art. 18, Cor.) 
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at V and T. This likewise involves the eqoalily of the rect- 
angle TO. TV to TP. TP\ which may also be dedaced indepen- 
dently from the evident parallelism of P*Q and GB^ thus 

TP : TV^ TBi TQ^TG: TP'. 

Or again, supposing the tangents at Q and P' to meet in Rj 
we might have inferred from Art 16, Cor. 1, that 

BPiBQ^EP'iBQ, 

and thence that TP, TV, TP' are in harmonic progression. 

Gorollary 2. 

H GV and GT be estimated on the transverse axis, their 
product will be equal to GA* ; or if on the conjugate axis, it 
will be equal to GB\ 

THE DIEECTOB CIECLE. 

PEOPOSITION VIII. 

40. The locus of the vertex qf a right angle whose sides 
envelope a central conic is a circle. 

Let T be the point of concourse of a pair of tangents at 
right angles ; Y and Z the projections of the fod upon one 
of them ; Y' and Z' their projections upon the other. 




(i) Draw the auxiliary cirde through F, Z, T', Z'; and 
firat, if T lie without it (that is to say, in the case of the ellipse), 
let TO be drawn touching it in 0. 
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Then 



and therefore CT^ ^ CO" + CB^ ^ CA^ + CB\ 

or the locns of 7 is a circle concentric with the conici and whose 
^ameter is equal to the diagonal of the rectangle contamed bj 
the axes. 

(ii) Next let T lie within the circle, as may happen in the 

case of the hyperbola. Then it may be shewn in like manner 

that 

' CA^ - C7" = TY. TZ^ GB\ 

or CT^^CA^--CB\ 




Hence, provided that the transverse be greater than the 
conjugate axis, the locus of T will be a circle, the square of 
whose radius is equal to OA^ — CB"^ ; but if the conjugate axis 
be the greater, the locus will be imaginary, or an ** obtuse '^ 
hyperbola can have no real tangents at right angles!^ 

Corollary 1. 

In like manner it may be shewn that, if the sides of a right 
angle envelope two confooal conies whose semi-axes are GA^ CB 
and (7a, 00 respectively, its vertex wiU lie on a concentric 
drde the square of whose radius is equal to OA* + (7/8", or 
Co? t OB*. When 00 vanishes, one arm of the right angle 
passes through a focus, and its vertex Y (Art 38) lies on the 



• In thiB case it wUl be seen that the theorem is applicable to the Conjugate 
Hyperbola. In the limiting caae in which the axes are equal the locnB lednoeB to a 
point, the only tangents at right angles being the Asymptotes. 
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Roxiliaiy circle. In the proposition itself, if CB be supposed 
to yanisb, the director circle becomes the circle on SH as 
diameter. 

Corollary 2. 

A conic and its director circle are so related that any 
rectangle circumscribing the former is inscribed in the latter. 

SOHOLTOK B. 

The term Dibbotob Cibclb has been used of late years to 
denote the locus of intersection of tangents at right angles to a 
oonici with reference to the circumstance that when the conic 
degenerates into a parabola this locus becomes coincident with 
the directrix (Art. 25). The analogous term '' Director Sphere " 
was introduced by P^fessor Townsend in the Quarterly JounuU of 
Pure and Applied JUathematicSf vol. vin. p. 10 (1867). Db la 
HiBB proved in his 8eeiione» Coniea (Pabis, 1685), Lib. vm. 
props. 27, 28, that the tangents to a conic from any point on a 
concentric circle whose radius is equal to ^{CA^'^Cff) meet the 
drde again at the ends of a diameter, and therefore contain a right 
angle. He also ^ave the equivalent of Oor. 2. 

In some treatises the term Director Oirole is used to denote the 
oirde described about the further focus ^with radius equal to the 
transverse axis, which possesses a property analogous to that of 
the directrix of the parabol a; f or if T be any point on the dzcum- 
ferenoe of the circle, and if JOT' meet the conic m P, then jSP« PF, 
or the focal distance of P is equal to its normal distance from the 
dide. This circle affords a construction, analogous to that in 
Art. 25, Oor. 2, for drawine tangents to a central conic from, any 
external point. Nevertheless it scarcely deserves a distinctive 
name; whereas the ''director circle," according to the former 
definition, is of considerable importance in the higher geometry 
of conies. The analogy of the oirde in question to Sie directrix of 
the parabola was pointed out by Boscovioh, (^8eeti<mum Conicarum 
£lementa, § 102), but he did not give it a name. 

POLAR PROPERTY. 

PROPOSITION IX. 

41. The tangents at the extremities of any chord drawn 
through a given point intersect on a fixed straight line parallel 
to the ordinates of the diameter through that point 

(i) Through a given point within or without the conic 
draw any chord, and let the tangents at its extremities meet 



OBNTBAL C0NIC8. 



91 




in t Draw Ct bisecting the chord in o, and meeting the curve 
injp, and let ji 17 and ^7 be ordinates of the diameter through 0. 
Let CO meet the curve in P, and let it meet the tangent 
at Pj whieh is parallel to oOj in F. 

Then CO : (7F= Co : Qp, 

and CUi CT^Cp\Ct\ 

and therefore, the lengths Co^ Cp^ Ct being continued pro- 
portionals (Art 39), 

CO.CT^CV.CV^CP". 

Hence T is a fixed point, and tT^ which was ordinately 
applied to the diameter C7P, is a fixed straight line. 

Conversely, the chord of contact of the tangents drawn to 
a conic from any point ^ on a fixed ordinate passes through 
a fixed point situated on the diameter of that ordinate* 

(ii) In the case of the hyperbola, either or both of the 
diameters Co^ CO may not meet the curve. 

If Co only do not meet the curve, let Pu be the ordinate of 
P with respect to it, and let the tangent at P meet it in t; ; 
then, Co.Ct being equal to Cu.Cv (Art. 39, §ii), 

CO : (7P=Cb : Cu^ Cv : Ct^ CP: CT^ 

as in the first case. But if CO only do not meet the curve, 
the first proof is applicable as far as CO.CT^CU.CV', aud 
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it is known from Art. 39, §iL that the latter rectangle ia of 
constant magnitude. 

In the case in which neither Co nor GO meets the^cnnre, 
if C^ be taken a mean proportional to Go and Gtj and if j^Fbe 
drawn parallel to oO,* it will be seen that GU.GV \b still 
constant, and tT will be a fixed straight line as in the cases 
previoasly considered. 

THE NORMAL. 

PBOPOSinON X. 

42. T%e normal (U any paint of a central conic hiaecta the 
angle between the two focal distances of that point. 

KP be any point on a conic whose foci are 8 and J9^ it 
follows as a corollary from Prop. v. that the normal at P 
bisects the angle SPH in the case of the ellipsci and it9 
supplement in the case of the hyperbola. The same may 
also be deduced irom Art. 10 (where 8 may be either focus) 
as follows. 

If the normal meet the axis in G^ then 

8a:8P^G8i GA^HGiEPi 

and therefore PQ bisects the angle 8PH internally or ex- 
ternally, according as G lies in /8i7, as in the case of the 
ellipse, or in the ^' complement" of /SH) as in the case of the 




* The line thus drawn is tbe tangent at p to the CotffuffoU HyptrhoUiy which will 
be defined in the next chapter. For another proof of the proposition, see Art. 17. 
The proof in Art 41, §i. applies, with obTiona modificitiom^ to the Panbola. 
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hyperbola. In either case the normal bisects the angle between 
those portions of the focal distances which fall within the curve. 

If the circle roond BPH meet the conjagate axis in ff and t^ 
it is evident that Pff and Pt will be the two bisectors of the 
angle 8PH] that is to s^j, they will be the tangent and the 
normal at P. This suggests an obvions method of drawing the 
two tangents or nonnals to a conic from any point on its 
conjugate axis. 

CaroUary 1. 

The tangent and normal to a conic whose foci are 8 and H 
divide the straight line SH harmonically^ and C8 is a mean 
proportional to the leng^ CO^ OT which they intercept on 
the axis. 

CaroUary 2. 

It is likewise evident by similar triangles that 

PG.Pg^PT.Pt^BP.HP; 

and it will be shewn that each of these rectangles is equal to 
tiie square of the semi-diameter parallel to the tangent at P. 

PROPOSITION XI. 

43. At any paint af a central conic the normal^ terminated by 
either axia^ varies invereely as the central perpendicular upon 
the tangent^ and directly as the radius parallel to the tangent. 

Let the tangent and the normal at P meet the transverse 
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Bxia in T and G^ and the conjugate aads In t and ffj respectively ; 
draw perpendicalara PNj Fn to those axes, and let them meet 
the diameter parallel to the tangent in M and m ; and let the 
normal meet that diameter in F. 

(i) Then (Art. 39, Cor. 2), the angles at ^ and jP* being 
nght angles, 

PG.PF^^PN.PMr. On.Ct= OB"; 
and, in like manner, the angles at n and i^ being right angles, 

Pg.PF^Pn.Pm:= CN.GT^ CA*; 
that is to saj, PG and Pg vary inversely as PF, which is equal 




to the central perpendicular upon the tangent at P. 

(ii) It will be proved in the section on conjugate diameters 
that 

PG : CD= CD : P^= CB: GA, 
where CD is the semi-diameter parallel to the tangent at P. 



Corollary. 



It is hence evident that 



NG : CN^NG : Pn^PG : P^= 05* : CA\ 

or the svhnormal varies as the ahacisaa. In like manner it may 
be shewn that the subnormal ng on the conjugate axis varies 
as the abscissa Cn. 
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CONJUGATE DIAMETERS. 

PB0P08ITI0N XII. 

44. Supplemental chords are parallel to canfugate diameters. 
Let OF' J OF be any two sapplemental chords, and GQ^ CR 
the diameters to which thej are parallel ; then will CQj OR be 




coDJugate. For it is evidcDt that these diameters bisect OF 
and OP respectively ; that is to say, each of them bisects a 
chord parallel to the other. 

This enables us to determine the relation between the 
directions of any two conjugate diameters, for, in Art. 33, 

FIP : AN.NA^ Off : 0A\ 

where the supplemental chords AF^ A'F may be supposed 
parallel to any assumed pair of conjugate diameters. Hence, 
if the ratio of FN to AN (or the direction of one of the 
diameters) be given, the ratio of FN to A'N (or the direction 
of the conjugate diameter) is determined.* 

Corollary 1. 

It readily follows that if F and D be points on two diameters 
of a central conic whose ordmates FN and DR (as in Art 45) 
are so related that 

FN I CR^DRi GN^GBi CA, 

■ ■ ■ \ ' \ ■ — TT^ \ -m 

* An equiyalent result may be deduced from Art. 14, Cor 4 and Art. 85, Oor. 8. 
If and ^ be the inclinations of two conjugate diameters to the axis, tand tan^=4- -j 

(where a, 6 are the semi-axes), the negatlTc sign being taken for the ellipse and the 
positire for the hyperbola. 
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then will CP and CD be conjugate, provided that they lie in 
adjacent quadrants in the case of the ellipse, or in the same 
quadrant or in opposite quadrants in the case of the hjperbola. 
If the ordinates of P and i), in the case of the ellipse, be pro- 
duced to meet the auxiliary circle in p and J, as in the next 
figure, ^ angle pOd will a right anglcj as will be noticed more 
particularly in the chapter on Orthogonal Projection. 

Corollary 2. 

In the hyperbola it is evident that of every two supplemental 
chords one must lie wholly within and the other wholly without 
the curve ; and hence that one and one only of every two conjugaie 
diameters meets the curve* 

Corollary 8. 

To draw a piJr of conjugate diameters inclined at a given 
angl^, let a segment of a circle containing the given angle, and 
described on any diameter PP' as base, meet the conic again in 
\ then will the diameters parallel to OP and OP* be inclined 
at the given angle. 

PROPOSITION XIII. 

45. The 8um of the squares of any two conjugate diameters is 
constant in the ellipse^ and the difference of the same is constant in 
the hyperbola. 

(i) If OP, CD be any two radii of an ellipse, and CN^ CR 
the central abscisses of their extremities P and D respectively, 
then, by Art. 33, 

PN^ : G4«- CN^^DB? : C4"- CE^^Cffx CA\ 

Let CP and CD be supposed to lie in adjacent quadrants, 
imd let 

CN^+CE'^CA^i 

then the above proportions reduce to 

PN: CR^DR : CN^ CB : CZ4,» 



* The same pzoportiozui will hold when the ordiaateB aze obUqne, if CA and CB 
be the lengths of the correBponding semi-diameten. 
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and therefore (Art 44, Cor. 1) CP^ CD eire conjugate, and 
converselj. 




Hence also FN"" + 2>J? = Cff, 

and CP^-\-CD'=GN''^'PN^'\'CE^ + DB*^CA^^Cff*, 

or the sum of the squares of any two conjugate semi-diameters 
of an ellipse is constant and equal to the sum of the squares 
of the semi-axes. 

(ii) In the case of the hyperbola, let P be a point on the 
curve, and D a point on the hyperbola whose transverse and 
conjugate axes are BB' and AA respectively ; then, by Art. 33, 

PN^ : GN^^ CA^^DR : aiP+ CA^ CB" : CA\ 

Let OP and CD be supposed to lie in the same quadrant 
or in vertically opposite quadrants, and let CD be regarded as 
terminated at the point D.* 

Let CN'^CE'^GA'i 

then the above proportions reduce to 

PN: CB^DB: CN^CB: CA, 



* The tadiiia CD which does not meet the carve (Ait. 44, Gor. 2) is here regarded 
as terminated by the Conjugate Hyperbola. For another proof of the proposition, in 
which the length of CD is defined as saggested in Art. 84, the reader is referred to 
the next chapter; and for a third proof, to the chapter on Orthogonal Projection. 
It will be seen that the above conventions with regard to the length of CD are 
consistent with one another, bat the trae definition of the lengths of diametexB which 
do not meet the carve is that given in Bcholiam C. 
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and therefore (Art. 44, Cor. 1) CP, CD are conjugate, and 
conversely. 

Hence also Dff^PN'^CB'^ 

and CP'^Ciy^CN* + PN*''{CIP + DS^^CA*^Cffi 

or the difference of the squares df any two conjugate "semi- 
diameters '' of a hyperbola is constant and equal to the difference 
of the squares of the semi-axes. 

Corollary 1. 

Let the normal at P, which is at right angles to C2>, meet 
the transverse and conjugate axes in Q and g respectively ; then 
it may be shewn by similar triangles that 

pa: CD^PNx CR^CBi CA, 

and Pg : GZ?= CN \ DE^ CA : CB. 

Hence CD is a mean proportional to PQ and Pg. 

Corollary 2. 

If P be any point on a conic whose foci are B and J7, then 
since (7 is the middle point of 8H^ 

2CP' + 2C8'^8P' + EP'^4:CA'T28P.HP. 

Hence 0P*± 8P.HP^ CA'-i- CA'-^ CB"^ CA'± Cff, 

and therefore, by the proposition, 8P. HP is equal to CD^. 

PBOPOSITION XIV. 

46. The area of any parallelogram whose sides are equal 
and parallel to two conjugate diameters of a central conic is equal 
to the area of the rectangle contained by the axes. 
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(i) Let a parallelogram be formed by drawing parallels to 
two coDJagate diameters PF^ Blf of a central conic through 




their extremities, and let the normal at P meet DUf in JP, and 
let it meet the axis in G. 

Then since (Art. 45, Cor. 1)^ 

FG\ CD^CBi CA, 

therefore PF.PG : PF.CD^ CB^ : CA.CB 

But, by Art. 43, the antecedents of this proportion are equal. 

Therefore PF. CB^CA. CB^ 

and the area of the whole parallelogram is equal to 4PF. CB^ 
that iS| to 2 0A.20B^ or to the rectangle contsdned by the axes. 




ni 
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la the case of the ellipse the parallelogram described as 
above completely envelopes the curve; but in the case of the 
hyperbola two of its sides only touch the curve (Art. 44, Cor. 2). 

(ii) The proposition might also have been proved by shewing 
that, with the construction of Art. 45, 

which last expression reduces to \CA.GB. 

PROPOSITION XV. 

47. The intercept upon any tangent by any two conjugate 
diameters is divided at the curve into segments to which the 
parallel radius is a mean proportional. 

Let the tangent at P meet any two conjugate diameters 
m T and t^ and let CD be the radius parallel to the tangent. 




Let PF, Dv be ordinates of the diameter CT^ and PM an 

ordmate of Gt] and let the tangent at D meet the former 

diameter in t\ 

Then, by similar triangles, the tangent at D being parallel 

to CPj 

PT: CT^GDi Gi, 

and Pt : GV^Ptx PM= GD : Gv. 

Therefore* PT.Pt : GV.GT^ GD^ : Gv,Gi', 

and the consequents in this proportion being equal by Art. 39, 

therefore PT.Pt ^ Ci)*, . 



* More briefly, the condition that CT^ Ct should be conjugate (note, p. 96) giye» 
at once the relation PT.Ft \CF^-CD^\ CF*. 
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or CD is a mean proportional to PT and Ft] and when the 
point Pis given the rectangle i^.PT is constant. 

Corollary. 

If the tangent at any point Q meet any two parallel tangents 
in R and 22', then will the radius parallel to the tangent be a 
mean proportional to QR and QR. For, in the figure of 
Art. 39, it is evident that CR and CR are parallel to the 
supplemental chords PQ^ PQj and are therefore conjugate 
diameters. Moreover, if JBC7meet RP in r, the semi-diameter 
parallel to RP will be a mean proportional to P^r^ PR^ and 
therefore to PR^ PR. 

SGHOIJUM €• 

Although the conjugate axis of a hyperbola and its other 
diameters which do not meet the curve are commonly regarded 
as terminated by the conjugate hyperbola, this convention is by 
no means accurate, but the true account of the matter is that given 
below. 

Given the relation (Art. 33) between the coordinates of any 
point on the hyperbola 

PN^ : CN""- CA'« CB" : CA\ 

the true length of the semi-axis conjugate is found, by making CN 
vanish, to be V(* 1) CB. Let this be denoted by C/3, so that 

PIP : CA^- CN^^-- CB^ : C^'- (7/3» : CA, 

which shews that the hyperbola may be regarded as an ellipse whose 
minor axis is a certain imaginary jttantity. In like manner the true 
leng^ of the semi-diameter conjugate to CP, in the second case of 
Art 34, is V(- 1) CjD ; and if this be denoted by CJ, we may write 

as in the case of the ellipse. Now, treating /3 and 3 as if they were 
real points on the curve and supposing p to be the projection of d 
upon the axis, we have, precisely as in Art. 45, § i, 

CJV^* + Cp» - CA^; PN^ + 2?f)' = C/?; CP» + CS« « CA^ + C/T; 

which will be seen to be equivalent to the results of Art. 45, § ii, 

Cir ^ CB^^ CA*\ PN^ - DB} ^--CB^; CP'- CD^^ CA^- CB*. 

And so in other cases (cf. Art. 40) we may pass at once to 
properties of the ellipse, in so far as they involve CB* and CI)\ by 
writing in place thereof Cp* and CS*, that is to say, by changing the 
signs of CB* and CD\ 

Next consider the hyperbola as a particular form of ellipse 
whose determining ratio has become one of majority. When this 
ratio has increased up to unity the further focus and vertex are at 
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infinity ; but as soon as it exceeds nnit^ they at once oome back 
from infinity to JET and A' on the opposite oiA. The true leng^ 
of the axis of the hyperbola is therefore A <x> A*^ the complement 
of AA*f and the distance between its foci is /Sf oo J7, the complement 
of 8H, In like manner the distance of any point P on the curre 
from the farther focus JB" is to be regarded as JOT oo P, the comple* 
ment of HP ; and thus the fundamental bifocal property assumes 
the indeterminate form 8P + H^ P ^ AcoA\ In order to pass 
to the determinate form of the bifocal property of the hyperbola 
from the property of the ellipse, we may remark that a point 
moTing in a straight line from the further focus S of the former 
to a point P on ^S-branch of the curve may be supposed to move 
either (1) within the curve, from M to od and from oo to P, always 
in the same direction, or (2) along the finite length SP in the 
oppoeite direction ; and we may therefore regard HP, drawn towards 
the convexity of the iS-branch, as essentially negative, and the finite 
axis AA' as likewise negative. The ellipse property, 8P-{HP-AA\ 
thus becomes, in the case of the hyperbola, SP^ (- HP) = (- AA'). 
So in Art. 15, Oor., in the case in which the focal chord meets the 
nearer branch of a hyperbola in Q and its further branch in P, we 

1 12 

must write . ^px + ^== t • ^ accordance with the same prin- 
ciple the normal to a hyperbola at P bisects the interior angle 
between P8 and PcoH; and if two tangents TO, Tff be drawn 
from Tto the same branch of a hyperbola, the angle 8T0 will be 
equal to the angle between T(y and TcoH. 

Oombining the results of the two preceding paragraphs, we 
infer from the property 8Y.HZ^ CB^ in the eUipse, that 
8Y. (- HZ) = (- CB") in the hyperbola ; and from 8P.HP'^ CH^ 
in the former, that 8P . (- HP ) =» (- CH^) in the latter* On the 
same principle. Prop. i. assumes the form 

PiV' : AJSr. (- A'W) = (- CJP) : CA* 

in the case of the hvperbola. In Art. 36, Oor„ if the focal chord 
FF' be positive CD'^ will be nep^ative, and vice versa. From the 
result PF . CD » CA . CB, obtamed in evaluating the conjugate 
circumscribing parallelogram of the ellipse, we deduce in the case 
of the hyperbola that (- PP). V(- 1) CD « (- CA).^{^ I) O^i 
and the final result is independent of the factor - V(- 1). 

THE BIFOCAL DEFINITION .♦ 

PBOPOSITION XVI. 

48. The tangent to a bifocal conic makes equal angles with 
the focal distances of its point of contact, 

* The theorems in this section have for the most part been already proved in 
other ways J but they are here derived from the bifocal property, SP i HP = AA\ 
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(i) Let TPQt be a chord which meets the conic in the 
adjacent points P and Q^ and let 8M be taken equal to SP 




upon 8Q^ and Sn equal to HQ upon HP^ so that 

Pn=:HP'^HQ=^SQ'>'8P^Qm. 

Now in the isosceles triangles 8mPj HnQ^ as the angles at 
8 and H are diminished indefinitely, each of the remaining 
angles becomes yerj approximately a right angle; and hence 
ultimately, when Q coalesces with P, the triangles PmQ^ PnQ 
become right^ngled at m and 9t. 

And since these triangles have the common hypothenuse 
PQ^ and it has been shewn that Prty Qm are equal,, therefore 
the angle 8QT of the one triangle is equal to the angle HPt of 
the other. That is to say, the point Q being supposed to have 
coalesced with P, the angle 8PT is equal to JEZ%, or the 
tangent at P makes equal angles with the focal distances of 
that point. 

(ii) Or, conversely, taking Euclid's definition of a tangent, 
we may proceed as follows. 

In the case of the ellipse, P being any point on the curve, 
and 8^ 8* the foci, in 8P produced take Ps equal to P8\ 
draw the bisector of the angle 8'P8^ and take any point Y 
upon it. 

Then since 8' Y is evidently equal to a F, 

8Y'{'8'Y^8Y+sY>88>8P'\'8T; 

that is to say, the sum of the focal distances of any point other 
than P upon the bisector of the angle 8Ps is greater than the 



hy which th« ellipoe and hyperbola are sometimeB defined. From this property it 
18 eTident that an elnpse may be traced with the point of a pencil mored along a 
string, whexeof the ends are fixed, so as to keep it stretched. 
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transverse axis; every such point therefore lies without the 
curve, and the bisector of the angle S'Ps is the tangent at P. 
The proof applies mtUatis mutandis to the hyperbola. 

Corollary. 

The normal at P bisects the angle between the focal 
distances of P, estimated mthin the curve; and hence it easily 
follows that G being the point in which it meets the axis 

SG : SP^HG : HP^ C8: CA. 

PROPOSITION XVII. 

49. The two tangents to a bifocal conic from any external 
point subtend equal or supplementary angles at either focus. 

This may be deduced from the lemma that a circle can be 
inserted in any quadrilateral which is such that the sum or 
difference of two of its sides is equal to the sum or difference 
of its other two sides. 

If four straight lines touch a circle at points a, &, o, d^ and 
if they form by their intersections the quadrilaterals POQBj 
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SPHQj SOHBj as in the diagram, it readily follows, from 
the equality of the two tangents (as Oa^ Ob) from any external 
point to a circle, that 

OP'\'QB^OQ-^PR; 8P+HP^8Q-^ EQ; 

and SO'HO^SB^HR] 

and, conversely, if one of these relations be given, a circle 
can be drawn touching the four straight lines. 

The LEMMA being assumed, if P, Q be points on a conic 
whose foci are jS^ and Hj then since 

SPtHP=SQtffQ, 

a circle can be described touching 8Pj SQ^ HP^ HQy and 
having its centre T at the point of concourse of the external 
or internal bisectors of the angles SPH^ SQH\ that is to say, 
at the point of concourse of the tangents at P and Q.^ 

And since 8P and 8Q touch a circle whose centre is 7, 
therefore 8T bisects the angle between them; and in like 
manner HT bisects the angle between HP and HQ, That 
is to say, the tangents 7!P, TQ to the conic subtend equal (or 
supplementary) angles at either focus. 

CoroUary. 

One or other of the angles between any two tangents to a 
conic is equal to half the sum or difference of the angles which 
their chord of contact subtends at the foci.f Taking the case 
of a pair of tangents 7!P, TQ to an ellipse whose chord of 
contact (as in the next figure) does not pass between the foci, 
we may shew, by equating the angles of the quadrilaterals 
TP8Q^ TPHQ to eight right angles, that the exterior angle 
between the tangents is an arithmetic mean to PSQ and PHQ. 



* If Tvith 8 and H as foci an ellipee be drawn throngh P, Q and a hyperbola 
ihzongh 0^ R, their common diameter through T will bisect PQ in th^ one cnire 
and OR in the other. Hence the middle points of the three diagonals of anj 
qoadrilatcral in which a circle can be inscribed lie npon one diameter of the circle. 

t This theorem, with its analogue for the parabola (Art. 28), was proyed by 
"BOBOQi^iCR' {SeaiofMim Conicarum EUmtnta, §181). In a slightly different form it 
win be noticed again in Scholium D. 
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PROPOSITION xnii. 

* 50. The tv>o tangents to a bifocal conic from any external 
point are equally inclined to its tvoo focal distances^ each to each. 

Let rP, TQ be the tangents at P, Q to a conic wfaoae 
foci are 8 and H] then will the angles BTQ^ HTP be equal 
to one another, unless P and Q lie on the same branch of a 
hyperbola, in which case they will be supplementary. 

(i) In the case of the ellipse, produce HP to any point F, 
and let /SP, HQ intersect in 0. 

Then since the tangent at P bisects the angle 8PV^ and 




HT bisects the angle PHQ^ therefore 

lHTP^ TPV^ THP^iSPV-'^PSQ^iPOSi 

and in like manner it may be shewn that the angle 8TQ Is 
equal to ^Q 08 or ^POH. 

Hence TP and TQ make equal angles with the focal 
distances of T.* 

(ii) If the tangents be drawn to opposite branches of a 
hyperbola, they will still make equal angles with 8T and HT 

(iii) If both tangents be drawn to the iS-branch of a 
hyperbola, and if HT be produced to a point H\ it will be 



* In Art. 87 the points S, P, M, R and <S', P', M\ R are ooncydic, as will 
likewise be the case (Art. 9, Cor. 1) if RR he any straight linef and P its polar. 
Hence, if JT, Z' be the feet of the directrices, SPR = SMX= S'M'X' = 8PR. 
It follows by the proposition that the itUercepts on any chord made by the curve and 
tie directrices subtend equal [or supplementary) angles at the pole qfthe chord. 
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seen that they make equal angles with ST tiud JIT respectively 
which is in accordance with the principles of Scholium C. 

Corollary I. 

The bisectors of the angles between any two tangents to a 
bifocal conic are the tangent and normal to the two confocals 
through their point of concourse. 

Corollary 2. 

Ths triangle whereof the base is equal to the transverse axis 
of a conic and its remaining sides to the focal distances of any 
external point has its vertex angle equal to the angle between the 
tangents to the conic from that point and its remaining angles 
to the angles which either tangent subtends at the foci. Tor in 
the first figure, if 8P produced to a point H' be equal to the 
transverse axis, it is evident that the triangle TH'F is identically 
equal to TffP, and hence that the triangle STJS' is of the 
/specified linear and and angular dimensions. 

SOHOLTUH D. 

The theorem of Cor. 2 may be expressed as follows. If the 
straight lines in either diagram be regarded as a framework 
jointed at their ends, and if S and M be drawn apart (or brought 
together) until the distance between them is equal to AA'y then 
will 8PH and 8QH become straight lines, and the angles at the 
joints (except SPB^ and SQR) wiU be equal to the angles at 
the same pomts in the original figure, the inner and outer angles 
at T being interchanged. The angle STIT in the deformed figure 
is in general equal to the angle between the tangents, but in 
the third case of the proposition it becomes eupplementary thereto. 
The following are some applications of this theorem. 
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(i) If the angle between the tangents be a right angU, then 
8T* + ST* = AA'^f whence the property of the director circle 
readily follows. In any case, the angle d between the two 
tangents from any given point T satisfies the relation 

Sr + MT* - 28T. iTT cos 6 = AA'^. 

(ii) Since the exterior vertex angle of the triangle is equal to 
the sum of its angles at 8 and M, therefore the supplement of 
the angle between any two tangents to an ellipse is equal to 
the ium of the angles which either tangent subtends at the fod. In the 
hyperbola, as may be proved in like manner, the difference of the 
angles which either tangent subtends at the foci will be equal or 
supplementary to the angle between the tangents, according as 
they are drawn to opposite branches of the curve or to the 
same branch. In the one case, P and Q in the deformed figure 
will lie on opposite sides of 8jS'y and in the other case on the 
same side of it. 

(iii) It may be shewn from the deformed 6gure that 

TP*: TQ^8P.E:P: SQ.EQ, 

Hence, having deduced (Art. 45, Cor. 2) £rom the bifocal 
definition that 

8P. RP't CP"^ CA*-^ CB'^8Q.E:Q + C^, 

we infer, taking the case in which (7P, CQ are eonfugate, and 
therefore equal and parallel to the tangents at Q and P, that 

8P.SP'-C(¥y 8Q.B:Q-'C1/; CP* ^ C^^ CA*+ CB*; 

and hence, that in all eases the tangents are as the parallel radii. 



PROPOSITION XIX. 

51. At any point of a hifccal conic the projection of the 
normal terminated by the conjugate axis upon the distance of the 
point from etther focus is equal to the semi-axis transverse. 

Let the normal at P meet the conjugate axis in g^ and draw 
gh and gl perpendicular to 8P and HP respectively. Then 
since the normal bisects the angle kPl^ therefore 

Pk^Pl^ and gh=^gl. 

And since also the hypothenuses of the right-angled 
triangles gh8^ glH are equal, therefore the side Sk of the one 
is equal to the side HI of the other. 
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Hence, in the first fignrei 




and In the second figure, 

igP+ Pk = fiP- Pl^EP^ Pk. 




Therefore PA: = i (;SP + fiP) = CA. 

Corollary 1. 

If OK be drawn, as in Art. 11, it follows from this pro- 
position, together with Art. 52, Cor. 2, that PK. CA = CB*. 

Corollary 2. 

By the converse of Art. 38, Cor. 3, the diameter Ck is 
parallel to the tangent at P, or perpendicular to the normal; 



J 
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if therefore it meet the normal in F^ 

Pg.FF^FIf^GA\ 
and Pa.PF^PK.Pk^ CB\ 

PROPOSITION 



52. The distance of any point on a bifocal conic from either 
focus varies as its distance from a corresponding fixed directrix 
perpendicular to the axis. 

Bisect the angle between the focal distances of any point P 
of the locus, estimated within the curve, and let the bisecting 




line meet the axes in Q and g. Let a parallel to the transrerae 
axis through P meet g8 in M and gH in N] and let per* 
pendiculars be drawn to the axis through those points, meeting 
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it in X and W. We shall shew that these perpendiculars 
are directricea. 

Smce I 8MP^g8H=^gH8^ GP8, 

the points g^ 5, P, H being evidently concydic; therefore, 
in the similar triangles 8PM^ 80Fj 

8P: PM^8G:SP=^8atGS: 8PtFH=C8: GA; 
and therefore 8P is in a constant ratio to PM. 
And since 8H : MN= 8G : PM^ C8^ : GA\ 

therefore MNj or 2C7X, is constant, and MX is a fixed straight 
line. 

The curve may therefore be described with 8 and JfX, or, 
in like manner, with H and NW^ as FOCUS and directbix. 

Corollary 1. 

The line PG in the above construction being evidently the 
normal at P, it follows that the focal distances of the point in 
which the normal at any point of the curve meets the conjttgate 
axis pass through the feet of the perpendiculars from that point 
to the directrices. Hence an obvious construction for the 
normals from g with the help of the ruler only. 

Corollary 2. 

Since Gg :Pg^8G : PM=^ C8* : CA\ 

therefore PG : Pg^ CA'^ CS" : C4'= GB^ : CA\ 

SOHOLIUH B. 

The name Eoous has reference to the optical properly in 
relation to the conic of the points to which it is now commonly 
appHedy vie. that rays proceeding from one of them and reflected 
at the curve would converge to or diverge from the other (Art. 87)| 
or become parallel to the axis (Art. 25). 

ApoiiLONnrs, who introduces the foci somewhat late in his 
treatise, proves their properties in the following order (lib. in. 
props. 45^52). Starting with the properfyi A8 . A' 8 «» CB*, he 
ehewB that the intercept on the tazigent at any point P by the 
tangents at the vertices subtends ri^t angles at the fod; that 
the tangent at P and either of the fixed tangents make equal 
angles with the focal vectors to their point of concourse (a special 
case of Art. 50) ; that a pair of the focal vectors to its points of 
concourse with the two fixed tangents intersect on the normal at 
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its point of contact; that it makes equal angles with the focal 
distances of that point ; that the axis subtends a right angle at 
the foot of the focal perpendicular ST upon the tangent; that 
the diameter parallel to MP meets the tangent upon the cir- 
cumference of the circle on AA'^ viz. in the same point T; and 
lastly, that SP+RF^ AA\ 

The property of the focus and directrix by which we defined 
the general conic is given in the Mathematical Collections of 
Pappus, Lib. vii. prop. 238 (vol. n. p. 1012, ed. Hultsch, 
Bebol., 1877). 

Newton, to whom some later writers were indebted for their 
acquaintance with the property, mentions it in the Prineipta^ at 
the end of Lib. i., 8ect. ly., in connexion with his construction (a 
modification of De la Hire's Lib. viii. 25, to which he refers) for 
an orbit whereof a focns and three points are given, viz. by 
determining a point of the directrix upon the chord joining each 
pair of given points on the curve. 

EXAMPLES. 

201. \i AB and CD be equal portions of two straight bars^ 
and if they be connected by hinges with two equal bars AD^ 
BC in such a manner that initially AB and CD form opposite 
sides of a rectangle and AD and BC its diagonals ; then (1) 
if a side of the rectangle be fixed, the remaining parts of the 
framework being moved about in any way in a plane, the inter- 
section of the cross bars will trace an ellipse; or (2) if a 
diagonal be fixed, the continuations oi AB and CD will croaa 
one another upon the arc of a hyperbola. 

202. The sides AD^ DC of a rectangle ABCD are divided 
into the same number of equal parts, and straight lines are 
drawn from B and A respectively to the points of section. 
Shew that the corresponding lines of the two series meet on 
an ellipse whose axes are equal to the sides of the rectangle. 

203. .A parallelogram ABCD has its diagonal AC At right 
angles to the side AB. If CD be divided into any number of 
equal parts and straight lines be drawn from A to the points 
of section, and if AC be divided into the same number of 
equal parts and straight lines be drawn from B to the points 
of section, then will the corresponding lines in the two series 
meet on a hyperbola. 
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204. The straight lines joining the vertices of a conic to 
opposite ends of any segment of the directrix which subtends 
a right angle at the focus intersect on Xh€' curve. Hence shew 
how to trace an ellipse or hyperbola, and prove that the ellipse 
is a closed curve giving wholly between the perpendiculars to 
the axis at its vertices. 

205. The locus of the point at which the distances of either 
vertex from a focus and directrix subtend equal angles is the 
auxiliary circle. Hence shew that the ellipse cuts the ordinates 
of its auxiliary circle in a constant ratio.* 

206. If AM and A'M be taken on the axis of a conic equal 
to the focal distances of any point P on the curve, shew that 

and deduce that the square of the ordinate of P varies as the 
rectangle contained by its abscbses. 

207. If a circle be drawn through the vertices of a conic 
and any point on the curve, find the locus of the second point 
in which it meets the ordinate of the former. 

208. If two ellipses whose major axes are equal have a 
common focus, they will intersect in two points only ; and their 
common chord will be at right angles to the straight line 
joining their centres. 

209. Given a chord of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola whose foci are at the 
extremities of the chord. 

210. The straight lines from either focus of a conic to the 
ends of a diameter make equal angles with the tangents thereat. 

211. A circle can be drawn through the foci and the 
intersections of any tangent with the tangents at the vertices. 

2i2« The intercept on any tangent by the tangents at the 
extremities of a focal chord subtends a right angle at the focus. 

* If p be a pomt on the locus, then 8p : PX = 8 A : AX = 8 A' : A'X, and therefore 
A'p is the outer bisector of the an^ SPXj and is at right angles to Ap, Hence 
pN^'-PN*-Sp^-'8P* = t^{PX^-NX^ = €l'.PN\ and PN* varieB as piV«, or 
bbAN.A'N, 

I 
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213. The major axis is the maximum chord of an ellipse, 
and the minor axis is its least diameter. When is the angle 
gnbtended at the carve bj the straight line joining the foci » 
maximum ? 

214. The focal vectors to any two points on a conic meet 
in two other points lying on a confocal conic, and the tangents 
at the two pairs of points cointersect. Examine the case in 
which the focal vectors are drawn to opposite extremities of 
a diameter. 

215. Find the locus of the centre of a circle which touches- 
two fixed circles. Also^ if two circles, the sum or difference 
of whose radii is constant, be described about fixed points^ 
find the locus ot the centre of a circle of given magnitude 
which touches both of them» 

2i(k If PQ be a chord of an ellipse, and if the ordinates 
of its extremities to either axis be produced to meet the cor* 
responding auxiliary circle in p and q^ then will PQ and pq 
meet on that axis; and if the tangent at p meet the same 
axis in T, then will TP touch the ellipse at P, and the 
abscissa of P will be a third proportional to CT and CA. 

217. If any tangent to- an ellipse meet the axes in T and ty 
the tangents from those points to the major and minor auxiliary 
drcles respectively will be parallel two and two, and their 
four points of contact will lie on two diameters of the ellipse. 

218. The perpendiculars to the axes from the points in 
which a common diameter meets the two auxiliary circles of 
an ellipse intersect two and two on the curve. Hence shew 
how to construct an ellipse with the help of twe fixed con- 
centric circles. 

219. If two points on a strai^ line move along the arma 
of a right angle, any other point on the line will trace an 
ellipse whose semi-axes are equal to the segments of the line 
between that point and the former two.* 

♦ The moving line may be eapposed parallel to the "common diameter" in 
Ex. 218. ThiB theorem explains the construction of the Elliptic C<mpas8es. 
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2 20. The ordinates of the points in which any tangent to 
an ellipse or hyperbola meets the curve the tangents at its 
vertices and the conjugate azis are proportionals, and the 
product of the extremes or the means is equal to the square 
of the semi-axis conjugate. 

221. If any ordinate to either axis be bisected in 0^ and 
AOj AO meet the tangents at A and A m T and T re- 
spectively, then will TT be the tangent at the extremity of 
the ordinate ; and the straight line joining the intersections of 
BT^ HT and 52^, JSrwill be the normal at that point. 

222. If two ellipses with equal axes be placed vertex to 
vertex, and one of them then roll upon the other, each of 
its foci will describe a circle about a focus of the latter. 

223. Given a central conic, shew how to find its centre, 
axes, foci, and directrices. 

224. Given a focus and two points of an ellipse, the locus 
of the other focus will be a hyperbola. If instead of one of 
the two points the length of the axis be given, determine the 
loci of the centre and of the second focus. 

225. Given one focus of a conic inscribed in a triangle, 
shew how to determine the other focus. If an ellipse inscribed 
in a triangle have one focus at the orthocentre, its other focus 
will be at the centre of the circumscribed circle, and its 
auxiliary circle will be the nine-point circle of the triangle. 
Examine the case in which a focus of the inscribed conic is at 
the centre of the inscribed circle of the triangle. 

226. The angular points and the sides of a triangle being 
taken as the centres and directrices of three ellipses which have 
a tommon focus at the orthocentre, shew that the sum of the 
squares of their major axes is double of the sum of the squares 
of the sides of the triangle ; their minor axes are equal to one 
another, the square of each being equal to the sum of the 
squares of the three latera recta; the sum of the squares of 
the eccentricities is equal to two ; the intercepts made by the 
ellipses upon the sides of the triangle are conjugate diameters ; 

12 
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the perpendiculars of the triangle are the common chords of 
the ellipses, and their six poles lie on three focal chords parallel 
to the sides of the triangle. 

227. If CP be any radius of a conic, and if a parallel to 
it be drawn from the vertex A to meet the curve in Q and 
the conjugate axis in 22, shew that AQ.AB is equal to 2(7/^. 

228. A straight line equal to the radius of a circle slides 
with one end on a fixed diameter and the other end on the 
convexity of the circumference. Shew that any intermediate 
point on the line traces an arc of an ellipse. 

229. From a fixed point a straight Kne OP is drawn to 
a given circle. Find the envelope of a straight line drawn 
through P at a constant inclination to OP, 

230. The straight line joining the foci of a conic subtends 
at the pole of any chord an angle equal to half the sum or 
difference of the angles which it subtends at the extremities 
of the chord. 

231. If CE be the projection of any radius CD upon the 
axis of the conic, and OL the ordinate of the middle point O 
of any chord* parallel to CDj prove that 

OL.DB : CL.CR^ CB* : CA\ 

Hence shew that the diameters of conies are straight lines, 
and obtain the relation between the inclinations of any two 
conjugate diameters to the axis. 

232. The ellipse has a pair of equal conjugate diameters, 
which coincide in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes, and which are 
equal to the sides of a square whose diagonals are equal to 
those of the said rectangle. 

What is the corresponding property of the hyperbola ?t 

♦ Art. 88 giTes PN* ^ QM* in terms of CN*^CJ£*; whence the required 
lesnlt readily follows. 

t It has two pairs of (infinite) conjugate diameters which are in a ratio of equality, 
and each pair coincide in direction with one of the equi-con jugate diameters of iho 
ellipse which has the same axes. 
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233. The common diameters of equal similar and concentric 
ellipses are at right angles to one another. 

234. Find the loci of^the centres of the four circles which 
touch the axis of a conic and the two focal yectors to any 
point on the curve. 

235. A chord of a conic which subtends a right angle at 
the vertex passes through a fixed point on the axis. 

236. If a hyperbola touch the sides of a quadrilateral in- 
scribed in a circle, and if one focus lie on the circle, the other 
will also lie on the circle. 

237. If three circles be described on the transverse axis 
and the two focal distances of any point of a conic as diameters, 
determine their radical centre. 

238. If the tangent at a point P whose ordinate to either 
axis is PN meet the corresponding auxiliary circle in Y and Z^ 
shew that C, N^ F, Z lie on a circle, and that PN bisects the 
angle YCZ. 

239. If an ellipse and a hyperbola have the same axes, 
the director circle of the one will pass through the foci of 
the other. 

240. The diagonals of any rectangle circumscribing a conic 
are conjugate diameters.* 

241. The diagonals of any parallelogram circumscribing a 
conic are conjugate diameters, and the sides of any inscribed 
parallelogram are parallel to conjugate diameters. 

242. The sum or difference of the reciprocals of any two 
focal chords at right angles, or of the squares of any two 
diameters at right angles, is constant. 

243. The locus of the centre of an ellipse which slides be- 
tween two straight lines at right angles is a circle. 

244. The circle described upon the straight line joining the 
foci of a conic meets the conjugate axis in two points such that 

* This appears from De la Hire's original proof of the property of the director 
circle, in which he assumed the theorems of Arts. 39, 45. 
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the sum of the squares of the perpendiculars therefrom to any 
tangent is equal to half the square upon the transverse axis. 

245. Determine the positions of a chord of an ellipse which 
subtends a right angle at each of the foci ; and also the locus 
of the pole of a chord which subtends supplementary angles 
at the focu. 

246. The opposite sides of a quadrilateral described about 
an ellipse subtend supplementary angles at either focus. 

247. The angle which a diameter of an ellipse subtends 
at an extremity of the major axis is supplementary to that 
which its conjugate subtends at an extremity of the minor 
axis. 

248. If a focal chord of a conic be drawn to meet at 1^ 
given angle any tangent, or any chord subtending a constant 
angle at one of the foci, the locus of the point of intersection 
wiU be a circle. 

249. To what does the theorem that confocal conies intersect 
at right angles reduce when the two foci coalesce ? 

250. The circle described about any point on the axis of 
a hyperbola so as to cut its auxiliary circle orthogonally meets 
the ordinate through that point upon the circumference of an 
equilateral hyperbola. 

251. The pole of any straight line with respect to a central 
conic may be found by joining the points in which it meets 
the directrices to the nearer foci, and drawing perpendiculars 
through the latter to the joining lines. 

25a. The straight lines joining any point to the intersections 
of its polar with the directrices touch a confocal conic 

233. In Art. 4, if the centre of the circle be taken midway 
between the vertices of the conic, shew that the directrix will 
be the polar of the focus with respect to the circle. Hence 
shew that every chord of an ellipse or hyperbola which passes 
through its centre is bisected at that point, and that the curve is 
consequently symmetrical with respect to its conjugate axis. 




EXAMPLES. 119 

254. The locus of the vertex of a triangle whose base 
and the ratio of whose sides are given is a circle, whereof 
a diameter is determined bj dividing the base of the triangle 
externally and intemallj in the given ratio. Hence shew that 
a straight line parallel to the axis of a conic meets the carve 
in general in two points, and that the two points are equi- 
distant from a fixed straight line parallel to the directrix.* 

255. Apply the same method to determine the points in 
which any assumed straight line meets the conic ;t and also 
to shew that the diameters of conies are straight lines. 

256. Prove the following construction for drawing tangents 
to a conic whose foci are 8 and H from a given external point 
O. About with radius 08 describe a circle, and about H 
with radius equal to the transverse axis describe a circle ; then 
will the required points of contact lie upon the straight lines 
drawn from H to the points in which the two circles intersect. 
Prove also that the two tangents as thus determined subtend 
equal or supplementary angles at either focus. 

257. If the diagonals of a quadrilateral circumscribing an 
ellipse meet at its centre the quadrilateral must be a paral- 
lelogram. 

258. If a principal ordinate meet ^ ellipse in P and its 
auxiliary circle in Q, the distance of the former point from 
either focus will be equal to the perpendicular from that focus 
to the tangent at Q. 

259. The locus of the middle point of a focal chord of a 
conic is a similar conic. In what other cases will the locus 
of the middle point of a chord of a conic be a similar conic? 

* The two points axe detennined as follows. Let the paiallel meet the directrix 
in C2, and let Z and Z' diiide 8Q in Sk ratio equal to the eooentridty. Describe the 
circle on ZZ% and let it cut the parallel in P and P'. The projection of the centre 
of this dicle upon the axis of the oonie evidently lies midway between the projections 
of Z and Z' upon the same, that is to say, midway between the rertioes of the conic. 

t If the assumed line meet the directrix in Q and make an angle a with the axis, 
divide 8Q in the ratio e cos a, and upon the intercept between the two points thus 
detennined describe a dicle cutting the assumed line in P and P*, which will be the 
points required. 
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260. If tangCDts be drawn to a conic at the extremities 
of a pair of conjugate radii, the focal vectors to their point 
of concourse will meet those diameters in four points lyiog 
on a circle. 

261. If SY be a focal perpendicular upon the tangent 
at P and CD the radius parallel to the tangent, 

8Y^:CB'^8P*:CD'^8P:2CA±BR 

262. The feet of the perpendiculars from one focus of a 
conic to a pair of tangents are on a straight line at right angles 
to the distance of their point of intersection from the other 
focus. 

263. Find the greatest or least value of the sum of the 
squares of the focal perpendiculars on any tangent. 

264. The normal at any point of an ellipse is a harmonio 
mean to the focal perpendiculars upon the tangent at that point. 

265. If one focus of a conic which touches the sides of a 
triangle be at its centroid, the distances of the other focus from 
its sides will be as the lengths of those sides. 

266. If the normal at P meet either axis in O^ shew that 
any circle through those points will intercept on the focal 
distances of P chords whose sum or difference has one or other 
of two constant values. 

267. The diameters parallel to the tangent and normal at 
P intercept on 8P a length equal to HP] and the latter dia* 
meter meets 8P on the circumference of a circle. 

268. The circle described upon the central abscissa of the 
foot of the normal at any point is cut orthogonally by a circle 
described about that point and equal to the minor auxiliary 
circle, 

269. The intercepts on the focal vectors to the points of 
contact of a conic with any circle which touches it in two 
poiuts have one or other of two constant values. 



\ 
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270. Any tangent and its normal meet either axis In points 
T and (? such that CG.CT=CS^. In what cases does the 
normal meet the conjugate axis without within or upon the 
curve ? If a circle touch an ellipse in two points and also touch 
its directrices, its centre will be at an end of the minor axis. 

271. The intercept made by the directrices upon any 
normal chord of a conic subtends at the pole of the chord an 
angle equal to half the sum or difference of the angles which 
the distance between the foci subtends at the extremities of 
the chord.* 

272. If two chords be drawn from any point of a conic 
equally inclined to the normal at that point, the tangents at 
their further extremities wiU intersect upon the normal. 

273. Supplemental chords of a conic which are equally 
Inclined to the curve at their common point have their poles 
upon the director circle, and their sum or difference is equal 
to the diameter of the same.f 

274. The normals at the extremities of any two conjugate 
radii meet on the diameter which is at right angles to the 
chord joining those points ; and any two normals at right angles 
to one another intersect on the diameter which bisects the chord 
joining the points at which the normals are drawn. 

275. If on the normal at P a length PQ be taken equal 
to the semi-diameter conjugate to CPy the locus of Q will be a 
circle of radius CA ± CB. 

276. If normals be drawn to an ellipse at the ends of 
any chord parallel to one of its equal conjugate diameters, 
the locus of their intersection will be a line perpendicular to the 
conjugate diameter* 



* If the nonnal at P meet the S«diroctrix in A, and be the pole of the normalj 
the circle on OR will pass throogh 8 and P. 

t See Woktenholme's Book of Mathematical Problems, No. 498 (London and 
Cambridge, 1867). If PQ, PQf be two auch choids they will evidently touch a 
confbcal, and the parallel chorda will also touch the same. Hence the tangent at Q 
will make equal angles with PQ and a parallel to PQ', and will be at right angles to 
the tangent at P. Otherwise thus : the tangent and normal at P divide QQ^ har- 
monically, and the normal is an ordinate of QQ^ and parallel to the tangent at Q, 
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277^ With the construction of Art. 52, shew that 

8g : Pg=^PG : SM^Pg : gM^CSi CA. 

Shew also that the loci of the middle points of PO and Pg are 
conies. 

278. If ^be the projection of any point Pon a conic apon 
the tangent at a given point 0, find the relation between the 
lengths of ON and PN.'^ 

279. If PQ be a chord of a conic which subtends a right 
angle at a given point on the curve, and MN be the pro- 
jection of the chord upon the tangent at 0^ shew that 

PM QN 

OP* * 'OQ' ^ * constant, 

and that PQ passes through a fixed point on the normal at O.f 

280. If PG be the normal at any point P on an ellipse, 
Q the point in which the ordinate of P meets the auxiliary 
circle, and E the point in which CQ meets the ellipse, then 
will QQ he parallel to the normal at i2. Moreover, if any 
two chords of an ellipse be at right angles, its diameters 
conjugate to the corresponding chords of its auxiliary circle will 
be conjugate diameters of a certain concentric ellipse. 

281. If ^ be the projection of any point in the plane of 
a conic upon its transverse or conjugate axis, and T the point 
in which its polar meets the same, shew that CN. GT is equal 
to CA^ in the former case and to CB* in the latter.} 

282. If P, P' be ^ny two points whereof the one lies on 
the polar of the other, and jV, N' be their projections on the 
transverse axis, then 

ON.CN' PN.FN" 



CA* - CB' 



= 1. 



* Let the normal at meet the curve again in H, and let NP meet the tangent 
at ^ in M\ then ON varies as a mean proportional to PN and PM (Ex. 73| and note 
p. 66), and also as PN + PM ^ OH, 

f The inteicept on the normal varies as the diameter conjugate to CO, 
X Let the diameter through the assumed point meet the directrix in V, and let 
its polar meet the directrix in J2, which wiU be the orthocentre (Art. 14) of the 
triangle BTV, Then, TV being paraUel to SO (Art. 17), CN:CX=CO: CV 
= CS : CT. 



•^ 
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283. If P and Q be any two points on a coniO| M and 
N their projections on either axis, and T the point in which 
PQ meets the same, shew that 

CT[PM^ QN)^PM.CN^ QN.CM* 

284. Shew akto that if OL be the central abscissa npon 
either axis of the point of concourse of the normals at P and 
at then CL. or varies as CM.CN. 

285. K the normals at four points of a conic cointersect, 
and if the three pairs of chords joining those points meet either 
axis in r, T\ J7, 17'; F, F'; shew that 

CT.CT'^OU.CU'^OV.OV. 

286. If the normals at four points of an ellipse or hTperbola 
cointersect, each pair of chords joining the four points will 
be parallel to a pair of conjagate diameters of the hyperbola 
or ellipse which has the same axes, and will meet either axis in 
points which are conjugates in an involution determined bj 
the latter curve4 

287. The sum or difference of the squares of the perpen- 
diculars from the extremities P and D of any two conjugate 
semi-diameters of a conic upon a fixed diameter of the same 
18 constant ; and if CN and CR be the abscissae of P and D 
upon that diameter, and 2CP* be its length and 2Giy the 
length of its conjugate, then 

and PN\ CR^DR : CN^ CU : CP. 



♦ Equate the aieas (OPT- CQT) and ((TPJf + PMNQ - QCN). 

t If Z be the projection upon either axis of any point on the normal at P, and 
O be the point in which the normal meeta that axis, then 0£ : PM= CG *^ CL : MG ; 
and CG and MG Tary as CM, 

X The pain of points in Ex. 285 determine an involntion whose centre is C, and to 
which the ends of the axis in question likewise belong. If these points be on the 
transrerse axis, Cr. CT' = Ac. = CA . CA* = — CA^ ; and if on the conjugate axis, 
CT, CT* is equal to - CB* in the case of the ellipse, and to + CB^ in the case of the 
hyperbola. 
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288. The vertices of the conjugate circumscribing parallelo- 
gram of a conic lie on a similar conic, and their polars envelope 
another similar conic. 

289. The inscribed parallelogram whose diagonals are at 
right angles envelopes a circle, the reciprocal of the square 

of whose radius is equal to y^ ± -ttdji • 

290. If the polar of any point on an ellipse with respect 
to its minor auxiliary circle meet the major and minor axes 
in H and K^ shew that 

CB^ CA* _ C£" 
CH*'^ CK*" CB*' 

291. Supplemental chords being drawn to a conic from 
its vertices, the perpendiculars to them at their common point 
make an intercept equal to the latus rectum upon the axis. 

292. If an ordinate of anj diameter meet the curve in P, 
the diameter in Jl/, and any two supplemental chords drawn 
from its extremities in Q and B^ shew that FAI is a mean 
proportional to QM and BMy and that QB is bisected by the 
tangent at the intersection of the chords. 

293. If two conjugate semi-diameters CP, CD^ or their 
prolongations, make an intercept P'ly upon a line which is 
parallel to PD and meets the conic in Q, shew that 

294. From extremities of two conjugate diameters of an 
ellipse a pair of parallels are drawn to any tangent ; if any 
diameter meet these parallels in P and Q and the tangent in 
22, shew that 

OP«+C7(2' = C5-. 

295. If PP' and DD' be conjugate diameters of a hyper- 
bola and Q any point on the curve, then will QP* + QP* 
exceed QD*-{-QIP by a constant quantity. 
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296. Find the axes of a given conic by means of Art. 44, 
Cor. 3. 

297. Given two conjugate diameters of an ellipse, shew that 
the locus of the centre of the circle through their common 
point and the points in which a tangent parallel to one of them 
meets any two conjugate diameters is a straight line perpen- 
dicular to the other. 

298. Given two conjugate semi-diameters CP^ CD of an 
ellipse or hyperbola, prove the following construction for its 
axes. In the direction CP or in the opposite direction take 
PQ a third proportional to CP and CD ; draw the tangent at 
P, and through (7, Q draw a circle having its centre upon it ; 
join C with the points in which the circle cuts the tangent. 
The directions of the axes being thus determined, shew how 
to find their extremities. 

299. Given two conjugate diameters CP, CD of an ellipse, 
with centre C and radius CP describe a circle, and let KK^ 
be its diameter at right angles to CP\ then will the axes of 
the ellipse be equal to KD ± K'D^ and parallel to the bisectors 
of the angle KDK\* 

300. Shew also that, if DN be taken equal to CP and 
be placed so as to cut it at right angles in a point Z, and 
if AB be that diameter of the circle round CLN which passes 
through 27, then will CA^ CB be the directions and DB^ DA 
the lengths of the semi-axes of the ellipse. 

301. Any point of or in the same straight line with a rod 
which slides between two fixed straight lines describes an arc 
of an ellipscf 

* See the (hford^ Cambridge^ and Dublin Mestenger of Mathematics^ toI III. 
pp. 161, 227 (1866) ; and the Messenger of Mathematics (New Series), toI. y. p. 122 
(1876). 

t Of two oonjngate radii of an ellipse let CP be the shorter and CD the longer ; 
draw a perpendicular DE to CP, and in the prolongation of or within ED take DQ 
eqnal to CP, Then if a straight line KM equal to EQ aliden between CP and CQ, 
the point which divides it into segments KG and OM equal to CP and DE will be a 
point on the curve, viz. one whose absdesa on CD is terminated by the perpendicular 
from MioCP. As in the special case of Ex. 219, KO. OM- CA . CB. See Leslie's 
Ceometrieal AnalysiSj and Geometry of Curve Lines, p. 257 (Edinburgh, 1821). 



126 EXAMPLES. 

302. The chords joining the extremities of two diameters 
of a conic and of their conjugates respectively are either parallel 
or conjugate in direction. If a series of chords pass through 
a fixed point, the chords of the corresponding conjugate arcs 
have the same property; and the diameters through the two 
fixed points are at right angles. 

303. With the orthocentre of a triangle as centre two 
ellipses are described, the one touching its sides and the other 
passing through its angular points; prove that these ellipses 
are similar, and that their homologous axes are at right angles. 

304. The perpendiculars from opposite foci of a conic upon 
two conjugate diameters intersect on a concentric conic passing 
through the foci. 

305. If a chord AP drawn from the vertex A be divided 
in such a manner that A Q : PQ = CA^ : CB*, shew that the 
perpendicular from Q to the line joining Q to the foot of the 
ordinate of P divides the transverse axis in the same ratio. 

306. From the foot of the ordinate of any point P on a 
conic a parallel is drawn to AP to meet the diameter through 
P\XL Q] shew that AQ ia parallel to the tangent at P. Shew 
also that the bisectors of the angles A8P and AHP intersect 
on the tangent at P. 

307. If two conies whose transverse axes are equal be 
inscribed in the same parallelogram, their foci will be at the 

corners of an equiangular parallelogram. 

• 

308. Any one of a series of conterminous circular arcs may 
be trisected by drawing a pair of hyperbolas whose determining 
ratio is equal to two, and whose centres and vertices trisect 
the chord of the arc. How does it appear from this construc- 
tion that the problem, to trisect a given angle, admits of three 
solutions ? 

309. If any two conies have a common focus, one pair of 
their common chords cointersect with the corresponding direc- 
trices, and the other pairs subtend equal or supplementary 
angles at that focus. 



•Ik 
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310. A diameter meets the conic in P, its auxiliary circle 
in Qj and the tangent at either vertex in T. Prove that when 
the diameter through T coalesces with the axis P2^and QTare 
in the duplicate ratio of the axes. 

311. The perpendicular drawn through any point of a conic 
io one of its focal distances and terminated by the conjugate 
diameter varies inversely as the principal ordinate of the said 
pointy and the perpendiculars from the vertices upon the 
tangent at any point meet its focal distances upon fixed circles* 

312. A parabola of given linear dimensions being drawn 
to touch any two conjugate diameters of a conic symmetrically! 
find the locus of its focus. 

313. The tangent at P meets any two conjugate diameters 
in r, f, and T8, tH meet in Q] prove that the triangles 8FT^ 
HPt^ TQt are similar, and also that the area of the triangle 
CPT varies inversely as CPf. 

314. The two points of a conic at which a given chord 
subtends the greatest and least angles are at the extremities 
of a diameter equal to that which bisects the chord.* 

315. If an ellipse touch a given ellipse at adjacent ex- 
tremities A^ B of its axes and also pass through its centre, 
the tangent at the latter point will be parallel to AB. 

3i6« With the normal and tangent at any point of a conic 
as axes a conic is described touching an axis of the former 
at its middle point; shew that the foci of the conic so drawn 
lie on fixed circles, whose diameters are equal to the sum 
and difierence of the axes of the g^ven conic. 

317. Two fixed points being taken in given parallel lines, 
a straight line revolves about each point and meets the opposite 
parallel. If the envelope of the line joining the points of 



* The chord must subtend tqual angles at either point and a oonsecntiTe point on 
thecunre. The two points therefore lie on segments of circles desczibed upon the 
chord so as to touch the conic. 




128 EXAMPLES. 

concourse be a conic touching the parallels at the fixed points, 
determine the locus of the point in which the revolving lines 
intersect. 

318. A chord of a circle which subtends a right angle at a 
fixed point envelopes a conic whose foci are the fixed point and 
the centre of the circle. 

319. A straight line being drawn through a fixed point 
S to meet a given pair of parallels in Y and Z, shew that the 
envelope of the circle on YZ as diameter is a coniC} of which 
the parallels are directrices and 8 is 9k focus. 

320. On the axis of a hyperbola whose determining ratio 
is equal to two a point D is taken at a distance from the focus 
8 equal to the distance of 8 from the further vertex A\ and 
A^P is drawn through any point P on the curve to meet the 
latus rectum in JBT. Prove that DK and 8P intersect on a 
certain fixed circle. 

321. The parallelograms whose diagonals are any two 
diameters of a conic and their conjugates respectively are 
of equal area. 

322. If tangents TPand TQ be drawn to an ellipse whose 
foci are 8 and Hj and CP and CQ^ be the parallel semi- 
diameters, 

TF.TQ + CP'.Cg = T8.TH.^ 

323. Find the locus of a point such that the tangents there- 
from to a central conic contain with the semi-diameters to 
their points of contact an area of constant magnitude ; and the 
locus of a point such that the product of its focal distances 
varies as the product of the tangents. 

324. The distance between any point and any point on 
its polar is cut harmonically by the tangents at the extremities 
of any chord through either point.f 



♦ We have to ahewthat the triangle iS^rif' (Art.50,Cor.2)i8equaltoi'rQ4-P'C(?'; 
which follows from Ex. 321, taking into accoont that PCQ = ^ {PSQ + PHQ), 

f In the tractate, De Zintarum Geometricarum ProprieUHtibut Generali^us, forming 
the Appendix to A Trtatite on Algebra, ^e., by COL15 Maolavrin, late Profenor of 
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325. K and Pbe any two points in the plane of a conic 
whose centre is (7, the perpendiculars from and C to the 
polar of P are to one another as the perpendiculars from P 
and G to the polar of 0. 

326. If two conies be concentric and similarly situated, the 
pole of any tangent to the one with respect to the other will 
trace a concentric conic ; and if the two conies be also similar 
the third will be similar to both. If the axes of the two be 
identical, the pole of any tangent to the one with respect to 
the other will lie on the former. 

327. Find a point which has the same polar, and a line 
which has the same pole, with respect to three conies, whereof 
one has double contact with the other two. 

328. An ellipse has double contact with each of two 
circles, whereof one lies within the other. Shew that its 
chords of contact with them meet in a fixed point on the line 
joining their centres ; the locus of its centre is a circle passing 
through their centres ; its eccentricity is constant ; and the locus 
of its foci is a circle concentric with the outer giyen circle. 

329. Any diameter of an ellipse varies inversely as the per- 
pendicular focal chord of its auxiliary circle. 

330. If a parallelogram circumscribing a conic have two 
of Its angular points on the directrices, the other two will lie on 
the auxiliary circle. 

331. If two parallelograms be constructed, the one by join- 
ing the ends of two parallel focal chords of a conic, and the 
other by drawing tangents to it at those points ; the area of the 

Mathematics in the TJniyersitj of Edinburgh (LoiTDON, 1779), it is ahewn (Sect i. 
|§ 9-11. Cf. Salmon's Higher Plane Curves j Art. 60), that if a straight line rerolTing 
aboat a fixed point P meet a carve of the n^ order in n points, and the tangents at 
those points meet any assumed straight line through P in JT, L, if, dc, then will 

n^+p7 + Tnyf + A^'- ^^ constant; and if the assumed line through P meet the 

corve^ viz. in the n points A, B, C, ice., this constant will be equal to ^ + ^ + -p^ 

+ Ac. In the particular case of Ex. 824, it is erident that the point P, its polar, and 
the tangents at the extremities of any chord through P divide any straight line from 
P harmonicallj. 

K 
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one will vary directlji and that of the other inyenelj, as the 
projection of one of the focal chords upon the conjagate axis. 

332. If SYy HZ be the focal perpendiculars npon the tan- 
gent at P to an ellipse, and 8Y\ HZ' perpendiculars upon the 
tangents from P to a confocal ellipse, then will the rectangle 
YY'.ZZ' be eqnal to the difference of the squares of their 
major (or minor) semi-axes. 

333. Determine the condition that the intercept on anj 
tangent to a bifocal conic by two fixed tangents may subtend 
equal angles at the foci. 

334. The tangents to a conic from any point on a circle 
through its foci meet the circle again in two points such that 
the second tangents therefrom intersect upon the circle. 

335. Given an ellipse and a circle through its foci ; prove 
that their common tangents touch the circle in points lying 
upon the tangent to the ellipse at an extremity of its conjugate 
axis. 

336. If the tangent to a conic at a given point be met by 
any two parallel tangents, the focal distances of the points of 
concourse will meet on a fixed circle, whose centre will be on 
the normal at the given point. 

337. The product of the tangents to a conic from any point 
is to the product of its focal distances as the distances of the 
point from the centres of the chord of contact and of the conic 
respectively. If the tangents from any point to a conic be 
in a constant ratio to the parallel diameters, determine the locus 
of the point. 

338. Given an ellipse and one of its ^^cercles directeurs,"* 
shew that an infinity of triangles can be described about the 
one and inscribed in the other, and that all will have the same 
orthocentre. 

339. An ellipse may be described by means of an endless 
string passing round two fixed points. If one focus be taken 

^ : : * Bee the leoond pangnph of Scholinm B (p. 90) and compare Ex. 225. 
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anywhere on a given straight line whilst the other remains 
constantly fixed, the envelope of all the ellipses described with 
a given string will consist of two arcs of parabolas. 

340. Shew that the line joining any point outside a conic 
to its centre, and the radical axis of a pair of circles through the 
point, the one passing through the points of contact of the 
tangents from the point, and the other passing through the 
foci, are equally inclined to the focal distances of the point. 

341. If a normal to a conic meet the curve again in Q and 
the directrices in JS, £' ; and if be the pole of the chord and 
Sj 8' the foci ; prove that SB, OR and S'R, OB intersect on 
the normal at Q. In the case of the parabola, any normal 
chord produced to meet the directrix subtends a right angle 
at the pole of the chord ; and the polar of the middle point of 
the chord meets the focal vector to its point of concourse with 
the directrix upon the normal at its further extremity. 

342. At any point P on the auxiliary circle of an ellipse a 
tangent is drawn meeting the axis in jT, and FAj PA' are drawn 
to the vertices meeting the ellipse again in D and H] prove 
that the chord DE passes through T. 

343. The polar of any point with respect to a conic and 
the perpendicular to it from meet either axis in points T 
and O such that 

344. If a point be taken anywhere on a fixed perpendicular 
to either axis of a conic, the perpendicular from it to its polar 
will pass through a fixed point on that axis. 

345. If perpendiculars 8Yj HZ, GM, PN be drawn to the 
polar of any point P, and if PN meet the axis in O, shew that 
SY.BZ=^CM.NG; CM.PG^CB'\ and that the normal at 
a point on the curve which has the same central abscissa as P 
18 a mean proportional to NQ and PO. 



* Comparing Ez. 2S1 (note), OG iCa^COiOV^CaiCT. 
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346. The poles of a given straight line with respect to m 
series of confocal conies lie upon a second straight line perpen-* 
dieular to the former. Hence shew that if a chord of one conie 
touch another conic having the same foci, the tangents at ita 
extremities will meet on the normal at its point of contact, and 
conversely the foot of the perpendicular from their intersection 
to the chord will be its point of contact. 

347. If a triangle inscribed in a conic envelope a confocal, 
its points of contact will lie severally on three of the four circles 
which touch the sides of the triangle. 

348. If a chord of an ellipse be drawn touching a confocal 
ellipse, the tangents at its extremities meet the diameter parallel 
to the chord on the circumference of a fixed circle, and the 
intercept on the chord by the diameter parallel to either tangent 
is of constant length ;* the chord varies as the parallel focal 
chord of the outer ellipse, and conversely a chord which so 
varies envelopes a confocal; the projection upon the chord of 
the normal (terminated by either axis) at an extremity thereof 
is of constant length ; if any circle touch a given ellipse in two 
points, the chords which can be drawn to the circle from either 
point of contact so as to touch a fixed confocal are of constant 
length, and conversely the envelope of a chord of constant 
length drawn to the circle from either point of contact is a 
confocal ellipse. Examine the case in which the minor axis of 
the inner ellipse is evanescent. 

349. If the arms of a right angle envelope two confocal 
ellipses the line joining the points of contact will envelope a 
third ellipse confocal with the former two ; and if two parallel 
positions of each arm be taken, the perimeter of the parallelo- 
gram formed by joining the points of contact will be constant, 

* If a, d and a\ b' be tho semi-axee of the outer and inner ellipees and 
\« = o* - a** = 6* — b*\ the intercept on the chord is — ; the projectiona npon it of 

A 

the normals are — and -r- ; and its length in terms of the parallel focal chord/is ~ . 
a o 

8ee the Orford^ Cwnhridgt^ and Dublin Afeiuenffer of Mathematics, vol. ir. pp. 11-23 

(1868), in which article sereral of the examples following are likewise solved. 
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and each pair of its adjacent udes will make equal angles with 
the tangent at their point of concourse. 

350. An ellipse which has double contact with each of two 
fixed confocals has a fixed director circle ; and an ellipse which 
has double contact with one of two fixed confocal ellipses, and 
has its foci at the ends of any diameter of the other, has' a 
fixed auxiliary circle. 

351. Four tangents being drawn to a conic, if one pair of 

their points of intersection lie on a confocal each of the 

remaining two pairs will lie on a confocal. If TP and TQ 

be a pair of tangents to a conic, and tangents be drawn from 

P and Q to a confocal and intersect in points 8 and J7, then TP 

and TQ subtend equal or supplementary angles at 8 and H\ 

the four tangents from P and Q touch one and the same circle ; 

and 

SPiHP^BQtEQ!^ 

352. Given two confocal ellipses, shew that the latus rectum 
of any ellipse which has its foci on the inner fixed ellipse and 
touches the outer is of constant length.f 

353. The locus of the centre of a conic which has four-point 
contact with a given conic at a given point is a straight line 
through the centre of the fixed conic. 

354. Prove Graves' Theorem, that the sum of the tangents 
from any point on an ellipse to a fixed confocal ellipse exceeds 
the intercepted arc of the latter by a constant quantity.} Prove 
also that the difference of the tangents to an ellipse from any 
point on a confocal hyperbola is equal to the difference of the 
segments into which the intercepted arc of the ellipse is divided 
by the hyperbola. 

* See the article zefeired to in the note on Ex. 848. 

t With the notation uaed above, its length is —r . 

X See Salmon's Conic SectiorUy Art. 899. The theorem may also be deduced from 
Ex. 851 as in the article referred to in the note. Adding the perimeter of the inner 
ellipBe, we see that the outer confocal may be deecribed with the help of a loop of 
string placed round the inuer curve, a construction which becomes equivalent to that 
of the note on Art. 48 when the inner ellipse reduces (by the evanescence of its minor 
axis) to the line joining its foci. 
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355. If three ellipses be described as in Ex. 352, haviDg 
their six foci at three points on the inner confocal, the snm 
of the areas of their minor auxiliary circles will be constant. 
Moreoyer, if any number of ellipses be described with the same 
number of points on a given ellipse as foci (every such point 
being a focus of two of them), and if the several ellipses touch 
as many fixed confocals, the areas of their minor aoxiliaiy 
circles will be connected by a linear relation.* 

356. If every vertex but one of a polygon circumscribing a 
conic trace a confocal conic, its remaining vertex will likewise 
trace a confocal, and the perimeter of the polygon will be 
constant. 

357* V two points trace an ellipse (in the same direction) 
with velocities which are always as the focal chords parallel 
to the tangents at those points, the tangents will intersect on 
a fixed confocal ellipse, and their angular velocities about their 
points of contact will be as the central perpendiculars upon them. 

358. If a parallelogram can be inscribed In an ellipse whose 
semi-axes are A and S so as to envelope a coaxal ellipse'whose 
semi-axes are a and ft, 

359. If a single quadrilateral can be described about one 
of two given conies and inscribed in the other, any number of 
quadrilaterals can be so described, and they will have one 
diagonal in common.t 

360. If the normal at any point P to an ellipse meet the 
two perpendicular tangents to a confocal ellipse in K and £, 
shew that PK.PL is constant and equal to the difierence of the 
squares of their major or minor semi-axes. 



* If /3 be the minor aemi-aziB of one of the variable eUipaes and 4> the arc joining 
ite fod, then /3* = (^ + c^, where e and <f are certain constants (Err. 852, 854). 

t The qnadrilateral and its circnmacribing conic can be projected into a rectangle 
and a circle, which latter must be the director circle of the projection of the iniicribed 
oonic. See also Ex. 882. 
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361* If from the intersectioDS of any two parallel tangents 
to an ellipse with the tangent at a fixed point four tangents be 
drawn to a given confocal ellipse^ the four intersections of the 
latter will lie on a certain circle having its centre on the normal 
at the fixed point ; and the radius of the circle and the intercept 
made bj its centre upon the normal will vary as the perpen« 
dicniar diameter of the outer conic* 

362. If a tangent to a conic (or other curve) cuts off a 
constant area from another, it will be bisected at its point of 
contact, and converselj.f 

363. A central conic which passes through four g^ven points 
has a pair of conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the same four points.^ 

364. Give a construction for finding a point P such that 
if straight lines PQ^ PB^ PS, PT be drawn from it to meet four 
given straight lines ABj CD^ AG^ BD at given angles, the 
rectangle PQ.PB may be in a specified ratio to PS.PT. Hence 
shew how to draw the tangent at any given point on the locus 
of P; and determine a pair of conjugate diameters of the same.§ 

365. If a parallelogram A8PQ has its opposite vertices A 
and P on a conic, and its sides AQj A8 meet the curve in 



* The four tangents in any aflenmed podtion will intersect on a circle (Art 50) . 
Any other quadrilateral inscribed in the same circle so aa to enyelope the inner 
ellipee will haye the intersections of its opposite sides at points P and Q on the 
fixed tanffent (Ex. 859) ; and it may be shewn conyersely that the second tangents 
from P and Q to the outer ellipse are paralleL Making one of the parallel tangents 
eoindde with the tangent at the fixed point, we see that the centre of the circle 
most lie on the normal. Let M now be the intersection of the diagonals of the 
qnadri lateral, N the fixed point, CD the semi-diameter con j agate to CN, and p the 

Mdins of the circle; then (Bx. 848) JVO = ^ Ci)} JrA^=^Ci); /»«= (^ - ij Ci>». 

See also Mathematical Queetioru, icfrom the Educational Tdcbb, vol. xiix. p. 81. 

t See Salmon's Conic Sections, Art. 896. 

X Let TPf TQ be tangents to an ellipse, and OABf OCD chords parallel to 
TP, TQ, Determine a diameter of each of the two parabolas through A, B, C, D 
(Ex. 184) ; then it is easily seen that PQ and the diameter through T in the ellipse 
are parallel to the diameters of the parabolas. 

§ See Nkwtoh'b Principia^ Lib. I. sect. ▼. lemma 19. The next ten examples 
are mostly solved in the same Section, which will repay a careful study. See also 
Book u. of Leslie's Geometry <ff Curve Lines, 
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B and C7; the straight lines joioing any point on the carve to 
B and C will meet P8 and PQ in points T and B such that PB 
varies as PT, and conversely. Bence shew how to draw a 
tangent to the conic at any point; and shew how to draw a 
conic through five given points, and prove that one conic only 
can be so drawn. 

366. If two straight lines BMj CM turn about fixed poles 
B and G so that their intersection M moves along a fixed 
straight line or directrix, and if BD and CD be drawn at given 
angles to BM and CM respectively, the point of concourse D of 
the second pair of lines will trace a conic passing through the 
poles 5, Gj and conversely.* 

367. By the foregoing construction (or otherwise) determine 
any number of points on a conic passing through five given 
points.t 

368. Describe a conic passing through four points, three 
points, two points, or one point, and likewise touching one, two, 
three, or four straight lines respectively. Examine the cases in 
which two or more of the g^ven points or lines coalesce. 



* For distinctneflB of conception let the xMints B, D, il, P in the following lolntion 
be snppoeed to lie (in the order specified) on one branch of a hypetbola and C on 
the other branch, as in Nbwtor*8 figure (lemma 21). Now when Uie moving point 
Jf has an assumed position iVon the dirtetrix let P be the corresponding fixed point 
on the locns of J), Draw BDT, CDR through any other position of i>, and make 
the angle BPT equal to BNM and CPR equal to CNM ; then it may be shewn 
that PTxNM-PBiNBt and PB i NM= PC: NC. Hence PT yaries as PB^ 
and therefore by the preceding lemma (Ex. 866)— as NswTOir abruptly ooncludea— 
the locus of D is a conic through the points P, C, P. The last step (see Le Sueor 
and Jaoquier's edition of the Principia) is explained as follows : when NM becomes 
infinite, let J) assume the position A ; then It may be proved that BA is parallel 
to P7 and CA to PR, Let PT, CA meet in iSr and PR, BA in Q, Then ASPQ 
ia the parallelogram of Ex. 865, and Prhas been shewn to vary as PR, 

t Btm using the same figure, let A, B, (7, P, 2) be the given points. Take ABC 
and ACB 9a the given angles which are to rotate about B and C as poles. The 
other two points P and D enable us to determine two points M and N on the 
dirtdriXf and the whole curve can then be described. Or again, if A, B, C, D, E 
be five points on a conic, let AC, BB meet in F, and draw from D a parallel to 
CA to meet BE in G \ then to determine the point H in which the parallel meets 
the curve again, we have J)G,GH : BG.GB=AF.FC : BF.FE. The diameter 
bisecting the puallels can now be drawn, and in like manner a second diameter 
can be detennined. Hence the centre is known, Ac, 
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369. IfAFPj BQO be the tangents to a conic at the ends 
of a diameter AB^ and FO and PQ be tangents to the same and 
intersect in 0^ shew that 

AF: BQ^FPi GQ^FO : OG, 

and that PG^ FQ^ AB cointersect 

370. If in a parallelogram LMIK any conic be inscribed 
tonching the sides ML^ IK, KL, IM mA^B, (7, />, anj fifth 
tangent to the conic will meet those sides in points F, Q, H, E 
Bach that 

MEiMI^BKiKQ, 

and KH: KL^AM : MF. 

371. K the inscribed conic in the preceding example be fixed, 

KQ.ME^ KH. MF^ a constant 

Moreover, if a sixth tangent be drawn to meet DE in e and IQ 
in q, then 

KQ : Me^Kq^ : ifB= Qq : Ee. 

372. Hence shew that the diagonals of the quadrilateral 
EqQe are bisected bj one and the same diameter of the conic, 
and that the locus of the centre of a conic inscribed in a given 
quadrilateral is a straight line bisecting its three diagonab. 

373. If IB, ID be the tangents at given points B,Doi% 
conic, and EQ the intercept made bj them on any other tangent 
to the same, shew that IE.IQ varies as ED. QB.* Hence, if from 
two fixed points in a given pair of straight lines any other two 
lines be drawn, each to meet the opposite fixed line, shew that if 
the straight line joining the points of concourse envelopes a 
conic touching the fixed lines at the fixed points, the locus of 
the intersection of the variable lines will be a conic satisfying 
the same condition, and conversely. Examine the case in which 
the fixed lines are parallel. 



* By making the sixth tangent in Eac. 871 coincide sncceasiyely with IE and IS 
we dedace that the two rectangles are as MI to MD. When Jf is at infinity they 
become equal (Ex. 183). 
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374. GiTen five tangents to a conic, determine its five points 
of contact with them ;* and given five points on a conic, deter- 
mine the five tangents thereat. 

375- Given the centre of a conic and a self-conjugate triangle, 
shew how to determine the diameters conjagate to its sides and 
to describe the curve. Hence (or otherwise) shew how to 
describe a conic touching five given straight lines. 

376. Given a tangent to an ellipse, its point of contact, and 
the director circle, shew how to constract the ellipse. 

377* Two ellipses have a common focus and equal major 
axes, and one of them revolves about this focus in its own plane 
whilst the other remains fixed : prove that their chord of inter- 
section envelopes an ellipse confocal with the fixed ellipse. 

378. The condition that a straight line which makes inter- 
cepts CB and CD on two fixed straight lines should envelope a 
conic touching the fixed lines is of the form 

where the ratios of a, i, 0, d are constant. Determine the points 
of contact of the envelope with the fixed lines ; and explain the 
result when the intercepts are connected by a relation of 
the form 

CB . CD = a constant 



* If ABCD be the pentagon formed by tbe five tangents, the straight line joining 
D to (ilC, BE) passes through the point of contact of AS, as appears most simply 
by supposing two sides of the enveloping hexagon in Brianchon*s theorem to ooalesoe. 
When five points are given, the tangents thereat may be drawn and nomber of points 
on the carve may be found with the help of Pascal^s hexagon. See Salmon's 
Conie Section*, Art. 269. 

t Call the straight line bisecting the three diagonals of a quadrilateral its 
DiAUBTBR. The diameters of any two of the quadrilaterals formed by the five 
tangents determine the centre of the opnici and any one of the quadrilaterals gives 
a self -con jugate triangle. For another solution, in which the five points of contact 
are first found, see Lib. i. Sect. v. of the Principia (prop. 27, prob. 19) ; and see 
Ex. 874 (note), and Besant's Conie Sectiofu treated Geometrically, Art. 229 (1S75). 
It is evident that the diameters of the five quadrilaterals formed by five strai^^ 
lines meet in one pointy vix. the centre of the conic touching the five lines. 
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379. la order that the envelope in Ex. 378 may be a 
parabola the ratio of a to the other constants must vanish.* 
Henoe shew that the polars of a fixed point with respect to a 
aeries of confocal conies, and likewise the normals appertaining 
to the tangents drawn to them from that point, envelope a 
parabola teaching the axes of the confocals. 

380. If OP and OQ be the tangents from a fixed point 
to any conic which has two given points for foci, each of the 
corresponding normals is the polar of with respect to a conic 
having the same foci ; and the circle aboat OPQ passes through 
a second fixed point F^ such that CF and CO lie on opposite 
sides of the transverse axis and make equal angles therewith, 
and CF. GONGS'. 

381. A tangent being drawn from an extremity of one axis 
of an ellipse to a coaxal ellipse, find the length of its intercept 
on the other axis and the ordinate of its point of contact to 
either axis. 

382. Deduce from Ex. 356 that, if a single Tz-gon can be 
described about a given conic and inscribed in a given confocal, 
any namber of n-gons can be so descj* ibed. 

383. If a triangle can be circuminscribed to two confocal 
ellipses, the straight lines joining the extremities of the axes 
of the outer must pass through the intersections of the tangents 
at the extremities of the axes of the inner ellipse.f 

384. If PQR be a triangle circuminscribed to a pair of con- 
focal ellipses and P' be the point of contact of QR^ shew that 
the confocal hyperbola through P passes through F and the 



* The genera] condition of Ex. 878 is implied in Ex. 878, and the condition that 
the envelope may be a parabola Ib inferred from Ex. 188. In what follows, sapposing 
A, J; to be the coordinates of the fixed point, we see from Ex. 848 (or Ex. 270) that, 
if the enveloping line make interoepts CL and CM on the transverBe and conjugate 
Axes, h^CL — k, CM = CS^ \ and consequently that the envelope is a parabola which 

makes mteroepts -v- and — j-- on the axes. 

t The proof may be simplified by considering the special case in which a side 

of the triangle is piurallel to an axis of the ellipses. The semi-axes a, b and a', V of 

a' A' 
the oater and inner ellipees are oonnected by the xeUtion — + r = 1* 

a a 
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point diametricallj opposite thereto, and that if the outer ellipse 
be regarded as traced by means of a loop PPP passed roond 
the inner, the loop will be bisected at P'. 

385. The area of an ellipse b a mean proportional to the 
areas of its auxiliary circles. 

386. A quadrilateral can be circuminscribed to two confocal 
ellipses if the common difference of the areas of their major and 
their minor auxiliary circles be equal to the area of the inner 
ellipse ; the locus of the pole of any chord of the outer ellipse 
which touches the inner is a circle whose diameter is equal to 
the sum of the axes of the latter; the tangents to the inner from 
any point on the outer ellipse are as the parallel focal chords 
of the latter ; the chord joining the ends of a pair of semi-axes 
of the outer touches the inner ellipse and is divided at its point 
of contact into segments equal to the semi-axes of the latter. 

387. Prove Fag^ani's theorem, that a quadrant of an ellipse 
can be divided into segments which differ by the difference 
of its semi-axes, the greater segment being that which is termi- 
nated by the minor axis.* 

• 

388. If C be the common centre of an dlipse and a circle 
of equal area, P the point in which the circle meets a quadrant 
A QPB of the ellipse, and CQ be equal to radius conjugate to 
CF] shew that the middle point of the quadrantal arc AB lies 
within the arc PQ. 

389. If a hexagon can be circuminscribed to two confocal 
ellipses, and AP^ BQ be the tangents to a quadrant A!B of 
the inner from the extremities of the semi-axes CA^ CB of the 
outer ellipse, and F be Fagnani's point of division of the quad- 
rantal arc AB^ shew that 

arc JB* C - arc AP^ arc BF- arc AF=^ GA - CB.f 



* The point of contact last mentioned (Ex. 886) diyides the inner ellipee in the 

manner specified. For another geometrical proof see Salmon's Conic Sections, Ait. 400. 

t If \* = C^« - CA** =03*- CB^, and if the tangent at B* meet the outer 

ellipse in 0, it may be shewn that ^ = ^ + ^ 1 ^0= Cil - \ ; C?P=X j AO=z CB^o, 
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390, Any circle through the focus 8 and the further vertex 
JV of a hyperbola whose eccentricity is ttoo meets the curve 
in three points P, Q^ B which determine an equilateral triangle,* 
and conversely the circumscribing circle of any equilateral 
triangle inscribed in a hyperbola whose eccentricity is two passes 
through a focus and the further vertex ; the focal vectors SPj 
SQj 8R meet the curve in three other points which likewise 
determine an equilateral triangle ; if P be any point on the 
iS^branch of the curve the angle A'8P is double of the angte 
8A'P^ and if Q be any point on the opposite branch the supple-* 
ment oi A'8Q is double of the supplement of 8A*Q] any chord 
through 8 subtends a right angle at A' ; the equilateral triangle 
JPQR envelopes a fixed parabola having 8 and the fi^irectrix 
for focus and directrix ; the tangents to the hyperbola at P, Q^ B 
form a triangle PQ'E inscribed in a fixed hyperbola of eccen- 
tricity four; the tangents to the latter at P*, Q^ E form a 
triangle inscribed in a fixed hyperbola of eccentricity eight, and 
so on continually. 



* This hyperbola— whose directrix biBeds SA'^Sa one of the trubotors (Ex. 808) 
of any circidar arc whereof A'S is the chord ; and the meaning of the remarkable 
property that PQR is an equilateral triangle is that the problem qf biseeting a given 
angle a (idmita of the three dxttinet solutions Jo, | (3ir ± a). Since the solution must in 
any case be threefold, it is erident a priori that it cannot be effected by means of a 
straight line and circle, which can intersect in two points only. All this is fnlly 
pointed oat by Bosooyich in his Sectionwn Conicarvm Elementci, §§ 274—279. 
Nbwton shewed {Arithnulica Universalis, prob. 36) that the locns of the yertex of 
a triangle on a given base and baring one base angle differing from twice the other 
by a constant angle is a cubic cuire, which reduces to the hyperbola in question when 
the constant angle yanishes ; and he remarked that (P being a point on the j8^-branch) 
the angle at A' in the triangle A'SP is equal to one tziibd of the exterior angle at P, 



NOTE. 

The undermentioned Examples and others are solved wholly or 
in part in vols, i-xxtx of Mathematieal Questions toith their Solutions 
fir^m the Edttoational Tiicbs (London, 1864 — 78) : 

Ex. 79 (vol. XXII.); 174, 222, 226 (i.); 324 (xxii.); 328 (ii.); 
331,832(ra,); 334(xii.); 336(xiii.); 338(xxi.); 339, 340 (xxii. ) ; 
841 (xxvi.); 347, 348 (iv.); 361 (xiii.). 
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CHAPTER V. 

THE ASYMPTOTES. 

53. The Asymptotes of a hyperbola are two diameterv 
equallj inclined to the axis and such that, if E be any point 
on either of them and CN its central abscissa, then 

EN: CN^CBiGA^y 

in other words, the asymptotes are the diagonals of a certain 
rectangle which is determined by the two axes of the hyperbola. 
If any two conjugate diameters meet EN and its prolongation 
in L and if, it follows from Art. 44 and the above relation that 

NL.NM: CN^^ CB^ : CA^^EN" : CN*; 

and hence that in the limiting case in which the diameter CL 
coalesces with an asymptote CE its conjugate CM coalesces 
with the same, or an asymptote may be regarded as a diameter 
conjugate to itself. 

Two hyperbolas are said to be conjugate when the tranverse 
axis of each is coincident with the conjugate axis of the other ; 
thus, the transverse and conjugate axis of a hyperbola being 
AA' and BB\ those of the Conjugate Hyperbola will be BB 
and AA\ It is evident that a pair of conjugate hyperbolas 
have the same asymptotes but lie on opposite sides thereof. 

54. Limiting positions of Tangents. 

The asymptotes are so called because, being produced, they 
continually approximate to the curve (Art. 56) but without 
actually meeting it until produced infinitely. We shall shew 
that such lines may be regarded as tangents whose points of 
contact are at infinity. 

The tangent at any point P meets the axis In a point Tsuch 
that CT varies inversely as CN the abscissa of P (Art. 39) 
and therefore vanishes when CN is infinite. To determine thp 
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position of a pair of tangents which pass through the centre 
of the hyperbola, draw the tangents from 8 to the Auxiliary 




Circle (Art. 6), and draw the diameters through the points in 
which they meet the iS-directriz. The points in question will 
lie on the circle, since the diameter AA' of the circle is divided 
harmonically at 8 and X^ and the directrix is therefore the 
polar of 8 with respect to the circle. The tangents to a 
hyperbola from its centre are therefore those diameters which 
pass through the intersections of the directrices with the Auxiliary 
Circle. 

It is easily seen that the said diameters possess the property 

ENiCN^CBxOA, 

and are therefore identical with the asymptotes. 

It is likewise evident that they possess the property, 

CN : C£= C8:CA^ the eccentricity ; 

and hence that all hyperbolas which have the same (or parallel) 
asymptotes and lie on the same sides thereof are similar 
conies; and the asymptotes themselves taken together are the 
limiting form to which the curve tends when its axes are 
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diminished indefinitely, and they may he regarded as conaiihUing 
a similar hyperbola.^ 

The hyperbola may be called Acute or Obtuse according 
as the interior angle between its asymptotes is less or g^reater 
than a right angle ; that is to say, according yA its conjugate 
axis is less or greater than its transverse axis. In the in- 
termediate case, when they are equal, it is calbd Rectangular, 

It is easily seen that any two tangents to^the same branch 
of the hyperbola intersect within the interior angle between 
the asymptotes and themselves contain a greater angle; and 
likewise that any two tangents to opposite branches contain an 
angle less than the exterior angle between the asymptotes; 
and hence that an obtuse hyperbola can have no real tangents 
at right angles. 

56. A construction for the Normal. 

If P be a point on the curve whose ordinate to either axis 

meets the nearer asymptote in E^ and if the normal at P meet 

the axis in O^ then (Art. 43, Cor.) in the case of the transverse 

axis, 

CN.NQ : GIP^ CB" : GA*^EN^ : ON^^, 

and therefore CN.NO is equal to EN^ and the angle GEG is a 
right angle, as may be shewn likewise for the case of the conju- 
gate axis. Hence the following construction for the normal 
at a given point P: 

Let the ordinate of P to either axis meet the nearer asymptote 
in Ey and through E draw a perpendicular to CE to meet the 
same axis in O ; then will PO be the normal at P. 

When ON is infinite the normal itself coincides with EG and 
is perpendicular to the asymptote. 



* Notice in Art. 88 that when 8Y touchtt the cirile its diameter Ummgh T 
should be the tangent to the hyperbolA; and also that in this case SY = CB = SZ 
Moieorer (Art. 14, Cor. 1) the diameter conjugate to C^ oo must be parallel to the 
tangent at oo, and must therefore coalesce with C7ao itself. The Htpebbola is 
distinguished as the conic which has a pair of tangents whose points of contact are 
at infinity and whose chord of contact is therefore the Straight Lint at Injhiiy 
(Art. 17, Cor. 2) ; and the Pababola is distingmshed as the conic to which the 
line at infinity is a tangent, sinee (Art. 27) SY* = 8A.8P = SA.ST^ and therefbra 
when SP becomes infinite the tangent TY is remoTed wholly to infinity. 
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PB0P081TI0N I. 



56. If a parallel to either axis of a hyperbola he dravm 
through any point on the curve to meet the asymptotes^ the product 
of its segments between ^ poirU and the asymptotes will be equal 
to. the square of the semiroxis to which it is parallel. 

First let a principal doable ordinate PP be prodnced to 




meet the asTrnptotes in E and K\ then will PE.PE' or 
FE.PE be equal to GB". 

For by Art. 33 and by a property of the asymptotes, if PP* 
meet the transyerse axis in N^ 

PN^+ Off : OJV«= CB^ : OA^^EIP : C2^, 

or PN^-^Cff^EN^i 

and therefore 

PE.PE'^P'E.FE'^EIP-^PN^^ Off. 

In like manner it may be shewn that OA is a mean pro- 
portional to the segments Pe and Pd of a straight line drawn 
through P parallel to the transverse axis to meet the asymptotes. 

Hence it appears that the distance of P (or P') from the 
nearer asymptote varies inversely as its distance from the 
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other, and when the latter distance ia increased indefinitelj 
the former is diminished indefinitely; the curve therefore as 
it branches out continually approximates to its asymptotes, 
but without actually meeting them at any finite distance from 
the centre. 

It is easy to shew' by a reductio ad absurdum that no 
diameter other than CJS or CE* have the above property, 
or in other words, that the hyperbola cannot have more than 
two asymptotes. 

Corollary. 

If PO be drawn parallel to one asymptote E'O to meet 
the other asymptote EO^ then will PO vary as PE and CO 
as PE\ and therefore PO.CO (fig. Art. 60) will be constant; 
and it may be shewn by taking P at the vertex that it ia 
equal to JCS* or i {CA^+ CB^). 

PROPOSITION II. 

57. The intercepts on any tangent to a hyperbola between 
the curve and its asymptotes are equal to one another and to 
the parallel semi-diameter; and the opposite intercepts on any 
chord between the curve and its asymptotes are equal to one 
another.* 

(i) Let the tangent at Pj supposed parallel to the semi- 
diameter GDj meet any two conjugate diameters in L and L' ; 

then by Art. 47 

PL.PL'^CjD^. 

Hence in the case in which L' coalesces with L and CL 
therefore becomes an asymptote, PL* is equal to Clf ; and in 
like manner, if the same tangent meet the other aigrmptote in Jl^ 
PJT is equal to Ciy. 

Therefore PL^PM^CD. 

* The hyperbola and its AtymptoU$ being similar oonica (Art. 54), the aboye is 
a spedal case of Ex. 50. The latter follows at onoe from Art. 14 sinoe^ when 
the direction of CX and the magnitude of C8 : CX are giren, if the direction of CV 
be aasamed that ol 8V (which is perpendicular to the ordinates of CV) ia determined. 
It is evident that a pair of conjugate hyperbolas also make equal intercepts 
QQ, qq' OB any chord. 
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(li) Next let ^ be anj chord of the hyperbola meeting the 
aqrmptotes in Bj r, and let LPM be one of the tangents to 
which it is paralleL 

Then the diameter OP bisects the chord Qq^ and from above 
it b evident that it likewise bisects Br ; whence it follows that 

QB^qr^ and <?r»;JS. 



PSOPOBITIOH III. 

58. Theyrcduei of Ae segmenU inio which any chord of the 
asympiote$ %$ divided hy either of the pointe.in which ii meeU the 
curve ii equal to the equare of the parallel radius, 

(i) Using the same constmction as in Prop, ii., let V be the 
middle point of the chord Qq. Then by Art. 84 and bj parallels 
(first taking the case in which Q and q lie on the same branch 
of the carve), 

gr'+CD^ : cr^^ciy : CP^^PU : OP^ 

^BV^xGV\ 

or QV^^Cr^^BV^.^ 

Hence BQ.Qr^Bq.qr^BV^- Qm^CIf^ 

or OD is a mean proportional to JZQ and Qr^ and to Bq and qr. 
The above proof may be adapted to the case in which Q^ q 

* OonTenely, if this raUtion be aimimed the point R mvflt always lie on one 
of two tfcnight lines which continuaUy approach the cnrre^ that is to say, on one 
of the asymptotes. 

L2 
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lie on opposite branches of the hyperbola by writing — CP" for 
CZ>" and - Ci>" for CP". 

(ii) These results may also be deduced as follows from 
Prop. I, 

From any point Q on the curve draw QRR in any giTcu 
direction to meet the asymptotes, and draw QEE' parallel to 




the transverse or the conjugate axis to meet the same. Then 
QB varies as QE and QR as QE\ and therefore, QE. QE' 
being constant, QR. QE is likewise constant. 

Supposing RR to become a diameter or a tangent, according 
as its direction cuts both branches of the curve or one only, 
we see that QR. QR is equal to the square of the parallel 
semi-diameter or of the intercept on the tangent between the 
curve and either asymptote. 

Corollary 1. 

If the tangent at P meet the asymptotes in Zr, M (fig. 
Art. 60), and if be the middle point of CL, and OP be there- 
fore parallel to CM^ then (Prop. I. Cor.) 

CL.CM=2C0.2PO^ C8*i 

and therefore the area LOM is constant, that is to say, the area 
of the triangle bounded by the asymptotes and any tangent is of 
constant area^ and it is equal to CA . GB. It is otherwise evident 
that the triangle in question is one-fourth of the conjugate cir- 
cumscribing parallelogram (Art. 46). 

Corollary 2. 
Moreover, if PK be drawn perpendicular to CL, 
CP*^Pr= CK'^LK'^2C0.20Ki 



\ 
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where OJT varies directly as OP and therefore inversely as CO* 
Hence another proof that the difference of the squares on two 
conjugate diameters is constant (Art. 45). 

Corollary 3. 

So long as the chord BQr is drawn in a specified direction 
Qr varies inversely as QR. If the chord be taken constantly 
parallel to the asymptote CM^ so that the point r recedes to oo , 
it follows that Q oo varies inversely as QR^ or directly as CR ; 
and moreover, that if QO be any finite portion of the chord, 
then Occ likewise varies as CR^ and the rectangle QO.Ooo 
varies as CR.QO. If YOZ be a chord drawn in any other 
specified direction and meeting the chord parallel to the asymp- 
tote in 0, then (Art. 16, Cor. 1) OT.OZ varies as QO.Occ^ or 
as CR.QO'j and in the special casein which Qx is a fixed 
chord OY.OZ varies as the length QO. 

SGHOLIUIC A. 

If the hyperbola be defined as the locus of a point P such that 
if be its projection upon one of two fixed straight lines CL, CM 
(the asymptotes) by a straight line parallel to the other, CO.PO » a 
constant ^^ we may proceed to investigate the properties of the 
curve as follows. 

If LM be drawn in a gpeeifiid direction through any position of 
the tracing point P, it is evident that PL . PM is constant, and also 
that in the case in which LM becomes a tangent it is bisected at its 
point of contact P. In this case CL. CM^ 2 C0.2P0 = 4<;», and the 
triangle CLM is of constant area. It may now be shewn that (with 
the notation of Art. 57) QR-qr\ CP bisects Qq and all other 
chords parallel to the tangent at P; QV^ varies as CV^^CP*; and 
that the difference of the squares of any two conjugate diameters is 
constant (Art. 58, Cor. 2). 

A straight line parallel to either'asymptote CM meets the curve 
in one point only, since (figure of Art. 60) if CO be supposed 
constant, CO,PO vanishes when P is at 0, and increases con- 
tinuously up to 00 as P recedes from 0, and is therefore equal 
to ^ for one position of P only. Hence at any point P between 
the curve and its asymptotes CO.PO is less than c*. Moreover^ 
for any assumed position of the intercept LM it is evident that 
PL.PM is a maximum, and therefore PO. CO is a maximum, when 
PL « PM. Hence at the point of concourse P' of any two tangents 
to the same branch of the curve P'O.CO is less than e*, and 
P therefore lies between. the curve and its asymptotes, or the curve 
is convex to its asymptotes. 
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Lastly, if the hyperbola be regarded as the envelope of a 
straight line LM which contains a triangle of constant area with 
two fixed straight lines CL and CM^ it may be shewn by the 
following method (which applies also to Ex. 862) that LM is 
bisected at its point of contact If i' be the point of concourse 
of &e tangent line in any two positions LM^ LM\ the areas LPL' 
and MFM' are equal, and PL,PL' « PM.PM' ; and therefore in the 
case in which IfM' and LM coalesce, PL^^PM\ or LM is 
bisected at the point P of the envelope. The hyperbola may also 
be regarded as a special case of the envelope in Ex. 878, whidi 

makes intercepts -r- and — npon the fixed tangents, and iharefore 
touches them at inJMiy when i and ^ 



PROPOBinON IT. 

59. Any tcmgmd anJ its normal meet the oiymptotes and Ae 
axes respectively in four points lying on a circle which passsB 
through the centre of the hyperbola* 

The circle whose diameter is the intercept Og made by the 
axes on any normal passes through the centrei unoe the angle 
gOG is a right angle. 




Let this circle meet the asymptotes in X, Mj and let LM 
meet Og in P. From any point E in OL draw EN perpen* 
dicular to CO. 

Then L EON^ OCM^ OLP^ in the same segment, 

and L CEN^ ECg = LOP^ in the same segment ; 
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mnd therefore the triangles GNE^ LPQ are similari ao that the 
angle at P is a right angU^ and 

PG : PL^ENi ON^ CB : CA. 

Similarly PL : Pg^ CB : OA. 

Hence PO : Pg^ CB" : 0A\ 

or P is the point at which Og is normal to the car^e (Art 52, 
Con 2) ; and XJf, which is at right angles to Gg^ is the tangent 
at P. 

CoroUary. 

From this constmction it appears again the tangent LM 
Is bisected at its point of contact ; and that 

PGxCD^ODiPg^CBi CA, 

where CD is the semi-diameter parallel to the tangent. 

PROPOSITION Y. 

60. The diamekra of a hyperbola being regarded as terminated 
at the points in ichick they meet the curve or its conjugate, 
<my two conjugate diameters are the diagonals of a parallelogram 
whose sides are parallel to and are bisected by the asymptotes^ 
the tangents at their extremities meet on the asymptotes^ and the 
difference of their sguares is constant. 

(i) From a point L on either asymptote of a pair of 
conjugate hyperbolas let a tangent be drawn to each, the one 
tangent meeting its curve in P and the second asymptote in Mj 
and the other meeting its curve in D and the second asymptote 
in M'. Then will CP^ CD be conjugate semi-diameters, and 
PD will be parallel to MATj and will be bisected at the point 
O in which it meets CL. 

For since (Art. 57) the tangent LM is bisected at P, and 
LM' at Dj therefore PD is parallel to the asymptote MM\ and 
it also bisects CL. 

Moreover (Art. 56, Cor.), 

PO.CO^i[CA'+CB')^DO.CO, 

or PO is equal to DO] that is to say, PD is bisected by the 
asymptote GL. But PD likewise bbects CL^ and therefore CD 
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18 parallel to the tangent at P and is conjugate to CP. And 
if the parallel tangents touch the curves in P and ZX, as in 
the diagram, the one will eTidentlj pass through M' and the 
other through Jf ; and PD will likewise be parallel to one 
asymptote and bisected by the other. 

(ii) Lastly, if PN be the ordinate of P to the transverse 
axis, and if it meet GL in Qj it is easily seen that 0Q= OP. 
And in like manner the ordinate DB to the conjugate axis 
meets CL in a point Q such that OQ^OB^ OP^ 0Q\ that 
is to say, it meets it in the same point Q. 

Hence CQ'- CP"^ QIT^ PN' = CB\ 

and Cq^'-CI/^ QE^ - Dff^ CA'] 

and therefore CT* - (7Z>' = CA' - CB'. 

Corollary. 

To describe a pair of conjugate hyperbolas with given 
straight lines GP and GD as conjugate semi-diameters : draw 
CO to the middle point of DP and draw CM parallel to DP; 
then will CM and GO ht the asymptotes, and the axes will 
be the bisectors of the angles between them, and the foci will 
be the points in which the axes are cut by a circle whose radius 
G8 is a mean proportional to PO and 2 GO. 
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SOHOLIUH B. 

OoKJUOATB Htpebbolas are by no means to be regarded as 
organically related and together making up one continaous curve; 
but the one is a sort of auxiliary curve to the other, as the circle on 
its major axis is, for example, to the Ellipse. 

(i) The two branches of a single hyperbola are to be regarded 
as constituting one continuous curve as was pointed out on p. 10, 
and as may be further illustrated in the following way. Let the 
hyperbola be considered to be traced by the extremity P of a focal 
vector 8P (see fig. p. 145) moving lound in the direction of the 
hands of a watch from the initicd position 8 A. As SP turns 
through an infinitesimal angle its extremity passes to a eonseeutw0 
point on the curve, till at length by the continuous rotation of the 
focal vector the point F reciddes to infinity, 8P having become 
parallel to the asymptote CU: it then passes instantaneously to 
the oppoBiU position at infinity, that is to say {8P revolving 
gradually as before) the point P passes at once from the extremity 
of the line (7^ao to the extremity of the line EC<x>\ at this 
infinitely distant point the curve eroases its asffmptote, and P 
proceeds to trace the opposite branch in the direction p'A*f and 
80 forth. The two infinitely distant extremities of an asymptote 
or of any straight line may therefore be regarded as consecutive 
points, which iDsewise results from considering any straight line 
as (1) a circle of infinite radius in its own plane, or (2) as one of 
the great circles of a sphere whose radius has become infinite. 
Carrying on the latter illustration, we see that (since the length 
of a great circle on any sphere is constant) any finite straight mie 
in a given plane together with its complement (p. 77) may be 
regarued as making up a constant infinite length ; as was implicitly 
assumed in Chap. iv. Scholium (p. 102), ^r if the bifocal pro- 
perty of the hyperbola, 

HP'-SP^AA', 

be equivalent to -EToo P + 8P ^A<x>A'j 

then HP + iToo P^AA' -^AcoA*. 

(ii) It may be useful at this stage to give a conspectus of the 
several ways of viewing those diameters of the hyperbola which 
are not geometricaUy terminated by the curve. 

a. By introducing the conception of imaginary paints we may 
treat the hyperbola as a quasi-ellipse, and ignore the distinction 
between intersecting and non-intersecting diameters of the curve. 

I. If we assign certain real mag^tudes to the non-intersecting 
diameters (Art. 34) — arbitrarily, indeed, but in accordance with a 
partial analogy — we may then proceed to shew (Art. 57) that any 
such diameter is equal to the intercept on the parallel tangent 
made by the asymptotes, and may prove as in Art. 58, Cor. 2 that 
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the difference of the squares of any two oonjugate diameters is of 
constant magnitude. 

e. The non-intersecting diameters may also be treated as ter- 
minated by the conjugate hyperbola, as in Arts. 45 and 60. The 
objection to this mode of treatment is that it not only prooeeda 
upon an artificial analogy but tends to obscure the fact of the 
essential continuity and oneness of the two branches of the 
hyperbola. 

d. Another method — ^very simple in practice, but presenting 
of course the same difficulties at the outset — ^is to start with the 
Equilateral Hyperbola fsome of the properties of which can be 
proved in terms applicaole Hkewise to the circle or Eqailateral 
ijUipse) and to tnmsfer the results thus obtained to the general 
hyperbola by the method of Orthogonal Ftojeotion. 

(iii) ApoLLOvnrSy in Lib. i. prop. 14 of his Conies, defines the 
two branches of a hyperbola as OppanU Sections CAvrim/icyoi). 
At the end of the same book (prop. 56) he shews, quite indepen- 
dently of the asymptotes, how to construct two pairs of opposite 
sections with one and the same given pair of conjugate diametersi 
and he defines the curves so drawn as Conjugate (Svfvyelc)- He 
afterwards proves in Lib. ii. prop. 15 that opposite sections hare 
the same asymptotes, and in Lib. ii. prop. 17 that oonjugate 
opposite sections have the same asymptotes. The term Cowfu^aU 
has also been sometimes applied to the two branches of a single 
hyperbola, as for example in prob. 36 of the Arithmetiea UhivmtSu, 
where the words "conveniant ad confugatam Hyperbolam" xtfer 
to the further branch. 



EXAMPLES. 

391. The eccentric circle of any point with respect to a 
hjrperbola cuts the directrix at two points lying upon radii 
which are parallel to the asymptotes. Trace the hyperbola 
by the method of Art. 4, shewing that the two points in 
which the circle cuts the directrix correspond to the points 
at Infinity upon the asymptotes, and the segment of the drcle 
beyond the directrix to the further branch of the hyperbola. 

392. The circle described about either focus of a hyperbola 
so as to bisect the semi-latas rectum cuts the hyperbola at points 
whose focal distances are parallel to the asymptotes; and the 
concentric circle which touches the asymptotes has its diameter 
equal to the conjugate axis. 
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393* Express the eccentricitj of a hyperbola as a fanction 
of the angle between its asymptotes. If the eccentricity and 
two points on the curve be given, and if one asymptote pass 
through a third fixed point ia the same straight line with the 
former two, the locus of the centre will be a circle. 

394. If the abscisses upon either asymptote of any number 
of points on a hyperbola be in arithmetical progression, their 
ordmates will be in harmonical progression, and conversely. 

395. The ordinates to either asymptote of the extremities 
of any chord of a hyperbola and the point of contact of a parallel 
tangent are proportionals. 

396. The intercept made by the directrices of a hyperbola 
on either asymptote is equal to the transverse axis. 

397. A hyperbola being regarded as the locus of a point 
whose distance from a given point is equal to its distance from 
a fixed straight line estimated in a given direction, prove that 
the given direction is that of an asymptote. Shew also that 
the straight line drawn from a focus to the nearer directrix 
parallel to an asymptote of a hyperbola is equal to the semi- 
latos rectum and is bisected by the curve. 

398. The distance of any point on a hyperbola from either 
focus is equal to the intercept on either asymptote between the 
ordinate of the point and the corresponding directrix. Hence 
prove in Art. 60 that if 8 and H be the foci, 

8RHP^ cor- OA*^ CD". 

Also prove that the difference of the distances of the ends of 
two conjugate radii of a pair of conjugate hyperbolas from their 
nearer foci is equal to the difference of the semi-axes. 

399. Every chord drawn to a hyperbola from a fixed point 
on one asymptote b divided harmonically by that point and a 
fixed parallel to the said asymptote, and is bisected by a fixed 
parallel to the other. 

400. The tangents at the vertices of a hyperbola meet its 
asymptotes on the circumference of the circle of which the 
straight line joining the foci is a diameter. 
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401. For what position of the tangent to a hyperbola is its 
intercept between the asymptotes a minimam? 

402. The tangent to a hyperbola from the intersection of 
an asymptote with a directrix touches the curve upon a focal 
vector which is parallel to that asymptote. 

403. The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 
between the asymptotes: it also subtends a constant angle at 
the intersection of the corresponding normal with either axis 
of the curve. 

404. Every chord of a branch of a hyperbola which subtends 
at its focus an angle equal to the angle between the asymptotes 
touches a certain fixed parabola. 

405. Find the relation between the intercepts made by any 
tangent to a hyperbola on two fixed straight lines parallel to the 
asymptotes.* If OA and OB be two straight lines given in 
position and AB the intercept which they make on any tangent 
to a fixed conic which touches them, deduce from Ex. 378 that 
the locus of the point P which completes the parallelogram 
OAPB is a hyperbola whose asymptotes are parallel to OA 
and OB] and examine the case in which the fixed conic is a 
hyperbola having its centre at (?. Also find the locus of Q if 
A and B be the points of contact of the given lines with any 
parabola which likewise touches a third given line. 

406. The chords of intersection of any circle with the asymp- 
totes of a hyperbola are equally inclined to either axis; the 
products of the segments of any two intersecting chords of the 
asymptotes are as the parallel focal chords ; and if be any 

* If ^ and V be the reciprocals of the intercepts made by a yariable stiaightline 
on two fixed axes, the general condition that the variable line should envelope a conio 
is that ^ and v should be connected by an equation of the second degree. This 
system of ''tangential coordinates" is fuUy developed in A Treatise on some New 
Geometrical Methods (vol. I., 1873) by the late Dr. James Booth, who had also given 
an account of his method in a separate tract published thirty years earlier. His 
discovery had however been anticipated by Prof. Pliicker of Bonn, whose method 
given in Crelle's Journal, vol. VI. pp. 107—146 (1830), and dated Oct. 1829, is in reahty 
identical with the above. See the obituary notice of Dr. Booth in the Monthly Notices 
of the Roijal Astronomical Society, vol. XXXlX. pp. 219—225 (Feb. 1879). 
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point on a chord PQ parallel to the radius CD of the hyperbola, 
and Lj if the points in which it meets the asymptotes, then 

OL.OM'>^OP.OQ=Ciy. 

407. The tangent to a hyperbola at P meets one asymptote 
in T and TQ is drawn parallel to the other to meet the curve 
in Q ; prove that if PQ meet the asymptotes in L and Jf, the 
line LJf will be trisected at Pand Q, 

408. The straight lines joining the points in which any two 
tangents to a hyperbola meet the asymptotes are parallel ; and 
the intercepts which the tangents make upon the asymptotes are 
bisected by their chord of contact. 

409. If one diagonal of a parallelogram whose sides are 
parallel to the asymptotes of a hyperbola be a chord of the 
curve, the other diagonal will lie upon the conjugate diameter ; 
and conversely if the three sides of a triangle be taken as 
diagonals of three parallelograms whose sides are parallel to 
two given straight lines, their other three diagonals will pass 
through the centre of a hyperbola which circumscribes the tri- 
angle and whose asymptotes are parallel to the given lines. 

410. In Art. 39, if CM and CN be the central abscissas of 
the points in which the tangent meet the asymptotes, then 

Cr.CT=^CM.CN^CP'. 

411. If the ordinate of a point on the hyperbola to a given 
diameter be equal to the conjugate semi-diameter, the product 
of the corresponding abscisssQ will be equal to the square of 
half the given diameter. 

412. Given the asymptotes of a variable hyperbola and a 
\e parallel to one of them, if from the point in which it meets 
.le curve a parallel to the other asymptote be drawn equal 

to either of the semi-axes, the locus of its extremity will be 
a parabola. 

413. If an ellipse and a branch of a confocal hyperbola 
intersect in P and Q, the asymptotes of the hyperbola pass 
through the points on the auxiliary circle of the ellipse which 
correspond to P and Q. 
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414. A variable elUpae having its centre on a hjrperbola and 
touching its asymptotes has in every position the maziinQm 
area: shew that its chord of contact with the asymptotes will 
envelope a similar hyperbola having the same asymptotes. 

415. A parabola being drawn to touch the axes of a hyper- 
bola at an extremity of each, prove that one asymptote is a 
diameter of the parabola and that the other is pwallel to Its 
ordinates. 

416. If a parallelogram be formed by drawing two pairs of 
parallels to the asymptotes of a hyperbola, its rides will meet 
the curve at the extremities of two chords which intersect upon 
a diagonal of the 'parallelogram ; and further, if any three 
hyperbolas have their asymptotes parallel, three and three, thdr 
three common chords will cointersect. 

41 7« The tangents to an ellipse at P and Q being the 
asymptotes of a hyperbola, prove that a pair of their common 
chords are parallel to PQj and that if the tangent to the hyper* 
bola at an extremity of one of these chords pass through P the 
tangent at its other extremity will pass through Q. 

418. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are drawn ; prove that if 
one of them touch the ellipse the other will touch it, and that 
the diameters through the points of contact will be conjugate. 

419. If from any point P on a hyperbola whose centre is O 
straight lines PM and PN be drawn parallel to and terminated 
by the asymptotes, and if an ellipse be drawn having CM and 
CN for conjugate radii, the direction conjugate to CP will be 
the same in both curves. 

420. Given the base of a triangle and the difference of its 
base angles, or given the base of a triangle one of whose base 
angles is double of the other, it may be shewn that the locus 
of the vertex is a hjrperbola. Determine the asjrmptotes and 
the eccentricity of each by supposing the vertex of the triangle 
to be at Infinity. 
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421. If tangents be drawn to a hyperbola from any point 
on the conjugate hyperbola, their chord of contact will tonch 
the opposite branch of the latter and be bisected at its point 
of contact 

422. The four normals to a hyperbola and its conjagate at 
points lying upon a perpendicular to either axis meet one another 
upon that axis. 

423. Find the locus of the centre of gravity and the locus 
of the centre of the circumscribing circle of a triangle of con- 
stant area contained by one yariable and two fixed straight 
lines. 

424. A parabola and a hyperbola have a common focus and 
the asymptotes of the latter touch the former ; prove that the 
tangent at the* vertex of the parabola is a directrix of the 
hyperbola, and the tangents to the parabola where it meets 
the hyperbola pass through the further vertex of the latter. 

425. Any two semi-diameters of a hyperbola contain the 
same area with the tangent at the extremity of either. 

426. The asymptotes and any two conjugate diameters of 
a hyperbola divide any straight line harmonically. 

427. The chords joining any point on a hyperbola to two 
given points on the same intercept a constant length on either 
asymptote ; and the intercepts on a given parallel to an asymp- 
tote between the curve and two such chords are in a constant 
ratio. 

428. If parallels to the asymptotes of a hyperbola be drawn 
from any point on the curve, any diameter will meet the 
parallels and either branch of the curve in three points whose 
central distances are in continued proportion. 

429.' If any two tangents to a hyperbola and their chord 
of contact intersect any parallel to either asymptote, the square 
of the intercept on the parallel between the curve and the chord 
of contact will be equal to the product of its intercepts between 
the curve and the tangents. 
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430. On a straight line drawn in a given direction to meet 
the three sides of a triangle a point is taken whose distances 
from the three sides are in continued proportion ; prove that the 
locus of the point is a parabola or a hyperbola touching the 
two sides from which the extremes are measured at the extre- 
mities of the third side. 

431. ['On a straight line drawn through a fixed point C to 
intersect two given straight lines a length CD is estimated 
a mean proportional to the intercepts between the fixed point 
and the two points of section; prove that the locus of 2) is 
a hyperbola whose asymptotes are the parallels through C to 
the fixed lines. 

432. A diameter of a parabola and the tangent at its 
extremity being taken as the asymptotes of a hyperbola, what 
are the magnitudes to which the ordinate and abscissa of their 
point of concourse with respect to that diameter are a pair 
of mean proportionals? Conversely shew how to find a pair 
of mean proportionals to two given magnitudes. 

433. The intercept on any parallel to an asymptote of a 
hyperbola (or to the axis of a parabola) between any point upon 
it and the polar of that point is bisected by the curve. 

434. The intercept made upon any straight line through 
either vertex of a hyperbola by parallels drawn to the asymp- 
totes through the other vertex is bisected at the point in which 
the straight line meets the curve again ; the locus of the middle 
point of the intercept made upon any straight line througJi 
a fixed point by two given straight lines is a hyperbola to 
whose asymptotes they are parallel ; and further, if the latter 
intercept be cut in any other constant ratio,* the locus of the 
point of section will still be a hyperbola. In what case will 
the eccentricity of the locus be independent of the ratio in which 
this intercept is divided? 

435- If Q be a point on a hyperbola and N a point on 
the nearer asymptote, and if QEhe drawn parallel to that 



* See the Ariihmetica UnivertaliSf prob. 25. 
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asymptote to meet the diameter conjugate to QN In E^ then will 
the area of the quadrilateral GEQN be equal to half the triangle 
cot off by any tangent from the asymptotes ; and if the diameter 
parallel to QjVmeet QE in ^and QI be drawn in the conjugate 
direction to meet the same asymptote in J, the quadrilateral 
CIQF will have the same constant magnitude. 

436. If be any point in a chord QQf o( ^ hyperbola 
parallel to the tangent at P and CE an asymptote meeting that 
tangent in Ej and if QB and OT he drawn parallel to the 
asymptote to meet the diameter which bisects the chord, prove 
that 

QO. OQ^:PE* = quadrilateral QRTO : triangle CEP. 

437. If P be any point on a hyperbola and CD be con- 
jugate to CPj shew that a pair of straight lines PE^ PF drawn 
parallel to the axes or to any other pair of conjugate diameters 
meet CD in points E and F such that 

CE.CF^ CD\ 

438. A parabola which has an asymptote of a hyperbola for 
one of its diameters meets the hyperbola in general in three 
points such that the ordinates of two of them to that diameter 
are together equal to the ordinate of the third. 

439. From any point P on a hyperbola a parallel is drawn 
to one asymptote to meet the other in M^ and an ellipse is 
drawn through P and M having its diameter which bisects PM 
parallel to the latter asymptote and in a constant ratio to its 
conjugate diameter, viz. In the ratio of PE to PM^ where PE 
is a perpendicular to the latter asymptote ; prove that the ellipse 
meets the hyperbola again in three points such that the distances 
of two of them from the latter asymptote are together equal to 
the distance of the third point from the same.* 

440. If two ellipses touch a hyperbola and have its asymp- 
totes for conjugate diameters, any straight line whose pole with 



• For Examples 425, 435—9 and others see De la Hire's Sectiones Conica, libb. iv., v. 
The references arc given in detail in Walton's Problems in iUiutration o/thejyrincipUs 
0/ Plane Coordinate Geometry^ pp. 276—292 (Cambridgr, 185!). 

M 
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respect to one of them lies on the hyperbola has it pole with 
respect to the other on the hyperbola. 

441. 1( ABCD be a convex quadrilateral, and AD be pro- 
daced to K and BG to L so that KL may be parallel to AB^ 
then will DL and CK be parallel to the asymptotes of a certain 
hyperbola described about the quadrilateral; and if aBfij fiOyj 
yDSj SAa be the sides of a parallelogram and be parallel to 
the asymptotes, the straight lines drawn from a, )9, 7, S to 
bisect ABj BGj CDj DA respectively will cointersect at the 
centre of the hyperbola. 

442. If an ellipse pass through the centre and have its 
foci on the asymptotes of a hyperbola, and if the hyperbola 
passes through the centre of the ellipse, the axes of each curve 
are a tangent and normal to the other, and the two axes which 
are normals are of equal length. 

443. If a diameter be taken at right angles to one asymp- 
tote of a hyperbola and parallels be drawn to the other 
asymptote from its extremities, any two supplemental chords 
from those points will make intercepts whose difference ia 
constant upon the parallels. 

444* The axes of the two parabolas which have a common 
focus and pass through two given points are parallel to the 
asymptotes of the hyperbola which passes through the common 
focus and has the given points for foci. 

445. Any circle which touches both branches of a hyper- 
bola makes an intercept equal to the transverse axis on either 
asymptote; the tangents to it where it meets the asymptotes 
pass through one or other of the foci, and those which pass 
through the same focus contain a constant angle equal to the 
angle between the asymptotes ; and two of the chords of inter- 
section of the circle with the asymptotes are tangents one to 
each of two fixed parabolas whose foci are at the foci of the 
hyperbola. 

446. If two conjugate diameters of a hyperbola be equal| 
every two conjugate diameters must be equal and the asymp* 
totes must be at right angles. 
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447* If two parallel chords of a conic meet any tangent 
to the same in T and t^ and if anj straight line meet the 
chords in and o and the tangent in 2/, then 

OT\ot^OL\oL. 

Hence shew that the ratio of any two infinite parallel chords 
of a conic is finite, being a ratio of equality in the case of 
the parabola, and being equal to the ratio of the distances 
of the chords from the parallel asymptote in the case of the 
hyperbola.* 

448. From two points and parallels are drawn to the 
asymptotes of a hyperbola, the parallels to one asymptote 
meeting the curve in M and m and the parallels to the other 
meeting the curve in N and n ; shew that if 

the points 0, must lie either on one diameter or on a pair of 
conjugate diameters. 

449. Prove by the Cartesian method or otherwise that if 
CA^ CB and Ca, Gfi be semi-axes of a fixed and a variable 
confocal ellipse respectively, *P a point of contact of the latter 
with an ellipse drawn through the four extremities of the axes 
of the former, and PAT the principal ordinate of P, then 

CNi PN^ CA.Ca : CB.Cfi. 

Deduce that the locus of P is a hyperbola ; and likewise deter- 
mine its foci and asymptotes by considering special cases of 
the theorem. 

450. Every ellipse drawn through the four extremities of 
the axes of a given ellipse is cut orthogonally by a hyperbola 
confocal with the given ellipse and having its equal conjugate 
diameters for asymptotes.! 



* See the notes on Geometrical Evaluations by B. W. Genese^ H.A., in the 
M€8$enger of Mathematiea, vol. IT. pp. 164—6 (1875). 

t See Wolstenhohne's Maihmatieal Problems^ No. 1182 (ed. 2, 1878). 

M2 
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451. Find the locus of a point whose polar with respect 
to a conic cuts off a constant area from the space between two 
given conjugate diameters; and find the envelope of the polar 
of a point whose ordinates cut off a constant parallelogram from 
the same. 

452. Having given the asymptotes of a hyperbola and a 
point on the curve, determine its foci and directrices. 

453. Having given a focus and two points of a hyperbola 
and the direction of one of its asymptotes, or having given a 
focus and one point and the directions of both asymptotes, 
shew how to construct the curve.* 

454. Given the centre of a hyperbola and three points on 
the curve, determine the directions of its asymptotes. 

455. Having given the centre of a hyperbola and a self- 
conjugate triad, determine the directions of its asymptotes. 

456. Having given four points and the eccentricity of a 
hyperbola, or four points and the direction of an asymptote, or 
three points and the direction of an asymptote and the eccen- 
tricity, shew how to construct the curve. 

457. If three straight lines be drawn from three giv^n 
poles and two of their intersections lie on fixed directrices, 
their third intersection will trace a curve of the second order. 
By the above system of radiants or otherwise describe a 
hyperbola having given one asymptote and three points or the 
directions of both asymptotes and three points on the curve.f 



* Five data in general determine a oonic. An asymptote is eqaivalent to two 
data, viz. to a tangent and its point of contact or two coincident points on the curre : 
having given the direction only of an asymptote we have one of the two points at 
infinity on the curve: a focus will be seen to be equivalent to two conditioos. 
Compare the note at the end of Salmon's Conic Sections^ " On the Problem to describe 
a Ck>mc under Five conditions." 

t See Leslie's Geometry of Curve Lines, Book li. props. 10, 21, 22. 
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45'8. {laving given four points on any conic and one point 
on its director, or having given four tangents to an equilateral 
hyperbola, shew how to construct the curve.* 

459. The area of the sector of a hyperbola made by joining 
any two points on it to the centre is equal to the segment 
cut off from the space between the curve and^ its asymptotes by 
the ordinates of the same two points to either asymptote ; any 
other two ordinates in the same ratio as the formerf cut off an 
equal segment ; and the segment cut off by any two ordinates 
is bisected by the ordinate which is a mean proportional to 
them. Prove also that if two equal hyperbolas have two of 
their asymptotes coincident and the other two parallel, any 
parallel to their common asymptote will cut off from the space 
between two adjacent branches produced to infinity an area 
equal to the parallelogram contained by the said parallel and 
the three asymptotes. 

460. If 0, P, Qj £... be any number of points on a branch 
of a hyperbola whose abscissae CKj CLy GMj CN.„ on either 
asymptote are in continued proportion, the hyperbolic sectors 
OCFj OCQj GB. „ will be in arithmetical progression, and 



* The ilist eaae of Ex. 458 may be made to depend upon the Beoond by recipro- 
cating the conic with respect to the point on its director, as is done in Gaskis's 
7%e Geometrical Construdwn qf'a Conic Section subject to Five Conditions of passing 
through given points and touching given straight lines, deduced from the properties 
Iff Involution and Anhartnonic JRatio, with a variety of general Properties of Curves of 
the Second Order, p. 53 (Cambridge, 1852). It is in this very able tract that the term 
DiaKCTO& seems to haye been first used to denote the locus of intersection of tangents 
at light angles to a conic. The term is defined on p. 26, and in the Preface we read : 
^ By a well known property of conic sections, the locus of the point of intersection 
of two tangents at right angles to one another is in general a circle concentric with 
the conic section, and when the curve is a parabola the locus is the directrix. There 
are several remarkable properties of this locus which, as far as the author is aware, 
have not been hitherto noticed, and he has found it convenient to denominate it the 
DiBKOTOR of the conic section, which in the case of the parabola coincides with the 
directrix.** 

f It is easily seen that the four ordinates to either asymptote of the extremities 
of any two parallel chords are proportionals, and that the ordinate of the point of 
contact of any tangent is a mean proportional to the ordinates of the extremities of 
any parallel chord. 
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the segments OKLPy OKMQ^ OKNB... will be in arithmetical 
progression. Given any three terms of a geometrical series 
and the logarithms of two of them, shew how to determine 
geometrically the logarithm of the third.* 



* For the fixst part of Ex. 460 see Gbboobii a. a YnionfTio OpvM G^ome- 
frwim Qvadraturm Circuli et Seetianum C7ofii, lib. Tl. prop. 126, p. 594 (AntrerpUB^ 
1647), and his QptM Geonutricum Potthumwn ad Metolahitimf prop. 24, p. 262 (Gandaii, 
1668). The aeoond part may be solyed by taldxig hyperbolic aegmenta in arithmetical 
progreaalon to repreaent the logarithms of a ooireaponding aeriea of abeciaBn which an 
in geometrical progreesion, aa was shewn by Alf . Ant. de Saiasa in a tract pnUiahed 
(AntT. 1649) in yindication of Greg, de St. Vincent against some aspenioiia of 
ICarinus H^sennns. Logarithms may also be represented by the ** reaidoal arcs" of 
m pazabolA (Booth's New Geometrical Methodi, toL i. p. 298). 
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CHAPTER VI. 

THE BQUTLATBRAL HYPBBBOLA. 

61. The Equilateral Hyperbola is a hyperbola whose latas 
rectum is equal to its axis or latus traDsyersum ;* it is also 
called Rectangular since its asymptotes are at right angles. 
This carve and the circle, which is an equilateral ellipsCi may 
be together designated the Equilateral Conies. 

The properties of the equilateral hyperbola may for the most 
part be derived from those of the general hyperbola by equating 
its axes to one another and to the latus rectum, or by sup- 
posing the angle between its asymptotes to become a right 
angle; but since several of the special results thus obtainable 
may also be proved independently with peculiar ease, some of 
them in terms equally applicable to the circle also, we shall 
here treat the hyperbola in question to a great extent ab initio^ 
leaving it to be shewn in the sequel how certain of the 
properties of the equilateral conies may be transferred to central 
conies in general by the method of Orthogonal Projection. 

62. The latus rectum being supposed equal to the axis, 
it follows from Art. 33 that 

PN^ = AN. A'N^ CN' - CA% 

which will however be proved independently in Art. 63. 

The axes being equal, the radius of the director circle 
vanishes (Art. 40), or the equilateral hyperbola has no tangents 
at right angles except its asymptotes. Again, it follows from 
Art. 45 that every diameter is equal to its conjugate, which 
leads to many further simplifications; but in this chapter we 



* In other words, this hyperbola is called equilateral because the tides of the 
riGUBB upon Us axis (Schol. A, p. 82) are equal. 
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shall commence by defining sluj diameter which does not meet 
the carve as equal in length to its conjugate, in pursuance 
of the analogy between the equilateral hyperbola and the 
circle or equilateral ellipse. 

It is to be noted at the outset (Arts. 35, 54) that the eccen- 
trteihf of the equilateral hyperbola is the ratio of the diagonal 
to the side of a SQUARE, that the foot X of the directrix bisects 
C8j and that 

PROPOSITIOH I. 

63. The principal ordinate of any point on an equilateral 
hyperbola is a mean proportional to its abscisses. 

If X be the foot of the /S-dlrectrix and therefore the middle 
point of C8j and if PN be the principal ordinate of any point 
F on the curve, then 

PN^ + 8N^ = 8P* = 2NX% 

and CN'+8N^^2GX^-^2NX'i 




therefore CN^ - PJV^" = 2 CX« = CA% 

or iw» is equal to CN'-^GA^ or AN. AN. 
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It is forther evident from the figure that if iVt be an ordinate 
to the conjugate axis, 

IW=^Cn*+CA\ 

as might also have been inferred from the consideration that the 
square of the conjugate semi-axis is — CA*. 



PROPOSITION II. 

64. Any two conjugate diameters of an equilateral hyperbola 
make complementary angles with either axis and make equal 
angles with eHher asymptote. 

(i) If V be any point on the directrix and BZ be at right 
angles to BV^ it is evident that CV and BV are equally . 
indined to the axis and GV and BZ make complementary 
angles with the axis. The proposition then follows at once 
as a special case of Art. 14; it may also be proved inde- 
pendently as below. 

(ii) Let Q and q be any two points on the curve, QM and 
$m their principal ordinates, the middle point of Qq and 
OL its ordinate, qK a parallel to the axis meeting QM in K^ 
and n the point in which Qq meets the axis. 

Then since QW^CA^ b equal to CW and qm^+CA* 
to Om\ 

Q 




2 XT 

therefore QiP '^ ym' = GM* - CJWi*, 

or QM'^qm : CJf 4 Gm = GM^ Gm : QM-\- qm ; 

that is to say, 

20L\2GL^qK\QK^ 
or the angle OGL is equal to the angle qQK. 
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Hence If the chord Qq be parallel to a fixed diameteri the 
locus of its middle point will be a second fixed diameteri 
and the inclinations of the two diameters to either axis will 
be complementary, and their inclinations to either aqrmptote 
will therefore be equal, and conversely. 

Corollary 1. 

It is evident that any two diameters which are either 
conjugate or at right angles must lie on opposite sides of an 
asymptote, and therefore that one of the two and one only 
meets the curve. It is likewise evident that if two equal 
diameters be taken on opposite sides of either axis, the one 
will be equal and at right angles to the conjugate to the other, 
and conversely that any two diameters at right angles are equoL 

Corollary 2. 

If the normal at P meet the axes in G and g and the 
conjugate diameter in F^ it is evident that PCG is an isosceles 




triangle having each of its angles at C and G complementary 
to FOG^ and hence that PG^PC^Pg^ or P is in this case 
the centre of the circle of Art. 59. Hence or by Art. 45, Cor. 1 
the normal is also equal to CD. 

Corollary 3. 

The angles bettoeen any ttoo diameters or chords are equal to 
the angles between the diameters ooryugate thereto. For example, 
if PQ and PQ be any two chords drawn from the same point P 
on the curve and PQ and PQ h^ the chords supplemental 
to the former from the further extremity P of the diameter 
through P, the angles between the former will be equal to 
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angles between the latter (Art. 44), or any chord QQ of an 
equilateral hyperbola subtends at the extremities of any diameter 
JPP' angles which are either equal or supplementary. It will be 
aeeo that the angles subtended are supplementary when the 
diameter and the chord intersect within the curve (as in the 
figure of Prop. IV.) and equal when they intersect without 
the curve. 

Corollary 4. 

The locus of the centre of an equilateral hyperbola circum' 
scribing a given triangle is its nine-point circle^ since the 
diameters to the middle points of its sides contain two and two 
the same constant angles as the sides to which they are 
conjugate.* More generally it may be shewn that the circum' 
scribed circle of any self-^ionjugate triangle passes through the 
centre^ since the diameters to its angular points are conjugate 
to the directions of its opposite sides. 

PROPOSITION III. 

65. The projections of any t'wo conjugate semi-diameters upon 
the oases are altemately equal to one another j and the triangle of 
toAtel iiiey are adjacent sides is of constant area. 

(i) If OP and CD be conjugate semi-diameters, and FN 
and DR be principal ordinates and Dn an ordinate to the 




* Sinoe escfa side and its perpendicular oonstitnte a hyperbola (Art. 54), their 
inteneotioiis belong to the aboTe loctui : henoe a fresh proof that the feet of the 
perpendiciilan lie on the cixde which bisects the sidest 
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conjugate axis, we have to shew that Cn or DB is equal to Clf 
and that GS is equal to PN] which follows at once from the 
equality of the radii GP, GD and of the angles PCNj DCn 
(Prop. II.). 

Hence also by Prop. I., 

Gtr^ GIP^DIP^Plfr^ Gir^PIP^ GA\ 

(ii) The triangles DGR and PC7^ being equal, therefore ' 

* A [DGR + jDOP- GOR) = PGN+DOP^ GOB, 

or aPGD = DRNP==^{GN+GR){GN'GR) 

which is an equivalent of the theorem that the conjugate 
circumscribing parallelogram of an equilateral hyperbola is 
equal to 404" (Art. 46). 

PROPOSITION IT. 

66. I%e base ^f a triangle and the sum or difference of its 
base angles being given^ the locus of its vertex is an equilateral 
conic,* 

(i) If the base and the sum of the base angles of a triangle 
be given, the third angle is constant and the locus of the vertex 
is a circle. 

(ii) Let P" GP be a fixed diameter of an equilateral hyper- 
bola, F any point in GP produced, and Q any point on the 
curve. Then since QP and QP' are supplemental chords, 
the sum of the acute angles which these make with the 
axis is equal to a right angle (Prop. II), and the sum of 
their inclinations to the fixed diameter PP^ is therefore 
constant. 

The latter constant Is at once seen, viz. by removing Q 
to infinity, to be equal to tunce the angle which the nearer 
asymptote makes with PP\ 

* This proposition forms prob. 86 of the Arithmetica Universalis, and was sag- 
gested by End. iii. 21, as is shewn by the preamble : " Ubi angnlos ad Terticem, Bire 
(quod peiinde est) nbi summa angulomm ad basem datar, docoit Bodides locum 
yertids esse drcumferentiam circnli; proposoimns igitor inventionem lod ubi 
difEerentia angulomm ad basem datnr." Nbwton also stated the ooxollaiy given 
above in the text for the case in which the subtended angles are equaU 



■% 
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It follows that the angle at P or its sapplement, in the 
triangle QPP\ exceeds the angle at P' or its supplement by a 
constant quantity; and conversely, that if the base PP* of 
a triangle be given and the angle at P or its supplement 
exceed the angle at P' or its supplement by a constant quantity, 
the locus of the vertex Q of the triangle will be an equilateral 
hyperbola whereof PP' is a diameter, as was to be proved. 

CaroUary. 

Hence it may be deduced that the angles which any 
chord of an equilateral hyperbola subtends at the extremities 
of any diameter are either equal or supplementary, as was 
shewn independently in Art. 64, Cor. 3. 

PROPOSITION V. 

67, At any point of an equilateral hyperbola the ordinate 
to any diameter which meets iJie curve is a mean proportional 
to the abscisses on that diameter. 

Let QVhe the ordinate of any point Q on the curve to the 
diameter PP'] then since the directions of PV and QTand 
likewise the directions of PQ and P'Q are conjugate, the 
angle PQFis.equal to QP'V {Art. 64, Cor. 3), and the triangles 
PC F and QPTare similar, so that 

PV: QV^QViP'V] 

therefore QV^ is equal to PV.P'V or CV^-CP\ 
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By changing the sign of CP* we obtain the correspondbg 
property, viz. 

QV*=CV'+CP% 

of a diameter which does not meet the curve in real points. 

PROPOSITION VI. 

68. The product of the segments of any chord drawn through 
a fixed point to an equilateral hyperbola varies as the square of 
the parallel radius. 

Let QQ he any chord drawn through a fixed point O and 
V the middle point of QQ^j and let CF be the semi-diameter 
parallel to the chord, q the point in which CO meets the corFe 
or the conjugate rectangular hyperbola, and qv the ordinate of 
q to the diameter CV. 

Then by Prop, v., taking for example the case in which 
CP and Cq are terminated by the curve, 




Hence OV'^ QV'+ CP' : CP"= OV* : j»«= CC : Cq\ 

which is a constant ratio since and q are fixed points. 

It follows that OF"- QV* or OQ.OQ' varies as CP% and 
i{ BOR be any second position of the chord and CP the radius 
parallel thereto, 

OQ.Og : OR. OR^CP' : CP"". 
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PROPOSITION VII. 

69. If an equilateral hyperbola circumscribes a triangle it 
jfHxsses through its orthocentre^ and conversely /^ and every conio 
zohich passes through the four points of concourse of two egui^ 
lateral hyperbolas is itself an equilateral hyperbola. 

If ABC be any triangle and AD one of its perpendiculars, 
any equilateral hyperbola which circumscribes the triangle will 
have its diameters parallel to AD and BC equal to one another. 




The hyperbola therefore meets AD again in a point 

such that 

AD.DO^BD.DO) 

that is to say, it passes either through the orthocentre of the 
triangle or through the point in which AD produced meets its 
circumscribing circle. 



* This theorem was derived from Pascal's hexagram in a memoir by MM. Bri- 
▲iroHON et PonoKLBT oontribnted to Gergonne's Annates (tome xi. pp. 205 — ^220) 
at the commencement of the year 1821, under the title : Recherche$ sur la determination 
dune Hyperbole Equilatere, au mot/en de quatre conditions donnees — tiz. thus. Let a 
hyperbola be described through A^ B^ C^ and the orthocentre 0^ and let E and F 
be the two points at infinity on the curve ; let JT, /, K denote the three points of 
concourse {AB, OE), {EF, CB), {AF, CO) ; then JBCIK ia a straight line parallel to BC 
(since / is at infinity) or perpandicnlar to AO^ whence it readily follows that JT is the 
orthocentre of the triangle AOK and that OE the direction of one asymptote is at 
light angles to AK or OF the direction of the other. The remainder of Prop. Til. 
follows independently from the fact that by adding together two equations of the 
form a(x* — ^ + 6x + cy + t{ = we arrive at a third equation of the same form : 
the property of the orthocentre of any triangle is a special case of this latter theorem 
(Art. 64). See Prof. Oayley's Note on the Rectangular Hyperbola in the Oaford^ 
Cambridge^ and Dublin Mestengtr of Mathematics, Tol. I. p. 77 (1862). 
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Bat it cannot pass through the latter point^Jbr if so AD and 
BO would be equally inclined to its axes (Art. 16, Cor. 2) and 
parallel to its asymptotes, and either B or G would be at infinity: 
it therefore passes tlirough the orthocentre. 

Conversely, any conic which passes through the three angular 
points and the orthocentre of a triangle must be an equilateral 
hyperbola. 

Moreover, if three of the points of intersection of any two 
equilateral hyperbolas be taken as the vertices of a triangle, 
both curves will pass through its orthocentre; and therefore 
every conic through their four points of concourse must likewise 
be an equilateral hyperbola. 

From this proposition it is manifest that when three points 
of an equilateral hyperbola are given a fourth can be found ; 
and hence that when four points are given the curve is in 
general determined. 

Corollary, 

J£ BAGhe a right angle, the points A and coalesce and 
AD touches the curve at A. Hence the tangent at any point 
A on an equilateral hyperbola may be determined by drawing 
any two chords AB and AG s,t right angles and drawing AD 
perpendicular to BG. If -4 be a fixed point, BG is constantly 
parallel to the normal thereat.* 

PROPOSITION YIII. 

70. The product of the distances from the centre at which any 
tangent and tlie ordinate of its point of contact to any diameter 
meet the same is constant; and the product of the intercepts on 
any tangent between the curve and any two conjugate diameters is 
equal to the square of the parallel radius, 

(i) Let the tangent at Q meet any diameter GP In 7, and 
let Q r be an ordinate to that diameter. 

Then since GP and GQ are conjugate to QFand QT 
respectively, they contain equal angles (Art. 64, Cor. 3), so that 



* The fixed point on the normal (Ex. 279) through which BC passes is otherwise 
seen to be at infinity since when AB and ^1(7 are parallel to the asymptotes BC 
becomes the straight line at infinity. 



^ 
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CViQV^QViVT. 
Therefore CV. OT^ CV - CV. VT^ C7" - 7" 

(11) If the tangent at Q makes intercepts GT and Ct on any 
two conjugate diameters, it maj be shewn in like manner that 

or QT.Qt^CQ'^Cir, 

where CD is the radius conjugate to GQ. 

SGHOLXUH. 

An excellent machine for describing any number of Beotan- 
OT7ULB Htfekbolas haying the same asymptotes was constructed 
by Mr. H. H. 8. Ounynghame, of St. John's College (1873), on the 
following principle. Let a fixed straight line meet the axis of a 
rectangmar hyperbola at right angles in JET; from any point P on 
the curre draw PM and Piv perpendicular to the fixed line and the 
axis; and on (TiET produced take MO equal to CA. Then 

OM+PM'' CJSr-i- PM^ CE\ 

and conyersely if be a fixed point and HP a yariable perpen- 
dicular to the fixed line HMy then proyided that the length OMP 
is constant the point P will describe a rectangular hyperbola, and 
its centre C, which is determined by taking ffC equal to OMP^ 
win be independent oj the distance OH. The machine itself consists 
of a fixed bar HM and a sliding cross bar placed in a horizontal 
plane: a string fixed at is kept stretched by a weight in the 
direction OMP: and a pencil attached at a point P to the string 
traces an arc of a^ rectangular hyperbola by the motion of the 
cross bar. By yaiying the length OM any number of rectangulav 

N 
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hyperbolas having the same afiyxnptotes can be traoed with the 
same length of etnng. 

In a note On the Meehanieal Deieriptum of the Cartenan^ by J. 
Hammond, Bath, .England {Ameriean Journal of Maihemaiiu^ wre 
andappliedf vol. i. no. 3, p. 283, 1878), the following, applicable to 
the Htfebbola, is given. Suppose two thin drcuhur discs A and 
JB rigidly attached to each other to rotate about their common 
centre, and suppose the opposite ends of a fine string (which passes 




through small rings at C and J) and is kept stretched by the point 
of a pencil at P) to be unwound from the two discs. Then wiU the 
increments of the lengths CP and DP be as the radii a and b of the 
discs, and P will describe a our?e having the property 

. DP- S . CP» a constant, 

which becomes a hyperbola when the discs axe equal. If one end 
of the string be wound on to its disc whilst the other is unwound 
the curve traoed will have the property 

a . I}P-¥ h . C7P- a constant, 

and will become an ellipse when the discs are equal. 

The mechanical description of the ellipse by the properi^ of 
Ex. 219 was effected b^ Guido XTbaldi,* who was considered to hare 
made an important discovery; but Ihe properly is mentioned by 
Produs (on End. x. def. 4) as was remarked in the first volume 
of the .JSrarium Phiheophia Mdihematie^ auctore Mario Bettino^ 
lib. I. pp. 38 — 45 (Bononisa, 1648). 



EXAMPLES. 

461. Trace the locus of the middle point of a stnught line 
which cuts off a constant area from a comer of a square. 



• Gnidinbaldi PUmupkaerionm Univertalhun Tkeonca, lib. n, end (Fiaanri, 
1679). 
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462* Place in a rectangular hyperbola a chord whidi Bhall 
be equal to and be bisected bj a diameter of given length, 

465. The chorda connecting the ends of a fixed diameter 
of a circle and of any double ordinate of the same intersect 
upon an equilateral hyperbola. 

464. In the rectangular hyperbola the diameter conjugate 
to the normal at any point is at right angles to the diameter 
through the point; any two diameters at right angles bisect 
chords at right angles, and conversely; and any chord sub- 
tends equal or supplementary angles at the extremities of 
a perpendicular chord. 

465. The centre of an equilateral hyperbola circumscribing 
an equilateral triangle is upon the inscribed circle of the 
triangle, and the centre of the circle is on the hyperbola. 

466. The tangents drawn from opposite foci of a hyperbola 
to any circle which touches both branches intersect upon one 
of two rectangular hyperbolas, each of them having one asymp- 
tote in common with the original hyperbola and having the 
line joining the foci of the latter for a diameter ; and these 
two rectangular hyperbolas will coalesce if the original hyper* 
bola be rectangular. 

467. If two points P and Q move with equal velodties 
along the arms AB and BO of a right angle, the one starting 
from A and the other simultaneously from J?, and if AA' be 
drawn equal to AB and in the direction opposite to BQ^ shew 
that A^P and AQ intersect upon a branch of a rectangular 
hyperbola, and determine its centre and asymptotes. 

468. The circles described upon the six common chords of 
any two rectangular hyperbolas as diameters cut one another 
ordiogonally in opposite pairs. 

469. If a parallel to either asymptote of a rectangular 
hyperbola meet any principal double ordinate PQ in and 
the curve in JS, shew that 

/^OCB^iOP.OQ. 

N2 
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470. Of two chords at right angles or conjugate In direction 
in an eqnllateral hyperbola one and one only is a chord of a 
single branch. Explain the apparent failure of the proof of 
Art. 16, Cor. 2 which arises from the equality of diameters which 
are conjugate or at right angles in the equilateral hyperbola ;* 
and shew that no circle can intersect the curve or its asymptotes 
at the extremities of a pair of chords which are parallel to two 
such diameters. 

471. The foci of an ellipse being situated at any two diame- 
trically opposite points of a rectangular hyperbola, shew that 
the tangents and normals to the ellipse at the points in which it 
meets the hyperbola are parallel to the asymptotes of the latter 9 
and shew that the tangents to the ellipse from any point of the 
hyperbola are parallel to conjugate diameters of the latter. 

472. If OA be a semi-axis of a rectangular hyperbola, and 
a perpendicular C7Fbe drawn to the tangent at P, the triangles 
^ OP and uiCr wiU be similar. 

473. Prove that the feet of the perpendiculars of any triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle ; and shew that the same result 
may also be deduced from Example 76. 

474. Given a chord of an equilateral hyperbola and the 
polar of a given point on the chord, shew how to determine 
two other points on the curve.f 

* 

475. The circle described on the Kne joining the foci of an 
equilateral hyperbola as diameter meets the asymptotes at points 
lying upon the tangents at the vertices ; and the circle described 
about any point on the conjugate axis as centre so as to pass 



* It Ib only in aooordance with a oonrention which is not strictly aoeurate that 
rach diameters are said to be eqoal. See Chap, it, Scholium C, p. 101. If ABCh^ 
a triangle dmnltaneously inscribed in a circle and an equilateral hyperbola, and if 
the perpendicular from A to BC meet the circle in 2), the hyperbola in E, and BC 
itself in F, then FB.FC^ FA,FD = ^ FA.FE, 

t On .the given chord AB as diameter describe a circle cntting the polar of the 
given point in X and F; then will the points (-4X, BY) and (iiF, BX) be the 
extremities of the chord through at right angles to AB. 



\ 
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through the vertices meets the curve again at the extremities 
of one of its own diameters. 

476. If PQ and P'Qhe any pair of supplemental chords of 
a rectangular hyperbola, and if the tangent at Q and its ordiuate 
to PF' meet that diameter in T and F, shew that the bisectors 
of the angle PQP' are parallel to the asymptotes, the segments 
CP and 2!P subtend equal angles at Qy and the circle around 
CQTtoncheB QV. Shew also that any chord subtends supple- 
mentary angles at its pole and the centre of the curve^ and that 
the inclinations of any two tangents to their chord of contact 
are equal or supplementary to the angles which they subtend 
at the centre. 

477. If a conic pass through the centres of the four circles 
which touch the sides of a triangle it must be a rectangular 
byperbola, and its centre will lie on the circumscribed circle of 
the triangle. 

478. The foci of all the ellipses which can be inscribed in a 
given parallelogram lie on a rectangular hyperbola passing 
through its four vertices. 

479. The lines connecting the extremities of any two chords 
drawn through a focus parallel to conjugate, diameters of an 
equilateral hyperbola pass through fixed points on the asymptotes. 
Examine the cases in which 4he focal chords coalesce or are 
parallel to the axis. 

480. The axis of the rectangular hyperbola which touchep 
an ellipse and has its axes for asymptotes is a mean proportional 
to the axes of the ellipse. 

481. Construct a rectangular hyperbola having given the 
centre and a tangent and a point on the curve, or having given 
"an asymptote and a tangent and its point of contact, or having 
given a diameter and one other point on the curve. 

482. The common tangents to the circles described on any 
two parallel chords of opposite branches of a rectangular hyper- 
bola as diameters subtend right angles at the extremities of the 
diameter which bisects the chords. 
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483. If two right angles revolve about opposite extremities 
of a diameter of a rectangular hyperbola so that the point of 
concoarse of two of their arms is always a point on the curve, 
their other two arms will make equal intercepts on the normal 
at that point| and will themselves intersect upon the curve. 

484* Tangents (or normals) are drawn in a given direction 
to a series of confooal conies : prove that the points of contact 
lie on a rectangular hyperbola passing through the foci and 
having an a^mptote in the given direction. 



485. The lines connecting the extremities of any chord and 
any diameter of a rectangular hyperbola intersect in two points 
which are concyclic with the extremities of the diameter: deter- 
mine the condition that they may intersect on 9k faced cirde. 

486. Find the points on an equilateral hyperbola at which 
the nonnal is parallel to a given chord. 

487. The locus of the pole of any chord of a parabola which 
subtends a right angle at the focus is a rectangular hyperbola. 

488. The subnormal at any point of an equilateral hyperbola 
is equal to the central abscissa; the tangent from the foot of 
the ordinate to the auxiliary circle is equal to the ordinate; the 
projection of the normal (terminated by either axis) upon either 
focal vect(Hr is equal to the semi-axis; and the intercept made 
on any tangent by the asymptotes subtends a right angle at the 
point in which the normal, meets either axis. 

489. Any> two supplemental chords of a rectangular hyper- 
bola form an isosceles triangle with either asymptote, and con- 
Tersely, 

490. Any two conjugate diameters of an equilateral hyper- 
bola contain equal and similar triangles with the ordinates and 
abscisss of their extremities to any other diameter. 

491. The sum or difference of the inclinations of any two 
conjugate diameters of an equilateral conic to a fixed diameter 
is constant : distinguish between the several cases. 
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492. Any circle drawn through tibe extremities of a diameter 
of a rectangular hyperbola meets the curve again at the extre- 
mities of a diameter of the circle, and its tangents at those points 
are ordinates of the diameter of the hyperbola, 

493* The circles described on parallel chords of a rectangular 
hyperbola as diameters have a common radical axis. 

494* The ends of the equal conjugate diameters of a series 
of confocal ellipses lie on the confoctd rectangular hyperbola. 

495* The straight line joining the feet of the perpendiculars 
from any point of a rectangular hyperbola to two conjugate 
diameters is parallel to the normal at the point. 

496. The opposite arcs cut off by any two diameters of a 
rectangular hyperbola subtend equal angles at any point on 
the curve. 

497. Any two rectangular hyperbolas so placed that the 
axes of the one coincide with the asymptotes of the other inters 
sect at right angles, and each of their common tangents subtends 
a right angle at the centre ; and if two tangents to a pair of 
conjugate rectangular hyperbolas be at right angles, the straight 
line joining their points of contact subtends a right angle at the 
centre. 

498. If on opposite sides of any chord of a rectangular 
hyperbola equal segments of circles be described, the four points 
in which the completed circles meet the hyperbola again will 
be the angular points of a parallelogram ; and if parallels be 
drawn from any point on a rectangular hyperbola to the sides 
of an inscribed parallelogram, they will meet its opposite sides 
in two pairs of points lying on a circle. 

499* The foot of the focal perpendicular upon any chord of 
a rectangular hyperbola which subtends a right angle at the 
focus lies on a fixed straight line. 

500. The normal at any point P of a rectangular hyperbola 
meets the curve again in Qj and BR is a chord parallel to the 
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normal: prove that Pfi, QE and PB^ QR intersect on the 
diameter at right angles to CP.* 

501. In any right angled triangle inscribed in an equilateral 
hyperbola the perpendicular upon the hypotenuse is the tangent 
at the right angle. Hence shew how to find a third point on 
the curve when two points and the tangent at one of them are 
given ; and shew that the curve is determined when two points 
and the tangents thereat are given, or three points and the 
tangent at one of them, or two points and the tangent at one 
of them and a second tangent. 

502. Given the middle points and the directions of two 
chords of an equilateral hyperbolai the two points and the 
intersection of the parallels through each point to the oppoute 
chord determine a circle which passes through the centre of 
the hyperbola. 

503. If through each of two points a parallel be drawn to 
the polar of the other with respect to an equilateral hyperbola, 
the circle through the two points and the intersection of the 
parallels will pass through the centre of the hyperbola. 

504. Given the centre of a rectangular hyperbola and a 
self-conjugate triad, determine its asymptotes.f 

505. Two equilateral hyperbolas can be inscribed in a given 
quadrilateral, and their centres are at the points in which 
the diameter^ of the quadrilateral meets the circumscribed circle 
of the triangle formed by its three diagonals. 



• Examples 471, 482, 484, 492^500 and othen axe from WokteDholme*B Matk^ 
nuUical ProbUms, 

t If C be the centre and PQR the conjugate triad, let CP meet QR'ukV^ and 
npon QR take points Q' and It such that Q^V- RV^ CV; then wiU CO* and CRT 
be the asymptotes. The following method applies to ths general hyperbola (Ex. 456); 
Draw CP', CQ\ CR! parallel to QR, RP, PQ, and find the two double Unee of tbB 
Involution determined by the pairs of conjugate rays CP, CP'; CQ,C€ti CR, CS'. 

{ By a theorem of Nbwton {Prineipiaf Lib. I. sect. ▼. lemma 25, cor. 8) the 
centres of all the conies inscribed in a quadrilateral lie upon the straight line (Bx. 372) 
which we bare called the Diameter of the quadrilateral (p. 138). See also Ex. 518. 
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506. The three pairs of chords connecting any four points 
on an equilateral hyperbola intersect upon the circumferenee 
of a circle which passes through-its centre. 

507. The nine-point circles of the four triangles determined 
by four given points cointersect at the centre of the equilateral 
hyperbola which passes through the four points.^ 

508. Four points being taken at random in a plane, there 
exists in general one other point in the same and one only 
snch that the lines radiating therefrom to the middle points 
of the six lines connecting the four points are inclined at the 
same angles as the lines which they severally bisect. 

509. Given any two points in the plane of an equilateral 
hyperbola and the directions conjugate to the diameters passing 
through them, determine a circle on which the centre lies. 
If a chord and the direction of the polar of a point upon it 
be given, this circle passes through the point and bisects the 
chord and has its tangent at the middle point of the chord 
in the given direction. 

510. Determine the centres of the four equilateral hyperbolas 
which pass through two given points and touch two given lines.t 

511. Given two points of an equilateral hyperbola and 
two tangents to the same, determine the four positions of the 
chord of contact.} 

* Three other circles may be determined by Ex. 502 and another by Ex. 606| 
making in all bight, which pass through the same point. 

t If il and A' be the g^ven points, C the intersection of the tangents, and X and 
Y the points in which they meet AA', the points A, A* and JT, Y determine an 
infolution thxongh one of whose foci P or Q the chord of contact of the two tangents 
most pass : let it pass through P, of which CQ will be the Polar, Bisect A A* in / 
and XY in C, and draw a circle through P and / having its tangent at / parallel to 
CQ (Ex. 509). Through the second intersection of CI with the circle draw Px meeting 
CK in s, and draw the tangent to the circle and let it meet CQ m y: then the 
intersections of xy with the circle determine two of the required centres, and the 
other two are determined by interchanging P and Q. This construction is giyen by 
POMOKLET in GI«rgonne*s Annales, tome XII., where he corrects (p. 244) the mis* 
statement of the joint article by Brianchon and Poncelet (xi. 2 IS) that thsjour cefUr€i 
its on OiiS eircU, 

X Betennine as before the point P on the chord of contact and its polar CQ; 
find a third point D on the curve (Ex. 474) ; and let F and F' be the foci of the 
inTolntion determined by A, J) and the pair of points in which the tangents meet 
AJ), Then will PF and PF' be two positions of the chord of contact. 
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* 

512. Given that the centres of all the equilateral hjperbolas 
circamscribing a triangle lie on a circle, deduce the fundamental 
property of the nine-point circle of anj triangle. 

513. The three circles whose diameters are the diagonals 
of any quadrilateral belong to a coaxal system,* whose limiting 
points are the centres of the two inscribed equilateral hyper- 
bolas. 

514. The director circles of all the central conies toaching 
the same four lines have a common radical axis,t which ia 
also the directrix of the inscribed parabola; and if the conies 
touch but three lines, their director circles have a common 
radical centre. 

515. The circumscribed circle of any triangle which is self 
conjugate with respect to a conic cuts its director circle ortho- 
gonally:} if the conic be an equilateral hyperbola the circle 
passes through its centre : if it be a parabola its directrix passes 
through the centre of the circle. 

516. The base of an isosceles triangle being upon a fixed 
straight line and each of its equal sides passing through a fixed 
point, whereof one is on the fixed line, shew that the locus 
of the vertex of the triangle is an equilateral hyperbola passing 
through the fixed points and having an asymptote parallel to 
the fixed line. 



* See TownsBVD's Chapters on the Modem Geometry of the Point, Line, and CircU, 
Art. 189 (vol I. p. 268). 

t ThiB foUowB from Prop, yii by reciprocatioD| as in the Oxford, Cmniridffe and 
Dublin Mettenger of Mathematics, toI. I. p. 169. A direct proof by iiiYolation Im 
giyen in toI. hi. p. 81 of the same, by " W. E. C* [Clifford.] 

X It may be shewn that the circumscribed cirole of the triangle formed by the 
thzee diagonals of a qnadrilateral is orthogonal to the drclee on its three diagonala 
as diameters. Bx. 616 then follows with the help of Ex. 614 by regarding the sides 
of any self conjugate triangle as the diagonals of a quadrilateral which envelopes 
the conic This theorem is due to Gaskin, who proved it by the Cartesian method 
in his work (p. 88) already referred to in the note on Ex. 468. Bight yean later 
the equivalent theorem : *' On donne vn triangle conjugtti d une elHpse.,,la tangmte 
menie du centre de Vdlipse au cercle circonscrit au triangle est egah d la corde dm 
quadrant d*tUipse,^ was proposed by Cap. Faure as Quest. 624 in the NouoeUes 
Annates, tome XIX. p. 284 (1860). See also zrz. 290, 846; XZ. 26, 77; T. 808 
(2BM8foie). 
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517. If through five concjclio polnta taken In foors five 
equilateral hyperbolas be drawn, their centres will lie on a 
second circle of diameter equal to the radius of the former. 

518. The locus of the centres of all the conies which pass 
through four given points is a conic. Prove that the locus 
will reduce to a oirde if any two of the conies through the 
four points be equilateral hyperbolasi and to an equilateral 
hj/perbola if the four points lie on a circle. 

519. The angular points and the centroid and orthocentre 
of anj triangle determine ten triangles whose nine-point circles 
meet in a point; and this point lies on the circumference of 
the Tnaximnm ellipse that can be inscribed in the original 
triangle.* 

520. Shew that the centre of any equilateral hyperbola 
inscribed in an obtuse angled triangle lies upon the circle 
with respect to which the triangle is self conjugate. 

521. The angular points of a triangle and the extremities 
of any diameter of its circumscribing circle, taken four together| 
determine five equilateral hyperbolas whose centres lie on the 
nine-point circle of the triangle. 

522. A variable triangle circumscribes an equilateral hyper- 
bola and its nine-point circle passes through the centre of the 
curve : prove that the locus of the centre of its circumscribed 
circle is the hyperbola in question. 

523. Prove that the opposite sides AB and CD of a paral- 
lelogram inscribed in a rectangular hyperbola subtend either 
equal or supplementary angles at any point P on the curve; 
the circumscribed circles of the triangles PAB^ PBGj PODj 
PDA are equal; and the product of the perpendiculars from 
P to each pair of opposite sides of the parallelogram is the same. 

524. With the extremities of any diameter of the circum- 
scribed circle of a triangle as foci two parabolas are drawn 

* See MaikenuOkal Quittiom, 4^/rom the BDUCAnoR&L Tuceb^ toL it. p. 89, 
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touching the sides of the triangle ; prove that the tangents at 
their vertices are the asymptotes of one of the series of rect^ 
angular hyperbolas which pass through the vertices of the 
triangle. 

525. Given the base of a triangle, prove that if the bisectors 
of its vertical angle be parallel to fixed lines, or if its two 
sides make equal angles with two fixed straight lines, the 
locus of its vertex will be a rectangular hyperbola whose 
asymptotes bisect the base of the triangle and are parallel to 
the bisectors of its vertical angle. 

526. Given two fixed tangents to a variable parabola and 
a fixed point on its axis, prove that the locus of its focus is 
a rectangular hjrperbola having its asymptotes parallel to the 
bisectors of the angle between the fixed tangents and its centre 
at the bisection of the line joining their point of concourse to 
the fixed point on the axis. 

527. If a rectangular hyperbola has double contact with 
a parabola, the line joining the intersection of their common 
tangents with the centre of the hyperbola b bisected by the 
directrix of the parabola. 

528. The circle described with any diameter of afi equi- 
lateral hyperbola as radius meets the curve again in three 
points which determine an equilateral triangle ; and conversely, 
the circumscribed circle of any equilateral triangle inscribed 
in an equilateral hyperbola has one of its radii coincident 
with a diameter of the hyperbola. If OA and OB be the 
bounding radii of a circular arc AB^ shew that a point of 
trisection of the arc lies upon the rectangular hyperbola which 
has OA for a diameter and passes through the point of con- 
course of OB with the tangent at A to the circle. Deduce 
from the above that the problem, to trisect a given angle, admits 
of three solutions. Prove also that that if points P and Q be 
taken on AB such that 

arc JP=2arc J5Q, 
the intersection of ^Pand OQ will lie on the hyperbola. 



^^^ 
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529. A pair of mean proportionals to two giyen magnitudes 
fn and n may be found as follows. Describe a parabola of latus 
rectum equal to m^ and with its axis and the tangent at its 
▼ertex as asymptotes describe a hyperbola whose semi-latus 
rectum Is a mean proportional to m and 2n; then will the 
distances of their point of concourse from the asymptotes be 
the two mean proportionals which were to be found.* 

530. The circle described on any radius of a rectangular 
hyperbola as diameter meets the curve in two points whose 
distances from the asymptotes are in continued proportion; 
and conversely, the hyperbola drawn through the point of 
concourse of two sides of a rectangle so as to have the other 
two sides for asymptotes meets the circle circumscribing the 
rectangle In a second point whose distances from the asymptotes 
are a pair of mean proportionals to the sides of the rectangle. 
Hence shew how to find a pair of mean proportionals to two 
given magnitudes.! 

531. The difference of the ordi nates of the points In which 
any tangent to an equilateral hyperbola meets the directrices Is 
to tho difference of their distances from the centre as the diagonal 
to the side of a square ; and their distances from the centre are 
to one another as the focal perpendiculars upon the tangent.} 

* This Gonstmction also (cf . Art. 20, Cor.) is ascribed to Menaechmns. 

t The Delian problem of the Duplioatiok of the Cube (t.<. the constractioB 
of a cabd of tvrice the volame of a given cabe), which bo exercised the ancient 
geometersi was reduced by Hippocrates of Chios to the problem of finding a pair 
of mean proportionals to two given magnitades (Art. 20, Cor. and Ezx. 482, 529, 530). 
See Beimer's Bistoria Problematit d« CUBX Duplioatione (Qottingo^ 1798) f Walton's 
Problems in UluttraCion of th6 principles of Plane Coordinate Geemehy, p. 157; 
Bretschneider's Die Geometrie wnd die Geometer vor Euklidbs, §78. The method 
of Ex. 530 is employed in Gr^goire de St Vincent's Opus Geometricum Quadraturm 
Circvli (lib. Yi. prop. 138, p. 602), and elsewhere. The Triseotion of the Akole 
{Exx. 808, 890, 528) like the former problem Is eqniralent to the solution of a cubic 
equation, and either may be effected by the intersection of a circle with a parabola 
AS was proTod, in the third book of his Gtometria^ by Dbs Cartes ; who further shews 
that solid problems in general can be reduced to the same two constructions, and 
gives his reasons for concluding a priori that " Problemata Solida construi non possint 
absque Sectionibus Conicis, nee qitcs magis composita sunt sine aliis lineiSf magie 
eompositis.^ 

X Exx. 531—7 are from Booth's New Geometrical Methods^ i. 391^2 and L B4B ; 
Ezx. 538—40 from Gregory St. Yinoent's Opus Geom, Quadrat, Circuli, Lib. Ti. 
props. U6, 156, 166 (pp. 606-16). 
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532. The auxiliary circle of an equilateral hyperbola is the 
enyelope of the lines joining the points in which any two diametCTa 
at tight angles meet the curve and its directrices respectively. 

533. If tangents be drawn to an equilateral hyperbola from 
a point on one of its directrices and their chord of contact be 
produced to meet the directrix, the intercept upon it between 
the chord and the point will subtend a right angle at the centre y 
and if the tangents be drawn from any point not on the directrix, 
the focal distance and the polar of the point will intercept on the 
directrix a length which subtends a right angle at the centre. 

534. The intercepts on either directrix of an equilateral 
hyperbola between any chord and the tangents at its extremities 
subtend equal angles at the centre. 

535. The chords drawn from any two fixed points on an 
equilateral hyperbola to a variable point on the same intercept 
on either directrix a length which subtends a constant angle at 
the centre, the constant angle being a right angle in the case in 
which fixed points are the vertices ; and the angles subtended 
at the centre by the intercepts on the two directrices are together 
equal to the angle subtended by the chord joining the fixed 
points. 

536. If a right angle revolve about the centre of an equi- 
lateral hyperbola, the abscissa of any point on either aim varies 
inversely as the abscissa of the point in which its polar meets 
the other arm. 

537. If a diameter of a parabola meet the curve inP and 
the directrix in M and a length MPQ be taken on it equal to 
the normal at P, the locus of Q will be a rectangular hyperbola 
having its centre at the vertex of the parabola. K M'P'Q 
be any second position of MPQ^ shew that the hyperbolic area 
QMM*Q is equal to the product of the arc PP* of the parabola 
and its semi-latus rectum.* 



* When the dlAmeters are oonsecntiYe the distance between them is to the arc 
PP* as the snbnonnal at P to the nonnal, whenoe the required result readily follows. 
Thus the quadraturb of the Hypeibola is reduced to the RBonriOATiON of the 
Parabola. 
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538. A hyperbola having for asymptotes the axis of a 
parabola and the tangent at its vertex cuts the parabola in 0^ 
and APQ is drawn from the vertex of the parabola to meet it 
in Q and to cat the hyperbola in P; prove that if the ordinate 
of Q cut the hyperbola in R^ the segment A OP is equal to one- 
third of the segment APR ; and if from the latter segment 
A OP be cut off equal to one-third of its area, then will A O 
and the ordinate of O meet QR and AQ respectively on a 
parallel through to the axis of the parabola. 

539. If from any two pomts Q and Q on the above hyper- 
bola parallels be drawn to its asymptotes meeting the curve in 
M^ M' and N, N\ the areas OQM, OQN, OQ[M\ OQN' will 
be proportionals. 

540. If through the point Q a second parabola be drawn 
having the asymptotes for its axis and the tangent at its vertex, 
the arcs of the two parabolas will trisect the area QMNl 

NOTX OK THE EU?E-POniT OIBGLB. 

The property of the Nine-point Oirde was stated and proved by 
Biianchon and Poncelet in Oergonne's Annalei, xi. 215 (1821). 
See above, p. 175, note. The property may be verified as suggested 
in Ex. 512, viz. thus. Each of the six chords oonneoting a triad 
AJBC and its orthocentre (Art. 69) is a diameter of one of the 
series of equilateral hyperbolas which can be drawn through 
Ai JBf C: these six chords are therefore bisected by the locus of 
centres (a circle), which also contains the three intersections 
2>, ^, F of the chords taken in opposite pairs (Art. 54 and p. 171^ 
note). A short proof by inversion of the theorem (Salmon's Canto 
SecUanSj Art 131, Ex.), that the nine-point evreU of a triable toueheo 
ite inscribed and exeenhed drelee^ was given by Mr. J. P. Taylor, 
Fellow of dare Oollege, in the Quarterly Journal of Ifathematice^ 
ToL xni. p. 197. The same nine-point circle touches the sixxebk 
inscribed and exsoribed circles of the four triangles determined by 
a triad and its orthocentre. 
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CHAPTER VIL 



THE GONE. 



71. An nnlimited straight line which passes through a fixed 
point in space and moves round the circumference of a fixed 
circle generates a surface which is called a GoneJ^ The line in 
any of its positions is called a Side or a Generating Line of the 
cone ; the fixed point is called the Vertex^ and the straight line 
joining it to the centre of the circle is called the Axis of the 

oone.t 

When the axis is at right angles to the plane of the drde 
the surface generated is a Right Circular cone : in other cases 
the cone is called Oblique or Scalene. In this chapter we shall 
shew that the curve of intersection of a cone with a plane is a 
parabola, an ellipse, or a hyperbola ; and we shall derive their 
elementary properties from the cone itself, confining our attention 
in general, for the sake of simplicity, to the right circular cone. 

In the particular case in which the section of a right 
circular cone is taken at right angles to its axis, it is evident 
that the section is a circle. Any circular section may be 
regarded as the Base of the cone. 

The Focal Spheres of any plane section of a right circular 
cone are the spheres which can be inscribed in the cone so aa 
to touch the plane of section. Their points of contact may be 
defined as the Fod^ and the intersections of their planes of 
contact with the plane of the section as the Directrices of the 



* The complete oone oonsista of two infinite portions on opposite sides of the 
▼ertex. The (right) cone as defined by Euclid (Book xi. def. 18) is the finite 
fignrc (p. 193) described by the revolution of a right-angled triangle abont <»e of 
the sides containing the right angle. 

f The oone and its axis are thns defined by Apollonius at the begianing of his 
TTcpl Kmviicwv (p. 18, ed. Halley). In the oblique cone, which has two sets of 
circular sections, this definition gives two lines, cither of which may be called the 
" aads." In analytical treatises on Solid C^mctry the term axis is noi used as above. 
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flection. We shall shew that these points and lines are identical 
with' the foci and dir^trices as hereinbefore defined. 

In what follows suppose a plane through the axis and at 
right angles to the base of the cone to be taken as the Plane 
of Btference and the Section to be made by a plane at right 
angles thereto. 

THE ORDINATE. 

PROPOSITION I. 

72. The square of the principal ordinate in any section varies 
as the product of the corresponding dbscisscB. 

(i) Let A and A' be the vertices of the section, PJP a 
principal double ordinate meeting AA' in N^ and let the plane 
of circular section through PP meet OA' in £, and OA in Mj 
the point being the vertex of the cone. 

Then in the circle PiP is equal to LN.MN. And as LM 
moves parallel to itself, MN varies as AN and LN varies as 




A'N. Therefore PN* varies as AN.A'Nj or the square of the 
ordinate varies as the product of the abscisses. 

When the section cuts all the generating lines on the same 
side of the vertex it is an Ellipse^ and when it cuts both 
branches of the cone (fig. p. 199) it is a Hyperbola. 
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(ii) If tbe axis AN of the section be parallel to the side OL 
of the conei then, in the figure of Art. 74, since the length LN 
is constant whilst NR varies as the abscissa AN^ therefore PN^ 
(or LN. NR) varies as AN^ and the section is a Parabola. 

Hence it appears that whatever be the vertical angle of the 
cone the section is a parabola, a hyperbola or an ellipse according 
as the angles LOA and OAN are together equal to or greats 
or less than two right angles. 

Corollary 1. 

Since in the former part of the proposition 

PN"" : AN. A'N^ LN. MN : AN. A'N= AH. AK : AA'*, 

where AH and AK, are the diameters of circular sections, it 
follows that the conjugate axis of the section is a mean proportional 
to the diameters of the circular sections through its vertices^ and 
the semi-axis conjugate is a mean proportional to their radii 
or to the perpendiculars from the vertices of the section upon 
the axis of the cone. 

Corollary 2. 

Hence it readily follows that the orthogonal projection of tbe 
section upon a plane of circular section is a conic having a focoa 
upon the axis of the cone.* 

BCnOLIUM A. 

MsNJBCJHinrs (or Menechmus) is said to have been the discoverer 
of the conic sections, which have been accordingly called after him 
the J^enaehmian IViads. Thus Proclus in the second book of his 
commentaries on the First Book of Euclid, writing on Def. 4, states 
upon the authority of Qeminus : ^' But With respect to tiiese 
sections, the -conic were invented by Maenechmus (#w.), which also 
Erastosthenes relating says. Nor in a cone Mimeehmian ternaries 
divide" (Thos. Taylor's Proclus, i. 134); and see the end of the 
lettor of Erastothenes to Ptolemy, given by Eutokius in his com- 
mentary on Archimedes, Be Sphaer. et Cyl, (Archim. CJp., p. 146, 
ed. Torelli), where the same VQrse, 

• This property was given by W. H. Talbot, of Cambridge, in Gcrgonne'* 
Annates, Xiv. 126. 



^ 
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appears in its original context. The authorities are given as above 
in Bretschneider's, Die Oeomet&r und die Geometrie var JSkiklideSy 
§116, p. 155. 

The parabola, the ellipse, and the hyperbola were anciently 
regardea as the sections oi right circular cones of different angles 
by planes at right angles to their sidee^ and were accordingly known 
as the sections of the right-angled, the acute-angled, and the 
obtuse-angled cones respectively. Afollonitjs shewed that they 
could all be cut from one and the same right or scalene cone, and 
he gave them their names Farabolay BlUpse, Hyperbola^ for the 
reason assigned above in Chap. zv. Scholium A, p. 82. See Pappi 
Alex. Collectioy lib. vn. § 30 (p. 672, ed. Hultsch) ; and J. H. T. 
Miiller's Beitrdge zur lH-minologie der Orieehisohen Mathematiker, 
p. 25 (Leipzig, I860). Abohucbdes is sometimes wrongly sup- 
posed to have employed the term Parabola, for the reason that one 
of his treatises came to be known by the title, *AfyxifXfj^ovs rerpa- 
ywvtafioi UapapoXijt, whereas throughout the treatise the author 
uses only the periphrasis, if rov opdoywyiov Kiavov rofid. In like 
manner he calls the ellipse ij rov o^vyttfviov ^xoiyov to fid, and the 
exceptional occurrence oi the term Elltpse itself in his work De 
Conoid, et Spheroid, (lib. i. cap. 9, &c.) is rightly attributed to an 
error of transcription. 

^ Eutokius, at the commencement of his commentary on the Conies 
of Apollonius (p. 9, ed. Halley) explains the names of the three 
conies as follows.* Let LOU be the angle of the cone, AN the axis 
of the section supposed at right angles to the side Oil, and A the 
vertex of the section, which will be a Parabola, a Hyperbola, or an 
Ellipse, according as the angle of the cone is equal to, or greater or 
less than a right angle. The Parabola is accordingly said to be so 
called because AN is parallel to OZ : the Hyperbola because the 
angles LOA and C?-4JV together exceed two right angles, or because 
NA falls beyond the vertex and meets the side ZO produced : and 
the Ellipse because the angles Z OA and OAN are together less 
than two right angles, or because it is a defective circle {kvkXov 
iXXiiirrj). If however the names in question were first introduced 
by Apollonius, it is clear that they are to bo explained as on p. 82. 
The property of the ordinate there given is used by him to discri- 
minate between the three conies and forms the actual basis of his in- 
▼estigations, so that having once obtained it he makes in reality 
very little farther use of the cone. 

THE ASYMPTOTES. 

PROPOSITION 11. 

7S. I^e sections of a cone by parallel planes are similar 
curves ; and the asymptotes of the hyperbolic sections made by 

♦ The passage is given in the Greek at the end of Wfilton's geometrical Problems 
(see abore, Ex. 680, note). 

02 
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parallel planes are parallel to the sides of the cone tokicJk Ue 
on ihe parallel plane through its vertex. 

If any fixed straight line through the vertex of the cone 
meet a pair of parallel planes in M and N^ and' if a yariable 
plane through OMN meet the sections made bj those planes in 
Pand Q, then 

MPiNQ^OM: ON; 

or the parallel vectors MP and NQ are in a constant ratio, and 
the sections are therefore simitar. 

If M and N be the centres of a pair of hyperbolic sections 
the vectors MP and NQ become infinite together : hence the 
asymptotes of any two parallel hyperbolic secti<»ia are 
parallel to one another, and therefore also to the sidea of the 
cone determined by the parallel plane through the vertex, since 
this is a limiting position of one of the planes of section. 

Corollary. 

The angle between the asymptotes of a hyperbolic section 
cannot exceed the vertical angle of the cone ; and convenely 
in order to cut a hyperbola of given eccentricity from a cone 
we must take a cone whose vertical angle ia not less than that 
between the asymptotes. 

THE FOCAL SPHERES. 
pROPOsrrroN iir. 

74. TTie distmice of any point of a section from the point of 
contact of its plane loith either focal sphere is in a constant r€Uio 
to the distance of ihe point from the plane of contact of the sphere 
with the cone^ or to its distance from the line in which that plane 
meets the plane of sectionJ^ 

Let 8 be the point in which the plane of the section touches 



* The reader who prefers to define a conic as the section of a cone by a plane 
may define its fod and directrices by means of the focal spheres (p. 192), as Piero 
Morton (SchoL B) proposed to do. The proposition will then take the form that 
*< The distance of any point on a conic from either focus is in a constant ratio to its 
distance from the corresponding directrix." 
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either of its focal Bphercs^ and MX the line in which it meets 
the plane of contact of the sphere with the cone. 

Take any point P on the section, and let Q be the point 
in which the side of the cone through P touches the spherci 
and let PM be supposed parallel to the atcis of the section. 

(i) Then the tangent P8 to the sphere is equal to the 
tangent PQ^ and the perpendicular from P to tliiy pl^nfi ^^ 
contac t varies as PQ^ and likewise as PM\ imd therefore SP 
varies as that perpendicular, and likewise as PMJ^ 

flenoe the point of contact S and the line MX are a Focus 
and Directrix in accordance with their definition on p. 1. 

(ti) This result is usually obtained, rather less directly, as 
follows. 

Having made the same construction, let the side of the cone 
through the vertex A of the section touch the sphere in E 



and meet the plane of circular section tbxoiigh P \jk.Jt\ let PN 
6e the ordinate of P to the axis AN of the section, and let X 
be supposed to lie in the plane of reference. 

* If a and /9 be the inclinationB of the axis of the cone to the axis of the section 
and to a side of the cone leepectirely, then SP = &Ma.9ecp. PM\ or ^0 eecentrieitf 
ifl equal cos a. sec /9, and is therefore limited by the Yertical angle of the cone and 
cannot exceed sec /3, 
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Then smoe 8P is equal to PQj and PQ is equal to BJEi^ 
therefore 8P is equal to BE. 
Hence and by paraHels, 

8P: NX^BB: NX^AE: AX 

^ASiAX, 

or 8P is to PM or NX in the constant ratio of 8A to AX 

In the case of a bifocal conic the second focus and directrix 
are determined in like manner, as is indicated in the diagrams 
of Art. 75. " '" 



PBOPOSITION IV. 

75. ITie mm or difference of the distances of any point on 
a section from the points of contact of its plane with the focal 
spheres is constant^ being equal to the intercept made by the planes 
of contact of the spheres upon any side of the cone. 

Let 8 and H be the foci, o'r points of contact of the focal 
spheres, and Q and B the points in which the spheres meet 
the generating line through any point P of the section. 
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(I) Then mnce the t&ngenta from P to either sphere sre 
equal, therefore hj addition in the case of the ellipse, 

8P+3P=PQ + PS=QS, 
which ia the same for all positions of P on the seetion. 

(ii) And by sabtraction in the case of the hyperbola. 




SP- EP= PQ~PB= QB, 
which is constant, as in the former case. 

Corollary. 
In the first figore if OA and 0A\ drawn &om the vertex 
of the ctfne to tbe verticea of the section, touch the £C-Bphere 
in £ and ^, then 

0A'-A-8=0E'=0E=0A-A8, 
or OA' -' OA ia equal to 83. In the second figure it may be 
shewn in like manner that OA' + OA is equal to 811. Hence 
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the eccentricitj is the ratio of OA ± OA to AA^ and tbe 
distance of the foci from the centre is |( OA! ± OA). 

PBOPOSmON V. 

76. THa tangent aJt any paint of a section makes equal angles 
with the focal distances and with the side qf the cone.* 

Let TPt be the tangent at anj point P to the section, and 
let the side OP of the cone meet the focal spheres in p and p\ 

Then since the tangents PS and i^ to the /S-sphere are 
equal, and likewise the tangents T8 and Tp^ therefore the 




s 



* This property and its applicationfl were poiated out by me in an article oa 
An AngU'fropmty rf ikt Right Circular C<m$ contributed in June 1871 to the 
Mettmger qf Mathematics (vol. I. p. 67), and in subsequent articles. The same 
methods were employed in Booth's Treatite on Conies published some years later in 
the second Tolume of his New GeomeCrical Methods; but from the introduction to 
that Tolume wo learn (p. z) that the substance of the treatise had been read before 
tbe Boysl Irish Academy in 1837, although not published till forty yeais after. 
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triangles T8P and TpP are equal in all respects, having their 
angles at T equal and their angles at P and their supplements 
equal. 

In like manner it may be shewn that the angles at T and 
those at P in the triangles THP and TpP are equal. 

Hence L 8Pt =pPi = pTT = HPT^ 

or the tangent TPt makes equal angles with the focal distances 
8P and HP and with the side OP of the cone.* 

PROPOSITION VI. 

77. ^ tangents be drawn to a section from any point in its 
plansj and a side of the cone he dravon through ei^ier point of 
contact^ the intercept upon it between the focal spheres subtends 
at the point of concourse of the tangents an angle equal to the 
angle between them. 

It may be shewn as in Art. 76 that the angles /87!Pand^7!P 
are equal, where T is any point on the tangent at P; and in 
like manner that the angles HTP and p'TP are equal. 

Hence LpTp' = STP-^- HTP^ STH^- 2STP. 

K TR be the second tangent from T to the section, and 
if the side of the cone through B meet the spheres in q and ;', 
it may be shewn in like manner that 

z jTj' = STB + HTB = STH+ 28TB. 

And since the insngles pTp' and qTq' have their sides which 
touch the spheres equal and their bases pp' and qq' equal, their 
angles at Tare equal. Hence a fresh proof that the angle 8TP 
is equal to HTB (Art. 50) ; and it follows that 

lPTB^pT^'^qTq\ 
as was to be proved.t 

Corollary. 

TSPTB be a right angle, pl^ is e^ right angle and T lies 
on a certain sphere. The locus of T is therefore the section 



* This may also be proved by the method of Art. 48 (i), smce OP ^ 8P \a 
constant. 

t Observe that the triangle Tpp' is identically equal to the triangle STH* of 
Art. 50 (Cor. 2 and Scholium D). 
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of a sphere by a plane ; that is to say, it is the circle which 
is called the Director Circle. 



PBOPOSITION VII. 

78. The conjugate axis of any section is a mean proportional 
to the diameters of its focal spheres^ and its latus rectum varies 
as the perpendicular to the plane of section from the vertex of 
the cone. 

Let AA' be the axis of the section and / and F the centres 
of its focal spheres. 




(i) Then since fA and FA bisect the supplementary angles 
between AA' and the side of the cone through Aj therefore 
by similar triangles /i84, FKA^ 

f8:A8=AE:FH, 

and therefore f8.FH^A8.AH=: CB% 

or CB is a mean proportional to the radii of the spheres, and 
2 CB to their diameters. 
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(ii) Draw OL perpendicular to AA\ and dreiW fk and FK 
to tbe points of contact of the spheres with the side OA of 
the cone. 

Then since OK b equal to the semi-perimeter of the triangle 
OAA', 

fk.OK=AOAA':=-^OL.AA\ 

where OK varies as the radius FK 

Therefore OL . A A' varies as/A . FK or CB* ; that is to say, 
OL is in a constant ratio to the latus rectimi. 

CoroUafy. 

If a sphere be described about the vertex of the cone as 
centre, the latus rectum of the section made by any plane 
touching it will be constant, and will be equal to the diameter 
of the circular sections whose planes touch the sphere. 

PROPOSITION VIII. 

79. The sphere of which the line joining the centres of the 
focal spheres of any section is a diameter contains the auxiHary 
circle of the section. 

(i) Since fF (in Art. 78) subtends right angles at A and A\ 
the sphere on fF as diameter cuts the plane of section in the 
circle on AA as diameter, which is the auxiliary circle of the 
section. 

The annexed duplicate proof further establishes the relation 
between the auxiliary circle and the tangent. 

(ii) Through any tangent YZ to the section draw a plane 
through / and likewise a plane through F. These bisect the 
supplementaxy angles between the plane of section and the 
tangent plane through YZ to the cone, and are therefore at 
right angles. 

If 8Y and HZ be the focal perpendiculars upon the tangent, 
yy is at right angles to YZ and to the plane FYZ. 

Hence fY is at right angles to FY^ and the sphere on fF 
as diameter passes through F, and its trace on the plane of 
section is a circle, whereof AA' is evidently a diameter. 



r\ 



204 THE CONE. 

Corollary. 
The right angled triangles /i9F and ^jSZ being similar^ 

8Y. HZ^fS. FH^ CB*^ 

or the product of the focal perpendiculars upon the tangent is 
constant. 



SCHOLIUM B. 

The constnictions for the Foci and Directrices of the sections of 
the cone are due to Hamilton, Dandelin, and others. 

HxroH Hamilton of Dublin, in Lib. n. prop. 37 of his work 
entitled De Seeiionihm Conieis Traetaius Geametrtcua in quo ex naiura 
wiius Cimi Seetionum Affectiones fadlUme dedueuntur msthodo nova 
(ijondini, 1758), establishes the following properties. In the 
figures of Art. 75 (supposing the spheres to be omitted) if j9 be a 
focus and AJS be taken equal to AS, then (1'^ the iS-directrix is 
determined by the intersection of the plane oi the conic with the 

$lane of circular section EQE' ; and (2) the vector 8P to any point 
' of llie conic is equal to the segment PQ cut off by the same 
circular section from the side OP of the cone ; and (3) when the 
conic is bifocal two circular sections are thus determined which 
intercept on any side of the cone a length QR equal to the 
transverse axis. Having thus established the equality of AS^ AE 
and of AB^ AE\ as well as the equality of OE and 0E\ he had 
virtually proved l^at the focus B might be determined as Uie point 
of contact of AA! with the inscribed circle or one of the escribed 
circles of the triangle OAA', or in other words as the point of 
contact of a Focal sphere with the plane of section. He did not 
however state his conclusion in this form, but presupposed the 
determination of S by the relation AS . A' 8 » VS*, and then proved 
MX to be the directrix by shewing that C8 : CA " 8A : AX. 

QxTETELBT Contributed a Mimoirs iur une nouveUe Thdorie dei 
Sections Coniques eonsidMes dans U Solids (presented Dec 23, 1820} 
to the Nbuvsaux Mdmoirss ds PAcadimis BoyaU dss Seisnces si BsUoo- 
letirss ds BruxMss (tome ii. pp. 123 — 153, 1822), in which he 
shewed inter alia (1) that the foci of a sestion are determined by 
the relation OA i OA' ■■ SS"; and (2) that in an elliptic section 
OP - SP is constant and equal to OB - CA. These results, so far 
as they go, are identical with Hamilton's; but Quetelet (unlike 
Hamilton) gives no construction for the directrices. In the course 
of the above Mimoirs he refers to his tract on the Curva FocaliSf or 
"Focale" (Gandavi, 1819). 

DAin)BLm, in a Mimoirs sur quslqttss propriitis rsmarquablss ds la 
Fooals Paraboliqus published in the same volume of the Nowsaux 
Mimoirss (ii. 171 — 202), begins by inscribing the Focal Spheres 
and thus determining the foci of the sections. In tome ui. (1826) 
he extends the same construction to the Hyperboloid of revolution. 
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but in neither case does he make any mention of the directrices. 
See also tome rv. 77; Qnetelet's Correspandancs mathimatique et 
ph^itpiSf I. 82 ; Oergonne's Annales^ xv. 392. 

A complete determination of the Foci and Directrices of the 
sections of the cone by means of the Focal Spheres was at length 
proposed by Pibrob Mobton (B.A., 1825) before the Camhridge 
Philoiophieci Society in 1829 {iVansaetians, vol. in. pp. 185 — 190, 
1830; and see pp. 228 — 9 of the anonymous Geometry, Plane Solid 
and Spherical, in the Library of Useful Knowledge, London, 1830). 
From his introductory remarks it would seem that he was not 
acquainted with the investigations of Hamilton and Dandelin. 



THE SEGMENTS OF CHORDS. 

PROPOSITION IX, 

80. A chord of a cone being divided at any pointy to determine 
the rectangle contained by its segments* 

Upon the surface of a right or scalene cone take any two. 
points A and A' (figures of Art. 75), and in the lino AA' or 
its complement take any point X: it is required to determine 
the magnitude of the rectangle XA . XA\ 

Take any fixed circular section KRK\ and from the vertex 
of the cone draw a parallel to AA* to meet its plane in Z* 
and let the plane AOZA' meet the fixed circular section in 
K and K' and the parallel section made by a plane through X 
in E and E'. 

Then by similar triangles AEX^ ZKO and A'E'X^ ZK'O^ 

XA.XA' : XE.XE^Zl/ : ZK.ZK\ 

where (1) the latter ratio depends only upon the direction of 
AA\ since when this is given the point Z is known and the 
product ZK.ZK' is determined, and (2) the magnitude of 
XE. XE depends only upon the position of X in space. 

By taking A and A' on a given plane of section we deduce 
the results of Art. 16. 

SCHOLIUM 0. 

The method of Prop. ix. is frequently attributed to Hamilton, 
in whose treatise it holds a prominent place {Sectionea Coniea, 1768, 
Lib. I. props, x. xi.). He supposed that he had thereby settled 
the old controversy about the cone and the plane in favour of the 
ancients, who derived the ''sections'' from the cone 3 not being 
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aware that the property in question could be proved t'n piano with 
at least equal ease (Art. 16). Hamilton's proposition had appeared 
in the preceding century in the Tractatus xxiv. De Sectionidtu 
Contois, props. 48, 49 (pp. 419 — 20) appended to Eucudes 
Adaitotus ^c» auetare D. Quarino Guarino (Augusta) Taurinomm, 
1671) ; where in prop. 48 the case of two parallel chords cut bj a 
single chord is considered, and the property of two pairs of parallel 
chords is deduced in prop. 49. oee also Synopsis Palmarioruvi 
Mathes&os : or A New Introduction to the Mathematics , by W. Jones 
(London, 1706), Part ii. § 69 (3), p. 265 : «'In any Conic Section, 
if two Parallels are cut by two others, and all terminate at the 
Ourve, the Bectangles of the Segments shall be Proportional." 
These references are given by Abr. Kobertson, Seetionum Conicarum 
libriseptem, p. 348 (Oxon. 1792). 

EXAMPLES. 

541. The latus rectum of a pai*abola cut from a given 
right cone varies as the distance between the vertices of the 

• section and of the cone. 

542. The foci of all similar sections of a given right oonc 
lie upon two other right cones. 

543. Prove by means of Art. 75, Cor. that the parallel 
sections of a cone have the same eccentricity; and give a 
construction for cutting an ellipse of given eccentricity from 
a given right cone. 

544. The eccentricity of a section is a ratio of majority 
or minority according as the acute angle between the axes 
of the cone and of the section is less or greater than half the 
vertical angle of the cone. 

545. If two or more plane sections have the same direc- 
trix, the corresponding foci lie on a straight line through 
the vertex of the cone. 

546. Shew how to cut from a given right cone an ellipse 
whose axes shall be of given lengths, or whose latus rectum 
and area shall be of given magnitude. 

547. The area of the triangle through the axis*^ in the right 

* Apollonius supposed his sections to be made by i^laues at right angles to the 
plane drawn through the axis of the cone (defined as on p. 192) at right angles to its 
base. The triangle through the nxis (viz. of the cone) was the triangle detcnnincil 
by the vertex of the cone and the trace of the conic upon the plane tlirough the 
axis. See Choslcs, Aper^u Ilistorique, p. 18 (ed. 2, Paris, 1875). 
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cone, varies as the square of the minor axis of the section, 
and the volume cut off from the cone by the plane of the section 
varies as the cube of its minor axis, and is of constant magnitude 
80 long as the minor axis is constant. Is the same true of the 
scalene cone? 

548. If the minor axis of a section be given in length and 
direction, the locus of the centre of the section is a hyperbola. 

549. Given a right cone and a point within it, construct 
the two sections which have the point for a focus; and shew 
that their planes make equal angles with the straight line 

joining the point to the vertex of the cone. 

• 

550. The vertical angle of a right cone being a right angle, 
the perpendicular from the vertex to any plane is equal to 
the semi-latus rectum of the section made by that plane. 

551. Shew how to cut a section of maximum eccentricity 
from a given cone. Under what conditions is it possible to 
cat a rectangular hyperbola from a cone ? 

552. Shew how to place a given section (when possible) 
in a given cone. 

553. If from the centre (7 of a hyperbolic or elliptic section 
a line CW be drawn at right angles to the axis to meet the 
sides of the triangle through the axis, the square of the semi-axis 
conjugate is equal to CV.CV; and the semi-axis conjugate is 
equal to the distance of G from the vertex of the cone in the 
case in which the transverse axis of the section is parallel to 
the axis of the cone. 

554. Two right cones of supplementary vertical angles 
being placed with their axes at right angles and their vertices 
coincident, shew how to cut from them a pair of conjugate* 
hyperbolas. Shew also that if the two cones be cut by a plane 
perpendicular to their common generating line, the directrices 
of one of the sections will pass the foci of the other. 



* That is to say, conjugate in form and dimensions, bat not lying in the same 
plane. 
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555. The locns of tl\e centres of the elliptic sections whose 
major axes are equal is a prolate or oblate spheroids 

556. If F be the vertex of a right angled cone, and FN 
the ordinate of P in a parabolic section whose vertex is A, 
shew that the semi-latus rectum is equal to VP-- AN. 

557. An ellipse and a hyperbola lying in planes at right 
angles are so situated that the foci of each are at the vertices 
of the other. Shew that if 8 be the vertex and A the focus 
and P any point upon a branch of the hyperbola, and if Q 
be any point on the ellipse, then 

AS+PQ^AP+BQ. 

558. If two cones be described touching the same two 
spheres, the eccentricities of their sections by identical planes 
are in a constant ratio. 

559. The vertex of a right circular cone which contains 
a given ellipse lies on a certain hyperbola, and its axis touches 
the hyperbola, and conversely. 

560. Two parallel tangents to a section of a right cone 
meet in M and M' a plane which touches the focal spheres 
in points Q and (^ on a generating line : shew that a circle 
goes round MQM'Q. 

561. Determine the asymptotes of a given section of a 
scalene cone. 

562. Assuming that one focus of the shadow of a sphere 
standing on a horizontal plane and exposed to the light of 
the sun is its point of contact with the plane ; find the envelope 
of the corresponding directrix, and the locus of the remuning 
focus, for a given day and place. 

563. By properties of the cone, or otherwise, find the locus 
of the extremity of the shadow of a vertical gnomon erected 
on a horizontal plane, on a given day and in a given latitude. 

564. The centre of a sphere moves in a room a vertical 
plane which is equidistant from two candles of the same height 
from the floor: determine its locus if the shadows upon the 
ceiling be always in contact. 



rs 



EXAMPLES. 208 

565. If a point move in a plane in sneh a way that the sum 
or difference of its distances from two fixed points, one of which 
lies in the plane and the other without it, is constant, its locus 
will be a plane section of a right circular cone whose vertex 
is at the external given point 

566. Prove in Art 75 that 8E and 8E' bisect the diameters 
of the circular sections through A' and A respectively ; and that 
SOj AjE\ A'JS cointersect, and hence that B and E'E produced 
divide AA' harmonically. 

567. Prove from the cone that the intercept on any tangent 
to a conic between the curve and a directrix subtends a right 
angle at the corresponding focus. 

568. Prove also that the tangents from any point to a 
section subtend equal or supplementary angles at either focus. 

569. A tangent to a right cone being drawn, there may 
always be drawn through it pairs of planes cutting the cone in 
sections which have equal parameters. 

570.' The section of maximum parameter which can be 
drawn through a given point on a right cone has its plane 
at right angles to the generating line through the point, and 
has its tangent at that point parallel to the base of the cone. 

571. Through a given point on a right cone there may be 
drawn any number of planes making sections which have equal 
parameters ; and the envelope of these planes is another right 
cone, having its vertex at the given point and its axis coincident 
with the side of the original cone through that point 

572. In a given right cone, the locus of the foci of all 
equal parabolas is a circle whose plane is parallel to the base ; 
the locus of the foci of all the parabolas whose planes are 
parallel b a straight line through the vertex of the cone ; and 
the locus of the foci of all the parabolas that can be drawn 
in the cone is another right cone having the same axis. 

573. The sphere inscribed in a right cone so as to pass 
through a vertex of a section intercepts upon the axis of the 
section a length equal to its latus rectum. 

p 
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574* If sections of a right cone be made haying one of their 
Tertices at a fixed point on the cone, their circles of durvatare 
at that vertex lie upon a sphere inscribed in the cone. 

575. The sum or difference of the tangents from anj point 
on a conic to the circles of curvature at its vertices is constant. 

576. Prove from the right cone that a conic section may 
be regarded as the locus of a point such that the sum or 
difference of the tangents therefrom to two fixed cnrdes ia 
constant. 

577* Prove from the right cone that a conic section is the 
locus of a point such that the tangent therefrom to a fixed circle 
is in a constant ratio to its perpendicular distance from a fixed 
strajght line ; and prove that in the case in which the straight 
line cuts the circle it is the chord of real double contact of the 
circle with the conic;* and prove that the above-mentioned 
c5onstant ratio or modultis is equal to the eccentricity of the conic 

578. Two circles have double internal contact with an 
ellipse,t and a third circle passes through the four points of 
contact. If l| ^1 T be the tangents from any point on the 
ellipse to these three circles, prove that T'^^tt. 

579. Notice the forms assumed by the several properties 
of the acute-angled cone when its vertical angle is diminished 
indefinitely, eo that the surface becomes a cylinder. 

580. An oblique cone or cylinder being described upon a 
circular base, shew that its subcontrary sections are likewise 
circular4 

* Hence it appean that a fow» qfa conic may be regarded as an evaneecent cireU 
having double contad vfith the conic at the two imaginary points in whidi it is 
intersected by the corresponding directrix ; and it may be inferred that the lines 
joining the focus to the two imaginary points at infinity thiongh whidi all cxicks 
pass are tangents to the conic, and hence that all conic* which have the eame two Jbd 
may be regarded as inscribed in the qttadrilateral which has the two foci and the two 
circular points at infinity for its opposite vertices. See Salmoh's Conic SeeUtme^ 
chap, ziv, on Methods of Abridged NotoHon, 

t If CM be the central abscissa of a point of contacti and CN the abecissa of anj 

CM 

point on the conic, the tangent from that point to the circle is equal to e.CN, 

e 

X Two sections are said to be subcontrary when the traces of their planes 
upon the plane of refcrcnoe are inclined to the sides of the cone or cylinder at angles 
which arc alternately er^ual. 
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581. £ztend the theoremB of Art. 72 to the oblique dbne; 
and shew that if through any point on a side of the triangle 
through the axis there be drawn two planes of circular section 
and any other plane between them, the third plane will cut 
the cone in an ellipsCi haying its minor axis in the plane of 
reference. 

582. If AA' be the axis of a section of a scalene cone, 
and AD and Ad be diameters of its circular sections through 
Aj shew that the square of the distance between the foci is 
equal to A'D.A'd, Shew also in the right cone, with the 
construction of Art. 72, that the circle drawn with the middle 
point of AA' as centre to bisect AH and A'K passes through 
the foci. 

583. If a scalene cone be cut by any plane at a given 
distance from its vertex, the latus rectum of the section will 
be constant* 

584. The transverse axis of a section of an oblique cone 
being supposed to Ue in ;the plane of reference, prove that the 
eircle which touches the axis and passes through the centres 
of the two circular sections which can be drawn through 
either vertex determines the nearer focus.t 

585. If the conjugate axis lie in the plane of reference, 
and if two circular sections be drawn through either of its 

* This extension of Art. 78, Oor. may be proved as follows. Supposing the 
tanrnflYerse axis to lie in the plane of reference, let Djy be the diameter (in that 
plane) of the section which is parallel to the base and equidistant with the plane of 
the conic from the Tertez (fig. Art. 72) of the cone. Draw OYZ parallel to A A' to 
jDi&AAH in Fand Djy in Z, Then it may be shewn that AY— OZ, and hence 
that Diy : AH=^ A'K : AA', The latus rectum is therefore equal to DJ/. This 
theorem is due to James Bemouilli. See the Leipsig Ada ErvdUcrum, ann. 1689, 
pp. 686-8 ; and Ghasks' Aptr^ Historiquej p. 19. 

t Exx. 69i and 685 are from Chasles' Aper^ Historigue^ Note it, p. 285, where 

it is added that the EcctmiricUy is a mean proportional (Ex. 682) to the distances 

of the centre of the conic from the centres of the two circular sections through either 

of its Tvrtices. It is to be noted that (before the directrix came into general use) the 

eooentricity was sometimes defined (I) as the distance of the foci from the centre^ 

b — a 
or (3) as the ratio of that distance to the semi-axis, or (3) as the ratio , where b 

denotes the semi-latus rectum and a the perihelion distance of the orbit (Enler's 
Tkecria Motuum PlanUarum ti Cometarum, prob. yili. oor. 1, p. 86). 

p2 
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' • ' * . *■ 

extremities, the circle npon the line joiniDg their centres 
diameter passes through the foci. 

586. Every tangent plane to a cone cuts the ejclic planes 
in a pair of lines making equal angles with the line of contact ; 
and every plane through two sides of the cone cuts the cyclic 
planes in two lines which make equal angles with those sides. 

587. The sum or difference of the angles which any tangent 
plane makes with the cyclic planes is constant. 

588. The sum or difference of the lines drawn from the 
vertex of a right cone to the extremities of any diameter of 
a section is double of the line from the vertex to an extremity 
of the conjugate axis. 

589. If a sphere drawn through the vertex of an obltqne 
cone cuts the cone in a circle, the^plane of a section sab- 
contrary thereto cuts the planes of any two great circles 
of the sphere in a pair of lines inclined at the same angles as 
their planes. 

590. The lines of intersection of any tangent plane to a 
scalene cone with its two cyclic planes are such that the product 
of the tangents of the angles which they make with the inter- 
section of the cyclic planes is constant. 

591. The product of the sines of the angles which any side 
of a cone makes with the two cyclic planes is constant. 

592. If a section of a cone be made by a plane which cats 
the planes of two subcontrary circular sections and the sphere 
containing them in two right lines and a circle respectively^ 
and if a chord be drawn to the circle from any point of the 
section; the product of the segments of the chord is to 
the product of the perpendiculars from the assumed point to the 
subcontrary planes in a constant ratio.* 



* For thia very general theorem and its corollaries see the article bj Xr. 
John Walkbr on Geometrical Propotkions relating to Focal Properties of Surfaces 
and Curves of the Second Order in the Cambridge and Dublin Mathematical Journal^ 
Tol. YII. pp. 16 — 28 (1852). The special case of Ex. 694 is also proved in the ifessenger 
of Mathematics^ vol. IX. pp. 83, 31. See also Mr. S. A. Benshaw's treatise on The Cone 
and its Sections (London, 1875). 
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593. The above-mentioned constant ratio is the ratio of the 
product of the sines of the angles which the cjficlic planes make 
with the plane of the section to the product of the sines of the. 
angles which thej make with any side of the cone. 

594. A sphere being drawn through two subcontrary circular 
sections of a conCi and the planes of those sections being pro- 
duced to meet ; prove that their line of intersection is a directrix 
of the section made by either plane drawn through it to touch 
the sphere, and that the point of contact is the corresponding 
focus. 

595. From the above construction deduce that any tangent 
to a conic (from the curve to either directrix] subtends a right 
angle at the corresponding focus. 

596. All the right cones which have the same conic section 
for their base have their vertices upon another conic section, 
lying in a plane at right angles to that of the former, the 
foci of each curve being at the vertices of the other. 

597. If a hyperboloid of revolution and its asymptotic cone 
be cut by a plane, their two sections will be similar.* 

598. If two spheres be inscribed in a conoidf so as to 
touch a given plane of sectioui the two points of contact will 
be the foci of the section. 

599. All sections of a conoid made by planes through 
one its foci have that point for one of their foci, and they 
have the intersections of those planes with the directrix plane 
of the conoid for their corresponding directrices. 

600. The cone whose vertex is at a focus and whose base 
is any plane section of a conoid is a right cone. 



* For proo& of the theorems of Ezx. 597 — 600 see Hutton*a A Course of Afathe* 
matics, compoeed for the use of the Boyal Military Academy, vol. ir. pp. 196 — 208 
(12th edition, ed. Thomas Stephens Dayiefl, 1843) ; and see Besant'a Conie Sectioru 
treated geometrically, chap. xil. 

t A ootioid is the sarfaoe generated by the rerolation of a conic about one of 
its axes. 
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CHAPTER VIII. 

« 

OUBVATUBB. 

81. If PQ be a small arc of a cnnre and PT its tangent 
at P, the angle QPT is called the Angle of Contact of the 
arc PQ. 

If PQ' be an arc of a second curve touching the former at P, 
and \£ QQ meet the common tangent in T; then will the 
curvature of PQ at P be equal to or greater or less than the 
curvature of PQ' at P according as the limiting ratio of the 
angle of contact QPT to the angle of contact QPT (when PQ 
and PQ' are diminished indefinitely) is a ratio of equalityi 
majoritj, or minority. 

The Circle of Curvature of a conic at any point P is the 
drcle which has the same curvature as the come at P: it is 
therefore the limiting position of the circle which touches the 
curve at P and meets it again at an adjacent point which 
ultimately coalesces with P: it is also the limiting position of 
the circle which meets the curve at P and at two other points 
which ultimately coalesce with P. The centre, radius and 
diameter of this circle are called the Centre of Curvature^ the 
Radius of Curvature^ and the Diameter of Curvature of the 
conic at P, and its chord in any direction through P is called 
the Chord of Curvature of the conic in that direction. 

It is easily seen that a circle which cuts a conic must cat 
it in two or four points, and hence that the circle of curvature 
at any point P of a conic will in general cut as well as touch 
it at Py and will also cut it in one other point Any other 
circle touching the conic at P must lie wholly within or without 
the former, and since it cannot cut the conic at P it is easily 
seen that it cannot pass betu^een the curve and its circle of 
curvature at that point The circle of curvature is therefore 
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the circle of closest contact with the conic at P^ and is called 
its Osculating Circle at that point. 

A circle which teaches a conic at an extremitj of either axis 
wiU in general meet it again at the two extremities of a chord 
parallel to the other axis; whence it readilj follows that the 
circle of corvatore at an extremity of an axis is to be regarded 
as meeting the conic in four coincident points. It may also 
be regarded as having doable contact with the conic at two 
coincident points,* and it does not cat the conre at its point of 
contact. It is easy to determine the points in which any other 
circle teaching the conic at the same point meets it again, 
and hence to shew that no sach circle can pass between the 
conic and its circle of cnryatore at that point 

PROPOSITION I. 

82. The focal chord of curvature at any point of a conic is 
equal to tie faeal chord of the conic parallel to tie tangent at 
tJkat point 

Let P8P , be any focai chord of a conic, FT the tangent 
at P, and USR the focal chord paraUel to PT. 




• By regarding the centra of carratare at the Tertex as the nltijnate position of 
the foot of the nonnal at P when P ooaleiioes with A^ we deduce from the property 
BG = €,8P (Art. 10) that the radius of cturatare at ^ is eqnal to AS (1 + e), or 
to the semi-latos rectum. By like considerations it may be ohewn that the radios of 

cnrvBtnre at H in the ellij^ is equal to -^ • 
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Describe a circle teaching the conic at P and catting it at 
an adjacent point Q^ and let TQ be taken parallel to PP, and 
let it be produced to meet the circle again in H and the conic 
in Of. Then bj Art. 16 and by a property of the circle, 

TQ.THiTQ.TQ^TP'iTQ.TQf^RBiPF^ 

or THi TQ!^BBiPF. 

Let P8 meet the circle again in U\ and let the point Q 
coalesce with P, so that the circle becomes the circle of corvatore 
at P. 

Then T likewise coalesces with P, and TQ with PF^ and 
TJS with PU\ and therefore (from the aboye proportion) the 
chord of carvatare PU (being the limit of TH) is eqaal to 
the focal chord BR parallel to PT^ as was to be proved.* 

Corollary 1. 

It follows that in a central conic the chord of carvatare at P 

2CZ?^ 
throagh diher focus is equal to -pT iA^* ^^i Cor.): in the 

parabola the chord of curvature through the focus, or parallel 

to the axis,t is equal to 4iSP; and in the general conic the focal 

2PCP 
chord of curvature is equal to — j^ (Art 15, Cor. and Ex. 45). 

Corollary 2. 

Given the chord of curvature at P in any one direction, the 
chord in any other direction can be determined. For let PU 
be the given chord and PV any other, and let a parallel to the 
tangent at P meet PU in £ and PV in F] then it is evident 
from the circle that 

PV:PU=^PKiPF, 

* This proof is dne to Professor Townsxnd (Salmon's Conic Seetitmt, Ait. 897) : 
a variation of it will be given in Prop. 11., where the circle of curvature ia reg^aided as 
the limit of a circle which cuts the conic in three points, two of which ultimately 
coalesce with the third. 

f Draw a circle tonching the parabola in P and cutting it in i2 (fig. Art. 82), and 
let MR meet the circle agam in K. Then MR,MK=MP» = 4J3P.MR (Art. 28, 
Gor. 2), or MK = ASP, Hence another proof of the result given above in the text 
It is to be noted that any two chords of the circle of curvature equally inclined 
to the normal at P are equal. 
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or the ratio of PV to the given chord PU is known. If f be 
supposed to coincide with 8^ then 

PV. PF^ BP. PU=^ SP. BR, 

"which gives an expression for the chord of curvature PV in any 
direction in terms of the focal chord RR (of the conic) parallel 
to the tangent at P. For example, in the parabola it follows 

at once that the Diameter of Curvature is equal to *-o~y=- ^ 

where 8Y\a the focal perpendicular upon the tangent. Xn the 

central conies, supposing KF io pass through C, we deduce that 

PU GA. 
the Diameter of Curvature is equal to — ^ — [PU being 

drawn through 8), or -j^ , or ^j-^) or -jj- . 

PROPOSITION II. 

83. At any point of a conic the chord of curvature in any 
direction is to the chord of the conic in the same direction as the 
focal chorda [of the conic) parallel to the tangent and to the chord 
of curvature. 

Let a circle meet a conic in three adjacent points Q, P, Q* 
and let PU be a cbord of the circle, and let it meet QQ' in V 
and the conic again in P, 

* Complete the chord Q VQ[ in the figoro of Prop» x. 
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Then bj a property of the circle and by Art. 16, 

PV.VU: PV.VF^ QV.VQi PV.VP'^q :p, 

where p and q are the focal chords of the conic parallel to 
PP and QQ. 

Therefore VUi VP^qxp. 

Hence, if Q and Q (and therefore also F) be supposed to 
coalesce with P, so that the circle becomes the circle of cnira- 
tnre and QQ becomes the tangent at P, it follows that the 
chord of cnrvatore PTJ is to the chord of the conic PP in the 
same direction as its focal chord parallel to the tangent at 
P to its focal chord parallel to PP^ as was to be proved.* 

PROPOSITION III. 

84. To determine the Ungik of the central chord of curvature 
at any point qf an ellipse or hyperbola^ and likewise the length 
of the chord of curvature drawn in any other direction* 

(i) Let PCP be any diameter of a central conic, QV h 
double ordinate of that diameter adjacent to its extremity P: 
we have to evaluate the central chord of curvature of the conic 
at P. 




* If any focal choid meet the tangent at P in 7\ it foUowa at onoe by Bz. 79 
(cf. Ex. 447, note) that the chord of cnrvature at P pandlel to it is equal to 

SLi^^ as was TirtiiaUy shewn in Art. 82, Cor. 2. It wiU be obeerved that 

ST 

Prop. II. alone completelj detezminea the cnrvatnre of a conic at any point, bat 
it seem«d deairabk to regard the anfoject from diffezent pomts of new. 
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Draw a circle toaching the conic at P and cutting it at Qj 
and let it meet PP* again m U^ and let its chord HQ parallel 
to Fr meet the tangent at Pin 21 

Then since QV* mt TP^ ^ TQ . TS^ 

tberefora TQ. TExPV.VP'^GIf : CP\ 

or THxVF^CiriOP\ 

where CD ia the semi-diameter conjugate to CP. 

By making Q coalesce with P, so that the circle becomes the 
cirole of cnryatnre at P, we deduce that 

PUiPP'^CiyiCP\ 

or PU.CP^2Ciy^ 

wliere PIT* is the central chord of curvature at P. 

(ii) More generallj, if QH and PO be parallel chords of 
the drde drawn in any direction, and if QV meet PZ7in R 
and CD in Ey then since QB : QV\% a ratio of equality when Q 
coalesces with P,* it is easily seen, as in the former casCi that 
ultimately 

PR. THi PV.VP'^ OV : CP«; 

T 




and it follows by parallels that 

PE. THx OP.VP'^ Ciy : CP\ 

* See NiwtobIb Prmeipiay lib. I. Sect. I. lemma 7, oor. i. AJeOi vpon c ur f iiiur e 
In general, see lemma 11 with the notes in the edition by Mr. P. T. liain (after 
J. H. BnuiB) of Sectaona i-m. IX. Zi; and flee the Afptndia^ pp. 181-141, in that 
edition (Ounbiidgs 1^1). 




220 CURVATURE- 

or (2!H"beiDg now coincident with the chord of cnrvatnre PU) 

PU.PE^2Ciy. 

2CIP 
The Diameter of Curvature at P is equal to ^-p^ > where PF 

(defined as In Art. 46] Is equal to the central perpendicular upon 
the tangent.* 

PROPOSITION IV. 

85. To evaluate the common chord of a conic and its circle of 
curvature at any point. 

If three of the four points in which a circle meets a conic 
coalesce at P and their fourth common point be Q^ it follows 
from Art. 16, Cor. 2 that the chord PQ and the tangent at P 
are equally inclined to the axis ; that is to say, the common chord 
of a conic and its circle of curvature at any point and their 
common tangent at that point are equally inclined to the axts^ 

(i) In the Parabola, let the common chord PQ meet the axis 
in jB, and let the common tangent at P meet the axis in T. 
Then it is easily seen that the second tangent TP* from T 
is parallel to PQ^ and that PP* is a double ordinate to the axis, 
and that PQ is equal to four times PR or TP.f 

(ii) In the Ellipse, let the diameter CD parallel to the 
tangent at P meet the common chord PQ in X\ then will 
PX . PQ be equal to 2 CD". 

Take a circle of radius GA^ and take any diameter of the 
same, and draw the chord PQ making the same angle therewith 
as the tangent at P, and let the diameter parallel to that tangent 
meet the chord in X 



* The radios of carrature of the general conic may be eyaloated by regarding the 
centre of curvature as the ultimate intersection of two oonsecatiye normals, and 
assuming that SG = e,8P (Art. lO), and PK=z ^ latus rectum (Art. II). The es- 

PG* 

preaaion ^yt (Art. 82, Cor. 2) for the radius of curvature has been obtained in this 

direct manner by Professor Adams (Oxf, Camb, Dubl. Mtstenger of MathemaHut 
vol. HI. pp. 97-99). 

t The chord of curvature in any other direction may be deduced. For example, 
it may be shewn by angle-piopeities that the ciidc meets P8 produced in a point V 
lying on the diameter through Q in the parabola, and hence that P K is equal to ^SP. 
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Then if PC meet the circle again in P', 

JPX.PQ^PC.PP'^2GA\ 

It follows by Orthogonal Projection that in the Ellipse (the 
same letters being used) PX.PQ is eqnal to twice the square 
of the semi-diameter parallel to PQ : therefore, the diameters 
parallel to PQ and the tangent at P being equal, 

PX.P(3 = 2C2)». 

It is left to the reader to obtain the same i*esult bj a method 
applicable to the hyperbola also.* 

SCHOLIUM. 

Apollonius in treating of maxima and minima takes a point on 
the axis of a conic at a distance eqnal to the semi-latus rectum from 
its vertex {ContoSf Lib. y. props. 4 — 6, &c.), which is in &ct the 
centre of curvatmre at the vertex, although he does not in any 
direct manner touch upon the subject of curvature. Cf. Yincentio 
Yiviaui's treatise, De Maximii et Minimis georMiriea divinatio in 
quintum Conicorum Apolhnii Pergai adhue desidwatum (Florent. 
1659); and see Abr. Bobertson's Sectionum Coniearum lihri septem, 
p. 872 (Oxon. 1792). 

HuTGHENS came very near to the subject of curvature when 
he propounded his theory '<De linearum curvarum evolutione et 
dimensione" {Horohgiwn Oseillaioriumy Pars m. Paris. 1673), 
since the evolute of a curve is the envelope of its normals and the 
locus of its centres of curvature. The first case of rectification of a 
curve was that of the cubical parabola by William Neil:! the 
cycloid was rectified soon after by Ohristopher Waen. Huyghens 
liad previously (1657) reduced the rectification of the parabola 
pBbc. 535, note]] to the quadrature of the hyperbola {JSorolog. Oseill. 
pp. 72, 77). 



* The proof in the text is given to indicate the applicability' of Orthogonal 
Projection (chap, ix.) to the treatment of corvature. If any two lines (as PQ and 
the tangent at P) equally inclined to the axis of the eUipse be projected on to its 
auxiliary circle, the projected lines wiU be equally iuclined to the axis ; or if the 
term equaUy inclined be restricted to parallels, we must say that if two lines make 
eqnal or supplementary angles with the axis, their projections will make equal 
or supplementary angles with the axis. 

t This was suggested by the Arkhmetica InfiniiSntm of Wallu (Oxon. 1656) : 
Tan-Henraet seems to have rectified the same cunre independently (1659) Tery soon 
after Neil. Bee Montucla's Hittoire dea Matkhnatiques^ Part iy. Liy. yi. § ii, tome ii. 
p. 808. Huyghens awards the palm to the later discoyerer, considering that Neil's 
investigation was incomplete (^oro/o^. p. 72). 
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The Oiculating Ctreh receiyed its name fSrom Lbibniiz: eee 
Meditatio nova de naiura AngtUi Contaeiiu* Sf Oietdi by G. G. L. in 
the J eta JEmditarum for 1686 (pp. 289—293, bj misprint 489 — 292). 
See also pp. 292 — 300, and the Acta for 1692, pp. SO — 35, 
110 — 116, 440—6. The subject of cunrature was considered by 
Nbwtok in the serenth and eighth chapters of his G^$m0tria 
AnalytUa. 

EXAMPLES. 

6ox. Prove the following constmction for the centre of 
curvatare at any point P of a conic. From the point in which 
the normal meets the axis draw a perpendicular to the normal 
meeting 8P in Q^ and from Q draw a perpendicular to SP 
meeting the normal in 0. Then is the centre of curvature 
at P. 

602. The circle which touches a conic at P and intercepts 
upon the diameter through P a length equal to its paimmetert 
is the circle of curvature at P. 

603. The circle of curvature at any point of a conic being 
the circle through that point and two others which ultimately 
coalesce with it, shew that the centre of curvature may be 
regarded as the point of ultimate intersection of two consecu- 
tive normals to the conic. 

604. The circle of curvature at any point of a conic may 
be regarded as touching three consecutive tangents to the 
conic} 

605. Determine the position of the common chord (^ a 
parabola and its circle of curvature at an extremity of the 
latus rectum. 

606. The diameter at either extremity of the latus rectum 
of a parabola passes through the centre of curvature at its 
other extremity. 



* Por earlier oontroTersies on the nature of the angle of contact see Walub^ Ih 
Anffulo CatUactui H SemmreuH ditquisitio fftowutriea (Ozon. 1666). 

t The parameter of any diameter of a central conic is defined as a thiid proper- 
tional to that diameter and its conjugate. 

X For proofs of Exx. 60S-4 see the section on cnrratare in Main's Nvwioji, 
Appendix (see aboTe p. 219, note). 
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607. The radius of cnnratnre at any point of a parabola 
18 doable of the portion of the normal intercepted between the 
carve and the directrix. 

608. At any point of a parabola the intercept made by 
the circle of conrafore upon the axis is a third proportional 
to the latus rectam and the parameter of the diameter to the 
point. 

609. At any point P of a parabola, if FY be the projection 
of 8P upon the tangent, the chord of curvature through the 
vertex is a third proportional to AF and 2FY. 

610. If ^ be the middle point of the radius of curvature 
at P in a parabola, Pfi subtends a right angle at 8. 

611. If the normal to a parabola at P be produced to any 
point Oj express the radius of curvature at P in terms of the 
line OF and its inclinations to the tangents from 0» 

6 1 2. The radius of curvature at an extremity of the latus 
rectum of a parabola is equal to the projection upon the direc- 
trix of the focal chord parallel to the tangent at that point. 

613. Given a circle and a straight line, it is required to 
find a parabola (see Ex. 607) having the line for its directrix 
and the circle for a circle of curvature. 

614. The envelope of the common chords of a parabola and 
its several circles of curvature is a parabola, and the locus 
of their middle points is a parabola. 

615. The tangent from any point of a parabola to the circle 
of curvature at its vertex is equal to the abscissa of the point 

616. If tangents TQ and TQ^ be drawn to a parabola 
from any point T on the fixed diameter which meets the 
curve in P and the directrix in if, the centre of the circle 
round TQQ lies at a constant distance 2FM from the directrix. 
If be the centre of the circle, D the projection of upon 
the fixed diameter V the middle point of QQ^ and X the 
foot of the directrix, shew that 

OD : TM^OD : DV ^ MXi 8X. 
Shew also that the radius of the circle varies as 8T. 
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617. If from the vertex of a parabola chords AS and AR 
be drawn eqnally inclined to the axis, the normals at the 
extremities of any chord parallel to AR intersect upon the 
normal at ^ ;* and the centre of the ' curvature at the ex- 
tremity of the diameter which bisects AB lies upon the nonnid 
at^. 

618. Triads of points can be found on a parabola such that 
the normals thereat cointersect. The circle through any three 
such points passes through the vertex of the parabola, and 
the centroid of the triangle which they determine lies <mi the 
itxis. 

619. In Ex. 616 shew that the ordinate of the point cf 
concourse of the normab at Q and Q' is to the ordinate of V 
as the product of the ordinates of Q and Q to the square of the 
semi-ktus rectum. Hence determine the ordinate of the centre 
of curvature at P, and likewise the length of the radius of 
curvature. 

620. Give a geometrical method of drawing normab te 
a parabola from a point on the curve. 

621. Determine a point on a given conic at which the 
circle of curvature is of given magnitude ; and in the case of 
the ellipse determine the limits of its magnitude. 



* Let QQ^ in Ex. 616 be supposed parallel to AR. Produce TO to meet the circle 
«gfim in N (the point of concourse of the normals at Q, QT^j draw the perpendicalar 
Nil to the fixed diameter, and take KK equal to TM upon MB produced. Then 
it is easily seen that Klaa fixed paint (the position assumed by N when QQ^ p aaocs 
through 8)f and Nil : SKz=2MXi 8X, Therefore iyriies on a fixed straight line 
through Kf which may be proved (from the property of the subnormal) to be the 
normal at H^. For the abore I am indebted to the Bev. A. F. Tony, FeUow of 
St. John's College. The following method may also be suggested : since the angle 
(75 r is a right angle (Ex. 146), we have an intercept TO between two fixed straight 
lines DO and DTaJt right angles subtending a right angle at a fixed point 8, and we 
have to shew that the extremity N of TO produced to double its length lies upon a 
fixed straight line. Or again, taking three positions of P in Art. 26— P and P* oa 
one side and P" on the other side of the axis, and supposing the normals at the 
three points to cointersect at a point whose projection upon ths axis is Z^ we easily 
prove that PN,ZG-P'N'.ZG'zzP*'N",ZG"] whence it follows, after some re- 
ductions, that PN+ P'N' ^P"N", On the tetrads of concurrent normals to a 
central conic see Ex« 286. 
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622. If the osculating circle at a vertex of an ellipse passes 
thruugh the further focus, determine the eccentricity. 

623. The circle of curvature at a point on an ellipse passes 
through a vertex : find the point. 

624. The circle of curvature at an extremity of one the 
equal conjugate diameters of an ellipse passes through its other 
extremity. Explain the corresponding result in the hyperbola. 

625. The circles .of curvature at the extremities of two 
conjugate radii CP and CD of an ellipse meet the curve again 
in Q and R\ shew that PR is parallel to DQ. 

626. Find the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes. 

627. Express the chord of curvature perpendicular to the axis 
at any point of an ellipse in terms of the ordinate of the point. 

628. From the point in which the tangent to an ellipse 
at P meets the axis a straight line is drawn bisecting one of 
the focal distances and meeting the other in Q, Prove that 
PQ is one fourth of the focal chord of curvature at P. 

629. If the circle of curvature at P in an ellipse passes 
through a focus, then P lies midway between the minor axis 
and the further directrix, and the parallel to the tangent through 
the focus divides the diameter at P in the ratio of three to 
one. The circle of curvature cannot pass through either of 
the foci if the semi-axis exceed the distance between them. 

630. Shew that a conic can be described with a given focus 
80 as to have a given circle of curvature at a given point.* 

631. The foci of all the ellipses which have a common maxi- 
mum circle of curvature at a given point lie on a circle. 

632. The tangent at P in an ellipse meets the axes in H 
and K^ and CP is produced to meet the circle round CHK 
in L : prove that 2PL is equal to the central chord of curvature 
at P, and that CL . CP is constant. 

* This is a limiting case of the problem to describe a conic of which a focus and 
three points are given. 

Q 
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633. A hyperbola which touches an ellipse and has a pair 
of its conjugate diameters for asymptotes has the same cunra- 
ture* as the ellipse at their points of contact. 

634. At any point P of a rectangular hyperbola, if PN 

be a perpendicular to an asymptote, the chord of curvature 

CP* 
in the direction PN is equal to xpi^- 

635. At any .point of a rectangular hyperbola the radios 
of curvature varies as the cube of the raditls of the curve. 

636. At any point of a rectangular hyperbola the normal 
chord is equal to the diameter of curvature. 

637. At any point of a rectangular hyperbola the diameter 
of the curve is equal to the central chord of curvature. 

638. If from a given point on an ellipse there be drawn 
a double ordinate to either axis, and if to the diameter through 
its further extremity a double ordinate be applied from the 
given point, it will be a chord of the circle of curvature at 
the given point. 

639. The normal chord which divides an ellipse most 
unequally is a diameter of curvature,t and is inclined at half 
a right angle to the axis. 

640. A chord of constant Inclination to the arc of a 
closed curve divides Its area most unequally when it is a 
chord of curvature. 

641. Every chord of a conic which touches the circle of 
curvature at Its vertex is divided harmonically by that cirde 
and the tangent at the vertex.^ 

642. The radius of curvature at any point of a parabola 
IS bisected by the circle which touches the parabola at that 
point and passes through the focus. 



> 



* Corvatare is measured by the reciprocal of the radios of corTfttnre. 

t "^6 normal in two consecutive positions must cut off equal axeas, and most be 
bisected at the centre of curvature. 

X Exx. 641-3 are from the Mathematician, vol. I. 290 (London, 1846). 
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643. The radius of curvature at any point of a central 
conic is cut harmonically by the two circles which touch the 
conic at that point and pass one through each focus. 

644. If T be the point of concourse of the common tangents 
of an ellipse and its circle of curvature at P, and if be the 
centre of the circle, G the centre and 8 either focus of the 
ellipse ; then T lies on the confocal hyperbola through P, and 
00 bisects PjT, and iSPand /Srare equally inclined to 03. 

645. A circle through the vertex of a parabola cuts the 
curve in general in three other points, the normals at which 
cointersect. If the point of cointersection of the three normals 
describe a coaxal conic having its centre at the vertex of the 
parabola, the locus of the centre of the circle will be a conic 
having its centre at the focus of the parabola, and the ratio 
of its axes will be twice as great as the ratio of the axes of the 
former conic. 

646. Find a point P on an ellipse at which the common 
tangents of the ellipse and its circle of curvature are parallel. 
Shew that their common tangents and common chord are 
parallel to the asymptotes of the confocal hyperbola through P; 
and that their finite common tangent is bisected by the common 
chord. 

647. The common chord of an ellipse and its circle of 
carvature at any point and their common tangent thereat divide 
their further common tangent harmonically. 

648. On the normal at P to an ellipse PO is measured out- 

virards equal to the radius of curvature : shew that PO is divided 

harmonically at the points Q and Q in which it meets the 

director circle, and that 

1 1 2 



PQ PQ OP' 
649. The angle between the normals at adjacent points P 
and Q of an ellipse whose foci are S and 8' is equal to 
\{P8Q'\'P8'Q). Deduce that, if PR be the focal chord of 
curvature at P, 

PR" SP'^ ST' 

q2 
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650. Three points can be found on an ellipse whose osco- 
lating circles meet at a given point on the curve:* the three 
points determine a maximum inscribed triangle, and the four 
points lie on a circle. 



* Let BCD be a mazimiim inscribed triangle, and A the point in which the 
osculating circle at B meets the ellii»e again. If B' be a consecutive position of B, 
the triangles BCD and ffCD must lie between the same parallels. Hence the 
tangent at S is parallel to CD^ which is therefore equally inclined to the axis with 
AB (Art. S5), so that a ciide goes through ABCD (Art. 16, Cor. 2). Ex. 650 (excqyt 
as regards the area of the triangle) is due to Steiner, who stated the theorem 
without proof in Crelle's Journal, yoL xxxii. 800 (1846): it was proved in vol. 
XXXYI. 95| by JOAOHIM8TAL1 who further shewed that the centroid of the three 
points is at the centre of the ellipse, and that the normals at the three points 
Gointeraect. 
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CHAPTER IX. 

OBTHOaONAl. PEOJBOTION. 

86. The foot of the perpendicular from any point in space 
upon a plane is called the Orthogonal Projection^ or briefly the 
Projection^ of the point upon the plane. The projection of any 
line or figure upon a plane is the aggregate of the projections 
of its several points thereupon. The term Plane Projection is 
defined in Art. 90. 

The Parallel Projection of any figure upon a plane is the 
aggregate of the points in which a system of parallels from all 
points of the figure meet the plane: when the parallels are 
taken at right angles to the plane of projection we come back 
to the special case of orthogonal projection, to which our atten- 
tion will be in the first instance confined. 

PROPOSITION I. 

87. The projections of parallel straight lines upon any plane 
are parallel straight lines^ and each line or segment is in the same 
ratio to its projection. 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points on the line. 
The projections of parallel straight lines, being the common 
sections of the plane of projection with a system of planes at 
right angles thereto, are themselves parallel straight lines. 

(ii) If any two parallel straight lines AP and BQ meet a 
plane in A and B (fig. Art. 89), and it AG and BD be 
their projections upon it, then by similar triangles 

AP:AC=BQ:BD; 
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or each of the parallels is in the same ratio to its projection, 
and in like manner it may be shewn that any segment of either 
is in the same ratio to its projection. This ratio is the trigono- 
metrical secant of the angle between any of the parallels and its 
projection. 

Hence it is evident that parallel straight lines (and the 
segments of one and the same straight line) are to one another 
as their projections upon any plane. 

If two or more systems of parallels be projected orthogonally, 
each line in any system will be in a constant ratio to its 
projection, but this ratio will change as we pass from one 
system to another. 

PROPOSITION II. 

88. The points of concourse of straight lines or curves 
correspond to the points of concourse of their projections: tangents 
project into tangents: and a curve of any degree or class projeds 
into a curve of the same degree or class. 

(i) Since figures are projected by projecting their several 
points, if two or more figures have a point in common their 
projections must have the projection of the point in common. 
Thus if a variable line pass through 2l fixed point, the projection 
of the line will pass through a fixed point. ' 

(ii) If P and Q be adjacent points on a curve, and p and g 
be the feet of the perpendiculars from them to the plane of 
projection, then if Q be made to coincide with P the per- 
pendicular Qq must coincide with Pp^ and the point q with p ; 
in other words, of PQ become the tangent at P, then in the 
projection pq will become the tangent at p. 

(iii) It is hence evident that a curve and any straight line 
in its plane intersect in the same number of points as their 
projections, and hence that a curve and its projection must always 
be of the same degree or order ; and further, that the number 
of tangents which can be drawn from any point to a curve is 
the same as the number which can be drawn from the projection 
of the point to the projection of the curve, and hence that a 
curve and its projection are always of the same class. * 
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PROPOSITION III. 



89. The areas of all figures in one plane are in the same 
ratio to the areas of their projections on a given plane* 

Let AB h% the commoD section of the primitive plane and 
the plane of projection, and let PA and QB be drawn from 




B D 

any two points P and Q in the former plane at right angles to 
AB^ and let PG and QD be perpendiculars to the plane of 
projection. Then since AP and BQ are in a constant ratio to 
their projections A G and BQ^ the rectilinear figure APQB is in 
the same constant ratio to its projection ACDB. 

In like manner, if PP' be any segment o{ AP and QQf any 
segment of BQj the rectilinear area PFQ'Q is in a constant 
ratio to its projection ; and hence the aggregate of any number 
of figures as PP'Q'Q is in the same ratio to the aggregate of 
their projections. 

But any rectilinear area in the primitive plane may be 
divided into elements as PPQ'Q by drawing planes at right 
angles to AB^ and any curvilinear area may be regarded as 
the limit of a rectilinear area. Hence every area is to its 
projectjpn in a constant ratio, which is easily seen to be equal 
to the secant of the angle between its plane and the plane of 
its projection. 

90. Plane Projection* 

The above propositions all follow from the constancy of the 
ratio o{ AP to its projection, where PA is the perpendicular 
from any point P in the primitive plane to its common section 
with the plane of projection. The relations between the locus 
jof P and its projection will evidently still be of the same kind 



232 



ORTHOGONAL PROJECTION. 



if the former plane be turned about AB into coincidence with 
the latter, the situation of P in its own plane being supposed 
to remain undisturbed. The new position of P will lie in ^C 
produced, and will be such that its projection G now divides AP 
in a constant ratio. Since all points and their projections are 
thus brought into one plane, we shall speak of the point C 
which divides AP In a constant ratio as the orthogonal Plane 
Projection of P. 

The relations between a figure and its plane projection may 
of course be obtained directly by plane geometry. Thus If PN 
be an ordinate to a fixed axis, and if It be divided (externally 




or internally) in a constant ratio at p, it is easily proved by 
similar triangles that if the locus of P be a straight line meeting 
the axis in T, the locus of ^ will be a straight line meeting the 
axis in the same point: parallels as PT, PT correspond to 
parallels jpTj^T': and the results of Props, i. — iii. In general 
may be similarly established in piano. 

It may be proved also that if two straight lines make 
supplementary angles with the axis their projections^ make 
supplementary angles with the axis. 

The following examples will serve to illustrate the method 
of orthogonal projection. 

91. The Ellipse. 

A cylinder being regarded as a cone whose generating lines 
are parallel, It follows from Art. 72 that the plane sections of a 
right circular cylinder are ellipses, which may be of any eccen- 
tricity. It follows that an ellipse of any eccentricity may be 
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projected orthogonally into a circle having its plane at right 
angles to the axis of the cylinder. This circle will evidently 
be eqnal to the minor auxiliary circle of the ellipse. 

An ellipse may also be projected orthogonally in piano Into 
a circle by producing its principal ordinates in the ratio of CA 
to CBj or by diminishing the ordinates to its minor axis in the 
ratio of CB to CA ; and conversely a circle may be projected 
in piano into an ellipse by increasing or diminishing every 
ordinate ^^ in a constant ratio. [Art. 33. 

a. Let an ellipse and a circle be projectively related. Let 
I^Q be any one of a system of parallel chords in the ellipse : 
pq the corresponding chord of the circle, which will itself belong 
to a system of parallels. 

The middle point of FQ corresponds to the middle point o 
o{pq] and if the locus of the one be a straight line, the locus 
of the other will be a straight line. But the locus of o in the 
circle is a straight line, and therefore in the ellipse the locus of 
the middle points of any system of parallel chords is a straight 
line. From this it is further evident that conjugate diameters 
In the ellipse correspond to diameters at right angles in the 
circle. 

i. Next let be a fixed point and PQ any chord of the 
ellipse passing through it: then pq in the circle will pass 
through the corresponding fixed point o. 




Let CD be the radius of the ellipse parallel to PQ^ and Cd 
the corresponding radius of the circle, which will be parallel 
to pq. Then by Prop. I. 

OP : OQ : CD = op : oq : Cd. 
Therefore OP.OQ : Clf^op. oq : Cd% 
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or {op.oq and Cd in the circle being constant) OP.OQ varies as 
the square of the parallel semi-d<ameter CD. | 

c. Since ihe ordinates PN and pN in the second figure of I 
Art. 33 are as CB to GA^ the area of any segment or sector 
of the ellipse is to the area of the corresponding segment or 
sector of the circle as GB to GA^ and the area of the whole 
ellipse is to that of the circle in the same ratio. The area 
of the ellipse is therefore equal to ir.GA.GB^ and it is a mean 
proportional to the areas of its major and minor auxiliary 
circles. 

d, Axij maximum or minimum or constant area related to 
the ellipse projects into an area similarly related to the circle. 
Thus, the greatest triangle which can be inscribed in a circle 
being equilateral, the greatest triangle which can be inacribed 
in an ellipse may be shewn to be that which has ita udes 
parallel to the tangents at its angular points and its centroid 
at the centre of the ellipse. 

92. The Equilateral Gonics. 

Any hyperbola can be projected into an equilateral hyper- 
bola in the same way that an ellipse can be projected into a drcle 
(Art. 33); and thus from certain properties of the equilateral 
conies (Art. 61) we can deduce corresponding properties of 
central conies in general. For example, having proved for the 
equilateral hyperbola (Art. 65) as well as for the circle, that 
the conjugate parallelogram is equal to 4(7^*, we infer that 
in any central conic the conjugate parallelogram is equal to 
AA'.BB'. In like" manner other projective properties which 
have been established for the two equilateral conies are at once 
seen to be capable of extension to central conies in general. 

93. Properties of Polars. 
Using the same letters as in Art. 41 but supposing the curve 

to be a circle^ we have the angles at o and T right angles, and 
therefore 

GO.GT^Go.Gt^GA\ 

or Z^is a fixed point and tT sl fixed straight line. 
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lu other words. If a chord of a circle pass through a fixed 
point the tangents at its extremities intersect on a fixed 
straight line tT^ and conversely. The same follows at once 
for the ellipse bj orthogonal projection. 

94. Property of a Quadrilateral. 

If ABCD be a fixed quadrilateral Inscribed in a circle, PQ a 
Tariable diameter of the circle, Pa, PJ, Pc^ Pd perpendiculars 
to AB^ CD^ A (7, BD respectively ; then by Euc. vi. C the 
rectangle Pa.PQ is equal to PA.PBj and thus 

p p, PA.PB . PG.PD p p, 
Fa.Po^ jjY), saPc.Pd. 

Project the circle into an ellipse. Then (still using the same 
letters) Pa.Pb in the ellipse varies as Pc.Pdj and the lines 
ill, Pbj Pdj Pd meet the sides of ABCD at constant angles, 
and therefore vary severally as the perpendiculars from P to 
those sides. 

The theorem Is Inferred to be true for the hyperbola regarded 
as a quasi-elllpse (Scholium G, p. 101), as also for the parabola. 
Hence the products of the perpendiculars from any point on a 
conic to the sides of a fixed inscribed quadrilateralj taken in 
opposite pairs^ are in a constant ratio ; and conversely. If a 
point be thus related to a fixed quadrilateral. Its locus will be 
a conic circumscribing the quadrilateral. 

It follows by supposing two opposite sides of the quadri- 
lateral to vanish that the product of the perpendiculars to any tioo 
fixed tangents to a conic from a variable point on the curve varies 
as the square of the perpendicular from that point to their chord 
of contact. 

95. Curvature, 

The common chord of an ellipse and Its circle of curvature 
at any point and their common tangent at that point make 
supplementary angles with the axis (Art. 85), and may there- 
fore be projected into a chord and tangent at a point of a 
circle making supplementary angles with a given diameter. 

[Art. 90. 
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Given a point on a circle, three positions may be found 
on the curve of the point P such that OP and the tangent at P 
make supplementary angles with a given diameter, and the 
three positions of P determine an equilateraf triangle. 

Hence it may be deduced that there are three points on an 
ellipse, lying at the vertices of a maximum inscribed triangle, 
whose osculating circles cointersect at a given point on the 
circumference of the ellipse. [Ex. 650. 

PARALLEL PROJECTION. 

96. The parallel projections of straight lines, being the 
common sections of parallel planes drawn through them with 
the plane of projection, are themselves parallel straight lines ; and 
it is easily deduced that Props. I.— ill. in general are applicable 
to parallel projection. Moreover it is to be noted that in the 
figure of Art. 90 the ordinate PN may be supposed to meet 
the axis at any constant angle and not necessarily at right 
angles. We may therefore ^'project" a point obliquely also 
in piano by increasing or climinishing its ordinate (drawn in 
any given direction) in a constant ratio. 

Although parallel projection is not essentially more general 
than orthogonal projection, it enables us . to effect some con* 
structions with greater ease and directness, as will appear firom 
the next article. 

97. Any two angles of a triangle may be projected into angles 
of given magnitude, 

(i) Given the angles 8HP and HSP^ it is required to project 
them into angles equal to SHg and HSg respectively. This 
may be effected most simply by parallel projection [in piano or 
in space] as follows. 

Take /SZ7as the axis of projection, and let it meet gP in 
G. Then (1) if gO : PO be taken as the projecting ratio, the 
triangle SPR may be projected in piano by ordinates parallel to 
PG into the triangle 8gH] or (2) if the triangles be situated 
in different planes (having 811 for their common section), the 
one may be projected into the other by lines parallel to Pg, 
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It 18 hence evident that any triangle may he projected by 
parallel lines into an equilateral triangle ; and in like manner 
that any parallelogram may be projected into a square. 

(ii) To project any triangle SPH orthogonally into an equi- 
lateral triangle, let an ellipse be described about it so as to 
have its centre at the centroid of the triangle. Then if the 
ellipse be projected into a circle, SPH will at the same time 
project into an equilateral triangle inscribed in the circle, since 
each side of the projected triangle will be parallel to the tangent 
at the opposite vertex. 

LAMBERT'S THEOREM.* 

98. The intercept on any focal vector of an ellipse between the 
curve and any chord parallel to the tangent at its extremity is 
equal to the diametral sagitta of the arc cut off by the corre- 
sponding chord in the auxiliary circle. 

In an ellipse take any focal vector 8P^ let the diameter 
conjugate to OP meet iSP in K^ and let any chord QQ parallel 
to CK meet 8P in 0. 

Produpe the ordinates of P, Q^ Q outwards to meet the 
auxiliary circle in p^ q^ j', and let m and o be the middle points 
of QQ' and q^^ which will lie on a common ordinate omM. 



« This name ia giyen to the theorem in elliptic motion deduced below in the 
Scholium from Art. 99. 
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Then 



rO : PK^Pm : PG=^po i pG 



•^ 




S' A' 



by parallels; and PK is equal to pG (Art. 38, Cor, 3); and 
therefore PO and po are equal, as was to be proved. 

If 0' and o' be any second positions of and o, it follows 
that OCy is equal to oo*: thus by taking (7 at iS' we infer that 
SO is equal to the altitude of the triangle 8qq\ If the parallel 
from S to gq' meet Gp in «, it is thus evident that eveiy 
segment of the line K80P is equal to the corresponding 
segment of the radius Gaop. Hence 

K8.K0 = Cs.Go = G8. GMy 

since the angles at s and M are right angles. 

99, If in two ellipses described on equal major axes there be 
taken equal choi'ds QQ such that SQ+SQ is o/ the same 
magnitude in both ellipses^ the areas of the two focal sectors 8QQ' 
toill be in the subduplicate ratio of the latera recta of their ellipses. 

In each of two ellipses having equal major axes make the 
same construction as in Art. 98, with the proviso that 8P* and 
PO shall be of the same lengths in both ellipses; then will QQf 
and 8Q -f 8Q' be of the same lengths in both ellipses, and the 
areas 8QQ' will be in the subduplicate ratio of the latera recta 
of their ellipses, and conversely. 

(i) For the semi-diameter CD parallel to Q^, being a mean 
proportional to 8P and AA' — SP, is of the same length in 

* Take SP at raadom in the less eccentric ellipse, and find an equal SP in 
the other. 
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both ellipses ; and, the sagitt» po in the two circles being equal 
(Art. 98), the chords qq' are equal ; whence it follows in virtue 
of the projective relation 

that the chords Q^ are equal in the two ellipses. 

(ii) And since CM is the abscissa of the middle point of 
QQ. therefore 

where C8.CM, or K8.K0 (Art. 98), is the same in both 
ellipses ; and therefore also 8Q + SQ is of the same magnitude 
in both. 

(iii) It is further evident that the segments qp^ are equal 
and the triangles Sqq are equal in both circles, and hence 
that the two sectors Sqq^ are equal. It follows by projection 
that (the major axes of the two ellipses being equal) the focal 
sectors SQQ are in the ratio of the minor axes of their ellipses, 
or in the subduplicate ratio of their latera rectat Conversely, 
if two focal sectors SQQ of any pair of ellipses described on 
equal major axes be thus related, then will QQ and SQ-\- SQ 
be of the same lengths in both ellipses. 

100. The area of any focal sector SQQ of a central conic 
divided by the square root of its latus rectum may be expressed 
in terms of QQj SQ-i-SQy and the tranverse axis^ and is 
independent of the magnitude of the coryiAgate axis. 

This may be inferred from Art. 99 for the ellipse : or it may 
be proved by the following method, which will be seen to be 
applicable to the hyperbola as well as to the ellipse. 

In an ellipse whose axes are AA and BB* take any diameter 
PCF^ and let PS meet the conjugate diameter CD m K and 
the tangent at P' in IT, so that PK is equal to CA and PII 
to AA. 



* Aastime that at any point P on the cunre SP = CA ± e . CN, Notice also in 
Art. 100 (ii) that SKz=PK-8P= CA-SP = e.Cy. 
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With 8 as focus and P and H as vertices describe a second 
ellipse, and let KL be its semi-axis conjugate. Then if S' 
be the further focus of the first ellipse, 

Ciy = 8P.P8' = 8P. 8n^ KL\ 

(i) Let GOQ' be any double ordinate to PP, let it meet PR 
in 0, and let ^o^ be a double ordinate to PH in the second 
ellipse. Then bj the nature of ordinates, 

<?0» : Ciy^PO.OF : CP^^Po.oHi KP" 

= JO* iKL\ 

or QO is equal to qo and QQ \o q^. 

(ii) And since 8K'. CN^ C8 : CA^C8i PKy 

and CNx GM= CP: CO^PK: Ko^ 

therefore 8K : CM= G8 : Eoj 

or in terms of the eccentricities e and e'j 

e.GM=e\Ko] 
and therefore 

8Q + 8Q^AA + 26.C7Jlf =P5^+ 2«'.iro 

= iS'y + 5j'. 

(iii) Let a line through 8 at right angles io QQ meet <2Q' 
in m and the tangent at P in n ; then will the equal chords 
QQ and qq in any two consecutive positions cut oflF elements 
of area which, being as their own breadths, are in the constant 
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ratio of Sin to 80 ] and this is also the ratio of the triangles 
SQQ^ and 8qq' on equal bases. 

Therefore the whole segments QP'Q^ and qSq^ as also the 
sectors SQQ' and Sqq'j are as Sm to So^ or as Sn to SP^ 
or as C7jS to CD or JSTi/; that is to saj (the transverse axes 
being equal) the sectors 8QQ and 8qq are in the subduplicate 
ratio of the latera recta of their ellipses, 

Lastly (calling the second ellipse described as above the 
ixuxiliary ellipse) if any two ellipses having equal major axes 
be placed so as to have a common focal vector 8Py they will . 
have the same auxiliary ellipse ; and it is inferred by comparing 
each of the two ellipses with their auxiliary ellipse that their 
corresponding focal sectors 8QQ' will be in the subduplicate 
ratio of their latera recta provided that QQ' and 8Q-{' 8Q' be 
equal in both. Hence, when the three lengths QQ^j 8Q + 8Q[^ 
A A' are given the area of the focal sector 8QQ divided by the 
square root of the latus rectum is determined. 

SOHOLTOH. 

The substance of the preceding section may be found in 
liAiCBERT's Ihii^niores Orbita Cometarum Proprietates'* (pp. 102-125), 
where it is deduced that the time in any are QQ' of an elliptic orbit 
described about 8 is a function of /8^Q+ SQff the chord QQ\ and the 
major axis, and does not depend upon the minor axis. For an 
investigation of the expression for the time the reader may consult 
the Messenger of Mathematics, vol. vii. p. 97 : the result may also 
be obtained in the same form by the following process, which has 
the advantage of giving a more direct geometrical interpretation to 
some of the symbols employed. 

Assuming the results of Arts. 98, 99, and noticing further that 
sflB equal to CD (Ex. 651), let a denote the angle oCq, and /3 the 
angle sCf Then 

^ Co.Cs CMOS , 8Q-\-8(t 
coBa,cos/5--g^ CA^-^'—Jjr-, 

sma.8m/3--^^ C2^"Xf' 

A.^. ^ 1 fa^ ^ SQ+8Q±QQ! 
and therefore 1 - cos (/j ± a) ■• -j-p . 

* See above, p. 57 ; and for a farther acooant of the work see the Mtuengtr of 
Mathematics, vol. IX. p. 63. 

R 
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Let n denote the mean motion in the ellipse: t the time in 
the arc QQ', which is proportional to the sectorial area SQQ 

CB 

(or jtj sect.iS'jj'') divided by the square root of the latus rectum 

(Newton's Frinetpta, Lib. i. Sect. m. prop. 14, theor. 6). Then 
since in the circle 




sect. Sqq' ■= sect Cqq' - A {Cqq - Sqq) - CA* (a - sin a . cos/?), 

it may be deduced that 

n< =. {/3 + a - sin (i3 + a)} - {/J - a - sin (/3 - a)}, 

where /3 + a and /3 - a are known fimctions of AA\ QQy and 
SQ+SQ. 

The corresponding theorem in parabolic motion had been given 
by EuLEB in the Miscellanea BeroUnenaia, tom. vii. pp. 19, 20 (1745), 
Lambert ( 1 761) extended it to the central conies generally ; althongh 
Lexell in his elaborate article {Nova Ada Academia Scientiarum 
ImperialiB Petropolitancey tom. i. pp. (140) — (183), 1787) overlooks 
Lambert's references in Preface and text (§§57, 95, 213, ^.) to 
the hyperbola. On the parabola see Examples 69 1 and 692. 

EXAMPLES. 

651. The diameter parallel to any focal chord of an ellipse 
is equal to the projectively corresponding chord of its major 
auxiliary circle* 

652. The orthogonal or parallel projection of a parabola is a 
parabola ; and an ellipse or hyperbola may be projected into an 
ellipse or hyperbola of any eccentricity. 

* 653. Shew how to project a parabola and a given point 
within It so that the projection of the point may be the focus 



\ 



EXAMPLES. 243 

of the projection of the curve :• and thus deduce (from a pro- 
perty of the directrix] that the tangents to a parabola at the 
extremities of any chord drawn through a fixed point within 
it intersect upon a fixed straight line. 

654. Any two similar and coaxal ellipses may be projected 
into concentric circles. Hence shew that a chord of an ellipse 
"which always touches a similar and coaxal ellipse is bisected 
at its point of contact, and that it cuts off a constant 
area from the outer ellipse ; and shew that the portions of any 
chord intercepted between the two curves are equal. 

655. Shew how to project any two coaxal ellipses or hyper- 
bolas into confocal ellipses or hyperbolas; and extend the 
theorem of Ex. 382 to any pair of coaxal conies of the same 
species. 

656. If a chord of an ellipse and the tangents at its ex- 
tremities contain a constant area, the chord cuts off a constant 
area from the ellipse and touches a similar ellipse, and the 
tangents at its extremities intersect on another similar ellipse. 

657. If OP and CD be conjugate radii of an ellipse, and 
if the lines connecting P and D with opposite ends of the major 
axis intersect in 0; then will DOP and an extremity of the 
minor axis determine a parallelogram. When is its area least 
or greatest ? 

658. The least triangle circumscribing a given ellipse has 
its sides bisected at the points of contact. 

659. The greatest ellipse which can be inscribed in a given 
parallelogram is that which bisects its sides. 

660. An n-gon described about an ellipse so as to have 
its sides bisected at their points of contact is of constant area, 
and the n-gon formed by joining every two successive points 
of contact is of constant area. 

* Let TP and TQ be the tangents whose chord of contact PQ passes throogh 
and is bisected by the given point ; and let TPQ be projected into an isosceles triangle 
right-angled at the projection of r(Art. 97). 

R2 
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66 1. If a triangle be inscribed in an eUipse, the paralleb 
through its vertices to the diameters bisecting the opposite 
sides meet in a point. 

662. Parallel chords drawn to an ellipse through the ex- 
tremities of conjugate diameters meet the curve again at the 
extremities of conjugate diameters. 

663. Two ellipses of equal eccentricities and parallel major 
axes can have only two points in common ; and the common 
chords of three such ellipses meet in a point. 

664. P, Qy B being three points on an ellipse, a diameter 
AC A' bisects PQ and meets BP in N and BQ in T; prove 
that CN.CT^CA\ 

665. Through the centre of an ellipse and the points of 
concourse and contact of any two tangents a similar and 
similarly situated ellipse can be drawn. 

666. Ay Bj G are similar and similarly situated ellipses, 
and B is concentric with A and passes through the centre of 
(7. Shew that the common chord of A and C is parallel 
to the tangent to B at the centre of C. 

667. Through a given internal point draw a straight line 
cutting off a minimum area from a given ellipse. 

668. If the tangent at the vertex il of an ellipse meets 
a similar coaxal ellipse in T and T'y any chord of the former 
drawn from A is equal to half the sum or difference of the 
parallel chords of the latter through T and T\ 

669. Determine the greatest triangle that can be inscribed 
in an ellipse with one angular point at a given point on the 
circumference. 

670. Given an ellipse, if a parallelogram be inscribed in 
it so that one side divides the diameter conjugate thereto in 
a constant ratio ; or if a parallelogram be described about it so 
that one of its diagonals is divided in a constant ratio by the 
curve ; the area of the parallelogram will be constant. 
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671. The tangODts to an ellipse at P and P' are parallel, 
any two conjugate diameters meet them in D and U^ and any 
third tangent meets them in 7 and 7'; shew that 

PDiPT^P'T iP'U. 

672. A triangle ABC inscribed in an ellipse has its centroid 
at the centre of the ellipse; shew that the tangents at the 
opposite extremities of the diameters through A^ B^ form 
a triangle similar to and four times as great as triangle ABO. 

673. If two conjugate hyperbolas having a pair of conjugate 
diameters of an ellipse for asymptotes cut the ellipse at points 
lying on four diameters 1, 2, 3, 4 taken in order: then will 
1, 3 and 2, 4 be conjugate in the ellipse, and 1, 4 and 2, 3 
in the hyperbolas. 

674. The locus of the middle point of a chord of an ellipse 
drawn through a fixed point is a similar ellipse, having its 
centre midway between the fixed point and the centre of the 
given ellipse. 

675. Determine the greatest isosceles triangle that can bo 
inscribed in an ellipse with its base parallel to either axis. 

676. Any two radii of a circle and any pair of the radii 
at right angles thereto determine equal triangles: what is 
the corresponding property of the ellipse ? 

677. Any double ordinate to a given diameter of an ellipse 
being divided into segments whose product is constant, the 
point of section traces a similar coaxal ellipse. 

678. If the tangents at T and T* to an ellipse meet on 
a similar coaxal ellipse having AA' for major axis, shew that 
the loci of the points {AT^ AT) and (AT'^ AT) are ellipses 
similas to the former. 

679. If PP' be a diameter of an ellipse and Q^ R be 
any two points on the curve, shew that the. line joining the 
intersections of PQ^ P'B and PR^ P'Q passes through the 
intersection of the tangents at Q and R and is conjugate in 
direction to PP\ 
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6do. In a giyen ellipse shew how to place a chord passing 
through a given point in the axis which shall contain with 
the radii to its extremities a maximum triangle. 

68 1. From the extremities of any diameter of an ellipse 
straight lines are drawn to either focus; shew that the radii 
parallel thereto in the auxiliary circle meet the circle at points 
lying on a chord through the focus. 

682. A triangle of constant area being inscribed in an 
ellipse, find the locus of its centroid. 

683. If Pand Q be projectively corresponding points on an 
ellipse and its major auxiliary circle, the radius of the ellipse in 
the direction CQ is equal to the perpendicular from C to the 
tangent at P. 

684. AA' being a diameter of a conic and Q any point 
on the tangent at A^ shew that the line A'Q cuts the conic 
in a point B such that the tangent thereat bisects A Q. 

685. If (7P, CP' be semi-diameters of an ellipse, Q and 
Q the points in which the conjugate diameters meet the 
tangents at P' and P respectively ; the triangle determined 
by a pair of its semi-axes is a mean proportional to the triangles 
CPP' and CQQ. 

686. If a triangle inscribed in an ellipse have its sides 
parallel to the diameters h\ b'\ V" and the focal chords c , c", 
c'" ; and if a, h be the axes and p the parameter of the ellipsCi 
and D the diameter of the circle circumscribing the triangle* 
shew that 

ob \ p J * 



i) = 



687. The square root of the continued product of the six 
focal chords of an ellipse parallel to its six chords of inter- 
section with a circle is equal to the parameter of the ellipse 
multiplied by the square of the diameter of the circle. 

* The theorem is due to Mao Cullaoh. (Salmon's Conic S€Cti<nu, Art. 869). 
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688. Shew that B'B (fig. p. 79) is perpendicular to the 
tangent from X to the auxiliary circle. If Z be the point 
of contact of this tangent and Q its intersection with S'B^ 
determine the eccentricity of the ellipse so that the lines CZ^ 
80^ XB may meet in a point. 

689. Two particles describe the same ellipse subject to the 
same force at the centre : shew that their directions of motion at 
any time intersect on a similar ellipse. 

690. A given triangle may be orthogonally projected from 
an equilateral triangle; or it may be orthogonally projected 
into an equilateral triangle. Determine by a geometrical con- 
struction the magnitudes of these equilateral triangles. 

691. Prove by the method of Art. 100 that the area of 
any focal sector 8MN of a parabola divided by the square 
root of its latus rectum may be expressed in terms of SM-^- 8N 

and MN. 

692. Prove also that if PV be the diametral aagitta of the 
arc MNj then 

and from this last result deduce that 

^^ sector SMN= |M±^^±^}» _ i8M^8N-MN)i^, 

693. If in any two ellipses or hyperbolas on equal trans- 
verse axes there be taken equal focal vectors 8P^ and if chords 
QQ[ be drawn in them parallel to the tangents at P and so 
as to make equal intercepts on the equal focal vectors; shew 
that the chords thus drawn are equal in the two conies, and 
that 8Q + 8Q! is of the same length in both, and that the 



* This is here suggested tis perhaps the most direct way of establishing geome- 
trically the theorem in parabolic motion commonly ascribed to Lamdebt but 
prcTiously discovered by Eulbr (Scholium, p. 242). 
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focal sectors 8QQ are in the subdaplicate ratio of the latera 
recta of their ellipses or hyperbolas.* 

694. Given, in a conic orbit described abont the focas 8 
under the action of a given force, a chord QQ^ the parallel focal 
chord, and the sum of the terminal focal vectors 8Q + 8Q ; 
the time of describing the arc QQ is coostant.f 

695. Given the directions of two sides of a triangle inscribed 
in a given ellipse, determine the envelope of its third side. 



* The pioof ia reiy much as in Art. 100; but the two oonica are thus oompaied 
directly and without the interposition of an auxiliary oonic in which the ^ord ^ of 
the sector is at right angles to the principal axis. 

t This extended enunciation of Lambert's theorem (as I am informed by Ftof. 
TowKBEND) was given in a lecture in the year 1845 by the late Prof. Mac Citllagh 
of Dublin, who proved that the sectorial area SQPQ* and the square root of the 
latus rectum of the orbit vary severally as the sine of the angle between SP and Q(2', 
having previously shewn that OP is constant, and that every chord parallel to QQ' 
which cuts i9P in a ooostant ratio ia of constant len^h. 
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CHAPTER X, 

OEOSS RATIO AND INVOLUTIOK. 

101. A SET of points on a straight line constitute a Rangt^ 
or row, of which the line is called the base or axis ; and a set 
of straight lines radiating from a point constitute a Pencil^ of 
which the point is called the Vertex or the centre and the lines 
iare called Rays or radiants. 

The ratio of the ratios in which the straight line joining 
two points is divided by any other two points in its length 
is called a Double Section Matioj or an Ankarmonic Ratio^ or 
a Cross Ratio of the four points. If two ranges of four points 
have one cross ratio of the one equal to one cross ratio 
of the other, it may be shewn that every cross ratio of the 
one is equal to the corresponding cross ratio of the other: 
we may therefore in practice speak of a tetrad as having 
one cross ratio only, although its four points determine six 
segments to each of which belong a reciprocal pair of cross 
ratios.t 

102. If a line BD be divided at A and (7, the ratio 

AB.CD I AD .GB (which is a cross-multiple of the ratios 

AB OB 

-jji and -j^ may be taken as the cross ratio of the points 

ABCD^ and It is expressed by the notation [ABCD]. It may 



* Oollinear points are (or were) sometimeB said to " range on a straight line" — for 
im example see Booth's Nwo Geometrical Methodsy toI. i. §48. 

f JFor a further exposition of the principles of Anhaxmonic Section sed 
TowHSBiiD*8 Modem Geometry qf the Point Line and Cirele, toI. II. The purpose 
of this chapter is not so much to establish these prindplee as to apply them to 
i3onicSi 
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be shewn that this ratio is unaltered hy the interchange of any 
two points of the range provided that the remaining two points 
he at the same time interchanged. In other words, it may be 
shewn that 

[ABCD] = [BADC] = { GDAB] = [DGBA]. 

The cross ratio of a pencil of four rays is that of the range 
which it determines on any transversal : this ratio will be shewn 
to be independent of the position of the transversal (Art. 103). 
The cross ratio of four radiants ABCD is expressed by [ABCD]^ 
and the cross ratio of four radiants Oa, Oh^ Oc^ Od by {aLbcd\ 
or {0.ahcd\. 

Tetrads of points and rays are said to be equal or equian- 
harmonic when their cross ratios are equal ; and ranges and 
pencils of any number of constituents are said to be homO" 
graphic'^ when every tetrad of the one system and the corres- 
ponding tetrad of the other have equal cross ratios. The 
notation 

[ABODE &c.} = [A'B'G'D'E' &c.} 

is used to express that two systems whose constituents corre- 
spond in pairs are homographic. More briefly, if A and A' be 
a variable pair of homologous {i.e. corresponding) constituents 
of two homographic systems, the equation [A] ==■ {A'} may be 
used to signify that every four positions of A and the correspond- 
ing positions of A' have equal cross ratios. The corresponding 
notation for a pencil having its vertex at is [A], 

Thus far we have spoken only of coUinear points and of 
concurrent lines, but the following definitions may be added 
in anticipation of Art. 113. The cross ratio of Four Points on a 
Gonic is that of the pencil which they subtend at any fifth point 
on the curve ; and the cross ratio of Four tangents to a C'Onic is 
that of the range which they determine on any fifth tangent 
thereto. In the special oase of the Gircle it is at once evident 



* This tenn is sometimes confined to systems of more than four constituents, bat 
it may be used with equal fitness for the special cause of tetrads, in place of the 
longer word equxanharmonic. The still shorter term tqual (although not in genenJ 
so used) may often be employed with advantage as an abbreviation for " equal as 
regards cross ratio" — for which the term equieros* is suggested by Prof. TOWHBBND. 
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that these ratios are independent of the position of the fifth point 
or tangent^ smce fonr given points on a circle subtend a pencil 
of constant angles at any fifth point on the curve, and since 
the segments of any fifth tangent by four fixed tangents 
subtend constant angles at the centre. It will be shewn in 
Art. 113 that the cross ratios of four given points on (or 
tangents to) any conic are likewise constant. 

We proceed to establish certain Lemmas relating mainly 
(1) to Cross Ratio in general, and (2) to the special case of 
homography called Involution, with a view to their eventual 
application to some of the fundamental properties of conies. 

CROSS RATIO. 

103. The cross ratio of the points in which four fixed 
radiants are met by a variable transversal is constant.^ 

(i) Let four lines radiating from be met by any trans- 
versal in the points A^ J?, 0, 2>, and let the parallel through B 
to OD meet OA in a and OC in b. 




Then by similar triangles, 

AB:AD=^ aB i DO 
and CD\ CB^DOxBb. 



Hence 






which is constant for all positions of ab parallel to OD ; and 
therefore [ABCD] is constant for all positions of ABCD without 
restriction. 



* It is to be noted that thia very important theorem of the ancients implicitly 
contains the method of Conical Projection. 
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We have thus proved that 

[ABCD] = {aBbto }, 

where oo denotes the point at infinity in which aBb meets OD. 
It is to be noted that the transversal may be drawn so as 
to cut the radiants (produced through 0) upon either side of 
0. Thus in the figure of Art. 107 (i), considering the pencil 
whose vertex is and supposing QO to meet AB ia £! and 
CD in Fj we have 

{DMAQ} = {BPAE} = {BBCQ} = [DPCF], 

the rays of the pencil being taken in the same order in eveiy 
case. 

(ii) It is further evident that different pencils have equal 
cross ratios when their corresponding angles are eqaal or 
supplementary. 

For example, if SB and ST turn about S (Art. 9, Cor. I) 
so as to be always at right angles, the pencils S [B] and S [T] 
are equiangular and therefore homographic. Or again, if TS 
and TH in Art. 50 remain fixed whilst the conic varies (so 
that the tangents from T always make equal or supplementary 
angles with TS and TH respectively), the pencils T {P] and 
T { Q] are homographic. 

104. Condition that a variable straight line should pass 
through a fixed point. 

Four rays determine equal ranges upon any two transversals 
(Art. 103) ; and conversely, if two equal tetrads of points on 
different axes be such that three of the lines joining them 
in homologous pairs meet in a point, the join* of the fourth 
pair must pass through the same point. 

In particular, if ^ be a point on one of the four rays, they 
determine equal ranges [ABGI)} and [AB'C'D'] on any two 
transversals through A. 



* Thia term is used hj some writezs as an abbreYiation for the Unejoinimff two 
points. See for example Hsmrigi'b SlemetUary (7eome^, Conffrv$tU Fiffurts, §47 
(Londoni 1879). The "join** of two lines is their common point. 
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Conversely, if BB and CO* be any two assumed positions of 
a variable straight line, their point of concourse and A that 
of JS (7 and BG'^ and if OA be a third position and DD' any 
other position of the variable line, the condition that DD' 
should pass through the fixed point is that \ABCD] should 
be always equal to [AEC*D'], 

105. Condition that a variable point should lie on a fixed 
straight line, 

A range of four points subtends equal pencils at any two 
vertices; and conversely, if two equal pencils having different 
vertices be such that three pairs of their corresponding rays 
intersect on one straight line, the fourth pair must intersect 
on the same straight line. 

In particular, if and 0' be the vertices of two pencils 
which have OCyA for a common ray, and if B^ (7, D be the 
intersections of their remaining three pairs of rays, then will 
BCD be a straight line provided that 

0\ABCD]^0'[ABCD]. 




If now (supposing the rays of the two pencils to be variable) 
the intersections of two pairs of homologous rays be at given 
points B and (7, the remaining intersection D will lie on the 
fixed straight line BC. 
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This result and that of Art. 104 may be together express^ 
as follows : 

If two tetrads of points or rays ABGD and ASCU be 
equtanharmoniCy then if one pair {Aj A') coalesce the renunning 
three pairs (J5, JB*), ((7, C), (i?, Z>') are in perspective. 

106. Condition that a tetrad of points or rays may be har- 
monic. 

(i) If BD be divided harmonically at A and G^ and if the 
signs ± be used to denote opposite directions, then it is ea^y 
seen that 

AB CD _AD CBCB AD_ 
AD' CB" AB' CD" CD' AB" ^' 

or [ABCD] = {AD CB] = { CBAD] = - 1. 

The condition that the range ABCD should be harmonic 
is therefore that the points A and C or the points B and D 
should be separately interchangeable. Each pair of inter- 
changeable points are said to be harmonically conjugate to each 
other with respect to the remaining pair. 

(ii) A pencil {ABCD} will be harmonic if a transversal 
drawn parallel to one of its rays CD be cut in equal and opposite 
segments Ba and Bb (fig. Art. 103) by the remaining three 
rays. For example, since DP in Art. 60 is parallel to one 
asymptote and is bisected by the other, it follows that the 
asymptotes and any two conjugate diameters of a hyperbola con- 
stitute a harmonic penciL 

(iii) A pencil will also be harmonic if two of its rays be 
the bisectors of the angles between the other two. For ex- 
ample, the tangent and normal and the focal distances at any 
point of a conic constitute a Jiarmonic penciL 

107. Properties of a complete quadrilateral. 

Let ABCD be a quadrilateral, and let 0, P, Q be the 
intersections of {AC^ BD), {AB, CD), {AD, BC) respectively. 
Then the figure as thus completed is called a Complete Quad- 
rilateral, and PQ is called its third Diagonal. 
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(i) Let the ray PO meet AD \n M and BO in B. Then 
by the properties of radiants (Art. 103), 

O [DMAQ] ^0[BBGQ] ^P[BBCQ]^P{AMDQ] ; 




and therefore the range [DMAQ]^ in which the conjugate points 
A and D have been shewn to be interchangeable, is harmonic. 

[Art. 106 (i). 
Thus it appears that the two pencils whose vertices are 
and P are harmonic, and in like manner that the pencil Q 
is harmonic ; and hence that each of the three diagonals of the 
complete quadrilateral is divided harmonically by its remaining 
two diagonals. 

(ii) Let the sides AB^ i>0 of a quadrilateral meet in P 
and the sides DA^ CB in 0. Complete the parallelograms 
BODR and AOCQ^ and let BB^ PD meet in V and AQ, PD 
in T. 
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Then bj parallels 

PGi CT^PB:BA:=^PVi VD, 
or PG : PV^ CTiVD^CQ: VB. 

Hence PQR is a straight line, and therefore the middle 
points of OP, OQj OR lie on a straight line parallel to PQR. 

But the middle point of OQ 19 also the middle point of 
AGj since the diagonals of parallelograms bisect one another* 
and for the same reason the middle point of OB is also the 
middle point of BD. 

Therefore the middle points of the three diagonals AC^ BD^ 
OP of a complete quadrilateral lie on a straight line* 

The straight line bisecting the three diagonals of a com- 
plete quadrilateral may be called the Diambter of the qaad- 
rilateral (Ex. 375, note), 

80H0LIT7M A. 

The fundamental anharmonic property of a pencil of four rays 
constitutes prop. 129 of the seventh book of the liwaytay^ of 
Pappus (vol. 11. p. 871, ed. Hultsch), which affirms that •/ two 
straight lines A BCD and ABC'jy he drawn across three radiants OB, 
OC, OB (fig. Art. 104), then 

AB.BCiAB. CB^AB.BrC : AII,TiC\ 

This property is introduced (pp. 867 — 919) under the head of 
Lemmas on Euclid's three books of Porisms, a subject treated at 
length by Kob. Simson in the work Be Porismatihus contained in his 
Opera quadam reliqtui (Glasguse, 1776), where some things that were 
obscure in Pappus are made clear. In the same section of the 
Xvvayu)yi} (prop. 131) is contained in substance the theorem of 
Art. 107, that either diagonal of a quadrilateral is cut harmonically hy 
its other diagonal and the join of ths joins Qnote, p. 252] of its opposite 
sides (Chasles Apergu Eistorique p. 86, 1875). And further, it will 
appear (Schol. 0) that a theorem in Pappus implicitly contains the 
fundamental anharmonic property of four points on a conic. 

The ancient theory of transversals was revived and largely de- 
veloped in the first half of the seventeenth century by Desasouxs, 
to whom PoNOELET, in the introduction to his Traiti des Propriitis 
Projeetives des Figures (Paris, 1822), applies the title of honour ^<le 
MoNQE de son si^cle'' (p. zxxviii). For some further bibliographical 
information on the subject see Poncelet loe. eit. and Chaslee 
Apergu Bistorique. Of CAaNox's Odomitrie de Position (Paris, 1803) 
Poncelet remarks (p. xliv) that in that work ''se trouve expos^e 
pour la premiere fois et dans toute sa g^n^ralit6 cette belle Throne 
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des transversales dont nous avons d^jd si Bouvent parl6 dans ce qui 
precede, et dont lea Anciens n'avaient fait qu'entrevoir les principes 
et la f^condite." This method has been still further developed by 
Ohasles ''qui a mis en oeuvre d'une maniere trds-heureuse les 
principes de la Th^orie des transversales pour d^montrer la plupart 
des th^or^mes de Monge" (ibid. p. xlv). A good section on Trans- 
versals was contained in the 12th edition of Hutton's Course of 
Mathematics, vol. ii. 214-46 (London, 1843). 

For the cross ratio — or as he called it '^ Doppelschnittsver- 
haltniss" {ratio hisseetionalis)* — of fonr points Moebixjs introduced the 
notation {A, JB, C, D) in his celebrated Baryomtrische Calcul, § 188, 
p. 246 Leipzig, 1827) ; and he used the notation \c, d, h, a) for the 
cross ratio of the range determined by four lines e, d, h, a upon any 
transversal e (p. 256). Chasles {Traili des Sections Coniques Ft. i. 
p. 7, 1865), following the example of Mo bins, adopts the notation 
( a, hy Ct d) for a point-tetrad, and uses O (a, h, c, d), an abbrevia- 
tion by separation of symbols for {Oa, Oh, Oc, Od\ to denote the 
anharmonic ratio of a tetrad of radiants. More generally, whether 
the letters denote points or lines, we may write 0{abcd] for the 
cross ratio of the "joins" of (0, a), (0, h\ (0, «?), (0, d). The 
form [0 , ahcd], used in Salmon's Conic Sections, is a convenient sub- 
stitute for {ahcdi in cases in which cross ratios are compounded 
-with one another (MObius, p. 257). 

The term Anharmonic was invented by Ohasles and has been 
widely used ; but it is an artificial word and wanting in brevity, 
and perhaps ought rather to mean non-harmonic. The short and 
eig^iificant term Cross Ratio (which expresses the result of com- 
pounding two simple ratios crosswise) was coined by the late Prof. 
Ci^iFFOKD, and may be found in his Elements of Dynamics (p. 42) 
published some four or five years later (London, 1878). It may be 
used also with a secondary reference to the transversal or cross-line 
on which the ratio is estimated. 

INVOLUTION. 

108. If three or more pairs of points -4, -4' ; B^ B\ (7, C ; 
&C. be taken on a straight line at such distances from a point 
O thereon that 

OA.OA^OB.OB'^OO.OG'^&c., 

they are said to constitute a system in Involution. The point 
O is called the Centre and the points (^, A), (B, JS'), (0, C), 
&c. are called Conjugate Points or Couples of the involution. 
The centre is evidently conjugate to the point at infinity upon 

the axis. 

■ - ■ » 

* Stbuteb colled it " Doppelrerfuatnias." 

S 
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If the Boveral points of an involution lie on the same aide of 
the centre as their conjugates respectively, the products OA.0A\ 
&c. are to be regarded as positive, and the involution is said 
to be positive; but if conjugate points lie on opposite sides 
of the centre the involution is said to be negative. In a positive 
involution there are two points i^and F (on opposite sides of the 
centre) each of which coincides with its own conjugate : these 
are called the Double Points or Foci of the involution. In a 
negative involution the foci are imaginaiy. 

When two pairs of conjugate points Aj B and ji.\ S are 
g^ven the involution is completely determined. For if two 
pairs of parallels be drawn through A^ A and B^ B^ respectively, 
and if they intersect in P and Q, the line FQ evidently meets 
the axis of the involution in a fixed point such that 

OA : OA^OPiOQ^OBiOB, 
or OA.OB^^OA.OB. 




Thus the centre and the constant of the involution are known, 
and the system is completely determined.* 

A Pencil of lines in involution is a pencil which determines a 
row of points in involution on any transversal: every such 
pencil has one pair of Double Raysy on which He the double 
points of all its transversals. [Art. 112. 

109. A system of circles having a common radical axis de^ 
iermine pairs of points in involution on any transversal. 

For if a system of circles be drawn through two points P 



* The six lines joining any four points PQP'Q^ detennine an inTolntion on moj 
transversal : the oonstmction in the text resolts £rom taking P' and Q^ at infinity. 
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and Q, and if a transversal meet PQ in and meet anj two of 
the circles in A^ A and B^ By it is evident that 

oa.oa:^ ob.ob*^ op.oq. 

Conversely, if circles be drawn through the several pairs of 
conjugate points of an involution and through a common ex- 
ternal point P, thej will all meet at a second fixed point Qj 
such that PQ passes through the centre of the involution. The 
J^oci of the involution are the points of contact of the two 
circles which can be drawn through P and Q so as to touch 
the transversal : these points are imaginary when P and Q lie 
on opposite sides of the transversal. 

110. A pencil of rays in involution has in general two conju^ 
gate rays only at right angles ; but if two pairs of conjugate rays 
be at right angles every two conjugate rays are at right angles. 

Let P be the vertex of a pencil in involution, and let a 
transversal meet two pairs of conjugate rajs in A^ A' and Bj B\ 
Then the circles APA' and BPB' determine by their intersection 
a second fixed point Q, and every circle through P and Q meets 
the transversal in points G and C such that PGj PO' are con- 
jugate rays. [Art. 109. 

Now in order that the angle CPO* may be a right angle 
the centre of the circle CPG' must lie on the axis of involution. 
In general one circle only can be drawn through P and Q so 
as to have its centre upon a given transversal ; but if two circles 
can be so drawn the transversal must bisect PQ at right angles, 
and must therefore be the locus of the centres of all the circles 
that can be drawn through P and Q. 

It is hence evident that a right angle turning about its 
Tertex generates a pencil of rays in negative involution: for 
example, the conjugate diameters of a circle constitute a negative 
involution. 

It is further evident that there are two points (one on each 
side of the axis) at which all the segments of a range in 
negative involution subtend right angles. 

111. If a row of points be in involution any four of them and 
their four conjugates are equicross^ and conversely. 

S2 
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(i) For if {A,A')j {B,B')j (0, 0'), {D,iy) he conjugate 

p9iDts in an involution of which is the centrOi then since by 

definitioni 

OA': OR ^ OB I OA, 

therefore A'B' : OB' = AB : OA ; 

and similarly CD' : OD' ^CD: 00. 

Hence A'B'.C'Jff : OB.OU^AB.CD : OA. 00; 

and in like manner (or by merely interchanging B and JD, 
and B' and Z>'), 

A'B.O'B' : OB'.OD'^AD.CBi OA.OG; 

and therefore {A'B'O'B'} is equal to {^5CZ)}, or every four 
points and their conjugates are equicross, as was to be proved. 

From the general relation [ABOD] = {A'ffO'I/]^ where the 
several couples may be taken arbitrarily, we deduce as one 
form of the* relation between three couples in involution (by 
substituting A' for D and A for 1^)^ that 

{ABOA'l^lA'BC'A], 

which readily reduces to 

AB.BC'.CA'^A'B.BC.C'A. 

Another form of the relation between the three couples is 

{ABA'C}c.[A'BAG'}, 

AB.A'G A'B.AG' 
^^ AC.A'B" A'C'.AB' 

or AB. AB lAC.AC'^ A'B. A'B' : A' 0. A' G'. 

Conversely, when one of these relations is established the 
three couples AA'^ BBj CO' are proved to .be in involution. 

(ii) Otherwise thus. Let circles be drawn each through two 
conjugate points of an involution so as to cointersect at points 
P and Q (Art. 109). Join P to any four of the points and join 
Q to their conjugates. Then it may be easily shewn that the 
two penciLi thus formed have their angles equal (or supple- 
mentary) each to each,* and are therefore equianharmonic. 



« ^or tbiB proof see McBowell's Exereiset on Euclid cmd in Modtm Geometry, 

Arts. 206, 7 (Cambridge, 1878). 



N 



CROSS RATIO AND INVOLUTION* 261 

112. The foci and any two conjugate points of an involution 
constitute a harmonic range. 

This is evident from Art. 35, Cor. 1, where A and A may 
be taken as the foci of an involution of which 8 and X are anj 
two conjugate points. 

Conversely, any two points 8 and X which form a harmonic 
range with a pair of fixed points A and A* are conjugate points 
in an involution whereof A and A* are the foci. 

SCHOLITTM B. 

The theory of Involution was laid down by Desargues (1593 — 
1662), the friend of Descartes and teacher of Pascal, in his Bbott- 
rLLON Proieot d^une atteinte aux Mntmens des rencontres (Pun Cane 
auec un Plan^ discovered in manuscript by M. Ohasles in 1 845, and 
printed in Poudra's two volume edition of the CSuwes de Desargues, 
vol. I. pp. 97 — 230 (Paris, 1864); an analysis of the work being 
also given, in which its strange and embarrassing terminology is 
replaced by the expressions now in use. 

The germ of the theory is contained in lib. vn. prop. 130 of the 
Collectio of Pappus (p. 873, ed. Hultsch), which may be stated 
conversely as foUows : 

If the sides of a triangle FQR meet a transversal in Af B^ (7, and 
if the three radiants from any point to its opposite vertices meet the 
transversal in F, JE, D respectively ^ then 

AF, CB : AB. CFmFA.DEi FE.DA. 

That is to say, the opposite sides and the two diagonals of any 
quadrilateral OFQR meet any transversal in pairs of points (^, j^), 
{B, E), {C\ D) in involution, the cross ratio [AFCB] being^equal 
to [FADEi 

Desaroues, having defined and established some properties of 
his Involution de six Points, and having enunciated the so-called 
theorem of Ptolemy in a new form, next shews that the pencil sub- 
tended at any vertex by six points in involution is cut in points in 
involution by any transversal (Poudra, pp. 247, 256 — 8) ; he fully 
establishes the theory of poles and polars (sometimes wrongly 
attributed to de La Hire), ehewing inier alia that the three pairs 
of chords joining four points on a conic determine a self-conjugate 
triangle, and not omitting to notice also the case of polar planes 
(pp, 263, 72, 90) ; and he proves that any conic and the sides of an 
inscribed quadrilateral determine points in involution on any 
transversal (p. 268). It is to be observed that he regards six 
points as constituting a complete involution (which however does 
not really detract from the generality of his conclusions), aod that 
he uses the term Involution de quatre Points to denote the two double 
points or foci together with a single pair of conjugate points ; that 



262 



CB088 RATIO AND INVOLUTION. 



is to say, he regards a harmonio range as an inYolution of four 
points. 

It may be well to quote from Poudra's vocabulary of terms 
used by Besargues {CEuvreBy i. 101) the explanation of the still 
suryiving term Involution^ which signifies '* l^ois couples de points 
tels^que oa x oa' =» oh x oh' ^oex oc' et que tous les points conjug^^ 
sent tous m^6s ou d^m^l^s entr' eux." 



ANHARMONIC PROPERTIES OF CONICS. 



rs 



PBOPOSmON I. 

113. The cross ratios of four fixed points on a conic and of 
the tangents thereat are constant and equal to one another* 

(i) From four fixed points -4, 5, C, J9 on a conic draw 
chords to any point P on the carve, and produce them to meet 
the ;&-directrix in abed respectively, so that 

P{ABCD]^P[abcd] ^8[abcd]. 




Then since the angles aSh^ bScj c8d^ being equal or 
supplementary to the halves of the constant angles ASB^ 
B80y CSD respectively (Art. 13), are themselves constant, 
it follows that 8{dbcd] and P{ABGD] are constant, whatever 
be the position of P on the curve. Conversely, a conic can 
in general be drawn through six polntsf PP'ABGD so related 



* The reciprocal properties (i) and (ii) were stated in their direct and oonvene 
forms in Stsinbr's Sytiematische Entwichdung der AbhangigktU ffwmetriseker 
GestaUen von einander, ^p, 156, 7 (Berlin, 1882), where it is remarked that: *'Die 
6iitze links [= (ii)] aind, nnter anderer Form abgefaast, bekannt.'* The property 
(iii) was given (for the dicle) in Cbablbs* Gdometrie Superieure, § 663 (Paris, lSd2). 

t The six points in Art. 105 maj be regarded as lying on a conic which has 
degenerated into a pair of straight lines. 
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that P{ABGD]^r{ABOD]'y or if A BOD be fixed points, 
and P a variable point such that P{ABCD] b constant, the 
locos of P is a conic through ABGD. 

(ii) Next let the tangents to a conic at four fixed points 
ABCD meet the tangent at anj fifth point in the range abed. 




Then since the angles aSb^ bScj cSd, being equal or 
supplementary to the halves of the constant angles ASB^ 
BSCj CSD respectively (Art. 13, Cor.), are themselves 
constant, it follows that S[abcd\ or {abed} is constant. Con- 
versely, a conic can in general be described touching six 
straight lines so related that four of them determine ranges 
of equal cross ratios {abc€[\ and {ab'c'd} on the remaining 
two; or if four fixed straight lines meet a variable straight 
line in a range of constant cross ratio, the variable line envelopes 
a conic touching the four fixed lines. 

(iii) Lastly let P be a fixed point on a conic, PQ a variable 
chord meeting the )S-directrix in B^ and let T be the point 
of concourse of the tangents at P and Q, 

Then since the angle B8T is always a right angle (Art. 9, 
Cor. 1), 

P{Q}^P[B}^S{B}^8{T}^IT], 

or the pencil subtended at P by any four positions of Q on the 
curve is equal to the range in which the tangents at the Q's 
intersect the tangent at P. 

Corollary 1. 

If two angles MBD^ MGD of gioen magnitudea turn about 
Bj C as poles in sueh a manner that the intersection AT of two 
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of their arms describes a straight Ztw«, the intersection D of their 
remaining arms describes {in general) a conic passing through 
B and Cy* for since 

B{D]^B[M]^C[M]^C{D], 

a conic can be drawn through B^ C and any four positions 
of D ; and three assumed positions of I) together with B and C 
determine a single conic on which everj other position of D 
must lie. But if the straight line described by M passes 
through B or (7, or if the pencils B{1)] and C{D} have a 
common ray, the locus of 2) is a straight line. The general 
case affords a ready means of drawing a conic through five given 
points. [Ex. 367. 

Corollary 2. 

If three straight lines mdj dry rm turn about given poles 
By Gy By whilst m and r move along fixed straight lines PO 
and PQy the point d describes a conic passing through B and C; 
for it is evident that 

B{d]^{m}^[r]^C{d}. 

It appears (by taking special cases) that the point P and 
the intersections of BDy PQ and CDy PO likewise belong to 
the locus : and conversely, if these three points and B and G 
be given, the lines PO and PQ can be drawn, and the locos 
of dy which is the conic through the five given points, can 
be traced.f 



* This is Newton's method of generating conic sections. The theorem is proTed 
in the Principia, Lib. I. Sect. v. lemma 21, where it is dedoced from lemma 
20 [= Ex. 80], and this again from the theorem Ad quatuor linea$ (SchoUnm C). 
It is also stated, with generalisations and limitations, in his Entaneratio Lintantm 
Tertii Ordinis, Cap. Yii. (see p. 26 in Talbot's translation, London 1861 ; or Nbwtohi 
Opera qwB exttatU omnia^ vol. 1. 656, ed. Horsley, London 1779), mid«r the head ; 
J)t Curvnrum Detcriptione Organica, 

t This method of drawing a conic through fire giyen points was disooTered by 
Maclaurin in 1722 although not published by him till 1786. In the PhilotopKkal 
Transaetwnt of the Royal Society of London (yoI. Till. p. 50, 1809) he shews how to 
deduce it by elementary geometry from the aboye mentioned lemma 20 of the 
PrincipiOf " which itself is a case of this description" (p. 43). Braikenridge, who had 
already published Maclauria*s oonstniction, is said to have been in communication 
with him and to have been made acquainted with his theorems in 1727 {ibid. pp. 6, 48). 
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PROPOSITION II. 

114. The diameters of a conic form a pencil in involution 
in which conjugate diameters are conjugate rays. 

(i) For diDce any two conjugate diameters meet the 
iS-directrix in points V and V such that 

Xr.Xr= CZ.iSJf= a constant, [Art. 14, Cor. 4. 

therefore VV and CV are conjugate rays in a pencil in in- 
volution. This involution is negative in the ellipse, and positive 
In the hyperbola: in the latter case the asymptotes are the 
double rays. [Art. 53. 

(ii) The centre of the involution determined by the pencil 
of diameters on any tangent is at its point of contact, since 
this is evidently conjugate to the point at infinity upon the 
tangent. This is in accordance with Art. 47, from which a 
second proof of the proposition may be derived. 

Corollary 1. 

From a fixed point draw the perpendicular OP to a 
variable diameter CP^ and produce it to meet the conjugate 
diameter in D : then since 

C{D} = C{P]=0{D}, 

the locus of i> is a conic through and C7, and it evidently 
has real points at infinity on the axes of the original conic. 
At the four points of concourse of the conies the positions of 
OD are normal at D to the original conic. Hence we infer that 
there are four points on a given conic such that the normals 
thereat cointersect at a given point 0, and the four points lie on 
an equilateral hyperbola^ which passes through and through 
the centre of the given conic^ and has its asymptotes parallel to 
the axes of the latter.* 



« This method of drawing a normal OD to a oonic from a given point 0, with 
the help of an equilateral hyperbola, is given by Apollon 1178 in his Conies, Lib. v. 
props. 5B-€d, where he regards the normal as a line drawn from so that the 
intercept upon it between D and the axis of the given conic is a minimum. For 
another treatment of normals see Prof. Orruona^s article On Normals to Conies, in the 
Ox/. Camb. and Dublin Messenger of Mathematics, vol. III. p. SB. See also £z. 286, 
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Corollary 2. 

By drawing OP to meet OP (Cor. 1) at any other given 
angle and in a given ^^ sense" or direction of rotation, and 
proceeding as above, we determine a conic passing through 
and G and having its asymptotes (real or imaginary) paralld 
to those conjugate diameters of the given conic which contain 
an angle equal to the given angle ; and the two conies intenect 
at four points D such that OD meets the given conic at the 
given angle. If the sense of rotation be not g^ven, four other 
positions of OD (making in all eight), which meet the given 
conic at the g^ven angle, can be in like manner determined. 

BGHOLTCTM 0. 

The celebrated problem of the '< Loeua ad quatuor lineatf* (rovoc 
ifr\ ^ ypafifxas) — handed down by Pappus from his predeoessora 
without solution ( ColUctio Lib. vii , vol. u. pp. 677 — 9, ed. Hultsch), 
solved only by his new method of coordinates by Dsscartbs 
{Geometrta Libb. i. ii. 7 — 16, 24 — ^34, ed. Schooten, 1659), and at 
length completely solved by Newton {Principia Lib. i. Sect v. 
lemm. 17 — 19} by the elementary geometry of Apollonius — im- 
plicitly contains the fundamental anharmonic property of four 
points on a conic (Art. 113). The problem and its Newtonian 
solution are as follows. 

(i) If P be any point of a conxe and ABDC a given tnseribed 
trapeiLium, and ifairaight lines PQ, PR, PS, PT meet the eidee AB, 
CD, AC, DB respectively at given angles : the rectangle PQ x PR is U 
the rectangle PS x PT in a given ratio. 

a. First let PQ and^PiZ be parallel to AC, and PS and PT 
parallel to AB; and let the side BD be also parallel to AC. Then 
since PQ.QJT varies as AQ,QB, "per prop. 17, 19, 21 & 28 
lib. lu. conioorum ApoUonit^* (Art. 16, Cor. 1), if iT be the point in 
which PQ meets the conic again ; and since the diameter of the 
chords AC, BD, KP bisects also the intercept Qfi, so that 
QK^PR', it follows that PQ. Pi2 varies as ^Q.QP or PS.PT, as 
was to be proved. 

I. Next let BD be not parallel to A (7.* Draw Bd parallel to 
u^C meeting STva. T and the conic in d. Join Cd cutting PQ in r, 

note, where if 7" and U be giyen T* and XJ* can be at onoe detennined ; and thm 
from the intezBection of any two normals to a conic two other normals can be drawn. 
CoroUarieB 1 and 2, as they stand, are taken from CHA.8LB8' TVat^e dn Sectiom 
Coniquet, chap. vu. pp. 142-4. On the paraboLi see Ex. 617, note. 
* Bee the lithographed figure No. 8. 
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and draw DM parallel to PQ cutting Cd in M and AB in iV. Then 
by similar triangles, and by parallels, Bt (or PQ) is to 7]( as DN" 
to NB ; and J2r is to ^Q (or PS) as DMU} ANi and therefore 

PQ.Rr : PS.Tt^reoi, NJ^Mi rect. ANB,^ 

-» PQ.Pr : PS,Pt, by case a, 

^PQ.PR : PiSf.Pr, dividendo. 

tf. Having thus shewn that this last ratio has the constant 
value BN.DMi AN,NB^ we see at once that PQ,PB will still vary 
as PS.PT if PQ, PR, P8, PT be drawn each at its own constant 
inclination to AB, CD, A C, DB respectively. It is further evident 
that if PX and PF be drawn to meet the diagonals AD and BC 3,t 
constant angles, each of the ratios PX.PY: PQ.PR : PS.PT is 
constant. Conversely (lemma 18), i£ PQ.PR varies as PS.PT, the 
locus of P is a conic circumscribing A BCD. In lemma 19 and its 
two corollaries Newton completes the solution of the problem by 
shewing how to determine the actual locus of P for a given value 
of the ratio PQ.PR : PS.PT; and he concludes by remarking with 
evident satisfaction : ''Atque ita problematis veterum de quatuor 
lineis ab Euelide incospti & ab ApoUonio continuati non calculus, 
Bed compositio geometrica, qualem veteres quserebant, in hoc 
coroUario exhibetur." 

(ii) The anharmonic property of four points on a conic follows 
immediately from the above theorem Ad quatuor lineaa. For if 
PQ, PR, P8, PT be perpendiculars to AB, CD, AC, BD re- 
spectively (cf. Art. 94), so that PQ,AB^ PA.PB BmAPB, &c., 
and thus 

PQ,PR.AB.CD sin APB emCPD 
PS.PT^C.BD " sin APC ' sin^PJ^--^^^^^^^' 

and if the ratio PQ.PR : PS.PT and the trapezium ABDC be 
given ; the cross ratio P{ABCD] will be constant. 

(iii) Ohaslbs and others have proved the constancy of the cross 
ratios of four given points on or tangents to a conic by projection 
from the circle, and have taken the properties thus proved as the 
foundation of their treatises on conies : but the most elementary 
proofs of the properties in question are those which we have 
adopted in Art. 113 from the Geometrical Demonstration of the 
Anharmonie Properties of a Conic contributed by Mr. B. W. Hobne, 
Fellow of St. John's College, to the Quarterly Journal of Mathematics, 
vol. IV. 278 (1861): his proofs assume only those simple angle- 
properties of the focus of a conic which reduce, when the directri^ 
is removed to infinity, to the fundamental angle-properties of the 
circle (Scholium A, p. 22). 



* This notation was formerly In uae for the rectangle AN,NB. 
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RECIPROCAL POLARS. 



PROPOSITION III. 



115. The polar of any point with respect to a conic u a 
straight line^ and conversely.* 

(i) Let a variable chord be drawn to a conic through a 
given point 0, and let the tangents at Its extremities intersect 
In T] then will the locus of T be a straight line. 

For if the variable chord and its diameter CT meet the 




directrix in B and V respectively, then since SRj'^ST Ismd 
OR^ ST are at right angles (Arts. 9, 14), therefore 

8{T]^8[R]^0{R]^8[V]^C[T}. 

And since the homographic pencils 8{T] and G[T} have 
a common ray C8 (the point T lying on the axis when OR 
is a- principal ordinate), the locus of 7 is a straight line. 

[Art. J 05. 

Conversely, If T be any point on a straight line, it may 
be shewn in like manner that its chord of contact determines 
homographic ranges [R] and (oo } on the directrix and the 
straight line at infinity, and hence that it passes through a 
fixed point. [Art. 104. 

(ii) Otherwise thus. Let PL and PN be given tangents 
to a conic, PMR any chord through P, and its intersection 

** For other proofs of the properties of polars see Arts. 17, 18, 41, 93. 
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with LN] and let A and B be the intersections of the tangents 
at iV; M and N^ B. 

Then since the cross ratios of the tangents at i, Jtf, Ny B 




and of their points of contact are equal (Art. 113), therefore 
(estimating the former on the tangent at ^N and the latter on 
the transversal MB) we have 

{PANS] = L [LMNB] = {P2I0B] ; 

-whence it follows that the tangents AM and BB intersect on 
the fixed straight line NOj and conversely. [Art. 104. 

PROPOSITION IV. 
116. A raw of points on any axis and their polars with 
respect to a conic are Aomographicj and they determine an 
involution on that axis. 

(i) It follows at once from the construction of Art. 115 (i), 
where B8T is a right angle, that if T be taken on the polar 
of a given point 0, then 

{T]^8{R}^0{Ii], 

or the points T and their polars OB are homographic. 

(li) Otherwise thus. In the preceding figure, if the equal 
cross ratios L [LMNB] and N [LMNB] be estimated on the 
* transversal MBj then 

{PMOB} = [OMPB], 

or and Pare harmonic conjugates with respect to if and B. 

[Art. 106. 
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Hence, as P moves along MR^ the points and P are 
couples In the involution of which M and R are the foci 
(Art. 112); that is to say, if P be a variable point on the 
polar of any given point Q^ and QO h^ the polar of P^ the 
range [P] is homographic with the pencil Q {0}, and the two 
together determine an involution on the polar of Q. 

Corollary 1. 

If a pair of points divide a chord of a conic harmonicaUj^ 
each point lies on the polar of the other, and the two are 
said to be conjugate with respect to the conic. From the reci- 
procity of the relation between such points it is easy to deduce 
the theorem of Art. 17, Gor. 1, that the intersection of any two 
straight lines is the pole of the line which joins their poles. It is 
evident that a system of conies having a common self-polar 
triangle (note, p. 272] determine an involution on any transversal 
drawn through a vertex of the triangle. 

Corollary 2. 

Two straight lines are said to be conjugate wM respect io a 
conic when they pass each through the polar of the other ^ or in 
other words, when they are harmonic conjugates with respect 
to the two tangents (real or imaginary) that can be drawn to 
the conic from their point of concourse. From a given point 
there can in general be drawn one pair only of straight lines 
at right angles to one another and conjugate to a given conic 
(Art. 110) ; but if the given point be a focus^ every two conjugate 
lines drawn through it are at right angles (Art. 7); and con- 
versely it may be shewn that no other real point is so related 
to the conic. Notice that conjugate diameters are also conjugate 
lines in the sense of this corollary. 

PROPOSITION V. 

117. IfiJie locus of a point he a conic the envelope of its polar 
with respect to a conic is a conicj and conversely. 

Take four fixed points ABGD and their polars with respect 
to a conic: and take a variable point P and its polar with 
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respect to the same conic: and let the fixed polars meet the 
polar of P in the points a, &, c, d respectively. 

Then by Art. 116, the points a, by c, d are the poles of 
PAjPBjPCyPD; and P{ABOD} is equal to [abed]] and if 
the one be constant the other is constant. 

Hence, if the locus of P be a conic passing through the 
points ABGDy the envelope of the polar of P will be a conic 
touching the polars oi ABCD^ and conversely. [Prop. i. 

Corollary. 

To any figure generated by points or poles corresponds a 
reciprocal figure generated by their polars with respect to 
any assumed auxiliary conic; and any property of the one 
figure implies a reciprocal property of the other. The method 
of deducing reciprocal properties from one another will form 
the subject of Chapter xii. Notice, as a special case of 
the proposition, that any conic may be regarded as its own 
reciprocal, its several points being the poles of the tangents 
thereat. Also see Scholium E at the end of this chapter. 

THE TRIANGLE. 

PROPOSITION VI. 

118. If two triangles circumscribe a conic their six vertices 
lie on a conic^ and conversely. 

Let ABG and DEF be two triangles whose six sides touch 
the same conic : let BG meet BF in d and EF in e : and let 
BE meet AB in b and AG in c. 
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Then by Prop, i, since the four tangents AB^ A C, FD^ FE 

are homographic with respect to the tangents BC and EDj 

therefore 

[BCde]^ [IcDE], 

or F[BGDE] = A [BODE] ; 

and therefore the six points ABCDEF lie on one conic. 

Converselji if the six vertices of two triangles lie on a conic, 
it may be shewn in like manner that their six sides touch a 
conic. 

Corollary 1. 

If the enveloped conic be a parabola, and if D be taken at 
its focus and E and ^at the circular points at infinity (Chap, xi), 
the conic through ABCDEF becomes a circle. Hence the 
circumscribed circle of any triangle ABC whose sides touch a 
parabola passes through the focus (Art. 29). 

Corollary 2. 

If ttoo cxmics be so related that a single triangle can be in- 
scribed in the one and circumscribed to the other ^ an infinity of 
triangles can be so circuminscribed to the two conies. For let ABC 
be the first triangle, and ab any chord of the outer conic which 
touches the inner: complete the triangle abc by drawing the 
second tangents from a and b to the inner conic: then the 
point c must always lie on the same fixed conic with the points 
ABCab. 

PROPOSITION VII. 

119. If two triangles be self-polar'^ with respect to a conic^ 
their six vertices lie on a conicj and their six sides touch a conic. 

Let ABC and DEF be two triangles self-polar with respect 
to a conic :t then evidently the join of any two of their six 
sides is the pole of the join of the opposite vertices. [Art. 116. 

* A triangle may be called $elf'polar with respect to a conio-* cf . the French t«m 
<* autopolairiT — when each vertex is the pole of the opposite side. Sach triangles an 
usually termed self-aonjugate, and some writers call them tdf-rtdprwil. The Tertioes 
of a self -con jugate triangle oonstitate what is called a ConjugaU (or self-oonjogate) 
Triad of points. 

t See the lithographed figure No. 4. 
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Let BC meet AD in d and EF in d' : then d* b the pole 
of ^i>y and ^ and (2' are therefore conjagate points (Art. 116) 
with respect to the conic. 

Also let BG meet AE in e and DF in e' : then e and e' are 
likewise conjugate points with respect to the conic: and it is 
evident that B and G are conjugate with respect to it. 

It follows that the points BG^ dd'j ee' are couples in in- 
volutiop, and hence (Arts. Ill, 102) that 

{BCde} = {GBd'e'] = {BGe'd']j 

or A {BGDE] = F{BGDE}. 

Therefore a conic goes through the six points ABGDEF\ 
and therefore another conic (Prop. Vi) touches the six sides of 
the two triangles. 

Corollary 1. 

If upon a given conic one triad of points self<onjugate wiih 
respect to a second given conic can be determined^ an infinity of 
stick triads can be determined upon it. For if ABG be the 
first triad, B any other pointy on the first conic, 8 one of the 
points in which the polar of B with respect to the second conic 
meets the first, and T the pole of B8 with respect to the 
second conic ; the point T must always lie on the same conic 
with ABGB8* By taking B at the centre of an equilateral 
hyperbola, and 8 and T at the circular points at infinity 
(Chap. XI.), we deduce that the circle through any conjugate triad 
wiA respect to an equilateral hyperbola passes through its centre. 

[Art. 64, Cor. 4. 

Corollary 2. 

Let the first conic become a circle, and let Q be one of its 
points of concourse with the second conic. T^ext let the points 
B and 8 coalesce at Q, so that the inscribed self-polar triangle 
B8T degenerates into the vanishing triangle QQT: then T 
becomes the pole vnih respect to the conic of the tangent to the 
circle at Q. Conversely, \S QQ h^ any chord of a conic and 
Tits pole, the circle drawn through T so as to touch QQ sX Q 
(or Q) is such that an infinity of triangles self-polar with respect 
to the conic can be inscribed in it. 

T 
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Corollary 3.* 

Let the circle described as above meet the diameter CT of 
the conic in a second point t^ and let V be the middle point of 
QQ^ and (7P, CD the semi-diameters conjagate and parallel 
to QQ, Then smce 

it follows that CT. Vi is equal to 02)*, and hence that 

CT.Ct^ CP't CD"^ CA*± CB^; 

and hence that the circumscribed circle of any triangle self-polar 
with respect to a conic is orthogonal to its director circle. In the 
case of the parabola every such circle is orthogonal to the 
directrix, or has its centre upon the directrix. Otherwise thus : 
let any circle in which self-polar triangles with respect to a 
conic can be inscribed meet the director circle in and the 
chord of contact of the tangents OQ^ OQ to the conic in P and 
F \ and let V be the middle point of QQ. Then since the 
points Pand P are conjugate, and since the angle QOQ Is a 
right angle, 

and therefore the line VO^ which is normal to the director circle 
at (?, is the tangent at to the circle OPP. 

THE QUADRILATERAL. 

PROPOSITION VIII. 

120. The intersections of the opposite sides and cf the 
diagonals of a quadrilateral are a conjugate triad with respect to 
every conic circumscribing the quadritateraL 



* The former of the two proofs of Gaskin's theorem (note, p. 186) in Cor. 3 is 
dne to M. Paul Serret {NouvelUs Annafes XX. 79, 1861). The theorem may also be 
proved independently of Prop, vii., as follows : let QQ^ be any chord of an eiUfve, 
V and T its middle point and pole, and P, R any two oonjngate points npon it, so 
that VP,VR =QV*, Let the circle round TPR meet VT again in : then it may 
be shewn that VO.VT=QV\ and hence that CO.CT = CA* + CB^ [Nanr. 
Ann. XX. 25). See also the Quarter fy Jmtrnal of Afatftemntks x. 129, 
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If ABCD be any four points on a conic, and OPQ the 
intersections of [AC^ BD)^ {AB, CD)^ {AD^ J?(7); then since 




the line OP and the point Q divide both AD and BO 
harmonically (Art. 107), therefore OP is the polar of Q. 

In like manner OQ is the polar of P: and therefore is 
the pole of PQj and the points OPQ are a conjugate triad, as 
was to be proved. 

Corollary 1. 

To draw tangents to a conic from a given point Q toith 
the ruler only^ draw any two chords QAD and QBC from the 
given point : let the line PO (the join of the joins of -4J5, CD 
and AC^ BD) cut the conic in T and T\ draw QT and QT\ 
which will be the tangents required. 

Corollary 2. 

From a given point P draw a fixed chord PAB and a 
variable chord PDC to a conic. Then since AC^ BD and -4Z>, 
BC meet on the polar of P, therefore 

A{C]^B{D]^A{D]y [Prop. i. 

where C (or D) may be either extremity of the variable chord. 
Hence, taking any three positions of GD^ we have 

A [CC'C"D]^A [DDU'C] ; 

and therefore any variable chord CD drawn through a fixed 

t2 
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point determines an invohuion at any point A on the conic^ 
and conversely. For example, a chord of a conic which 
subtends a right angle (Art. 110) at a given point on the 
curve passes through a fixed point on the normal thereat^f 

PROPOSITION IX. 

121. The three diagonah of a complete quadrilateral deter- 
mine a triangle which is self^polar with respect to every conic 
inscribed in the quadrilateral. 

Let aj by c, d denote the tangents at any four points 
Aj Bj (7| i> on a conic^ and ab the join of any two of them 
a and b. 

Then (in the preceding figure), since AB and CD pass 
through Pj their poles ab and cd lie on OQ the polar of P. 
And in like manner ad and be lie on OP^ and ae and bd 

on PQ4 

That is to say, the three diagonals of the circumscribed 
quadrilateral aicd lie upon the sides of the self-polar triangle 
OPQ. 

Corollary, 

In the reciprocal quadrilaterals abed and ABCD determined 
by any four tangents to a conic and their points of contact 
respectively, two paira of diagonals cointersect and form a 
harmonic pencil [PAQB] (Art. 107) ; and the third diagonals 
lie in one straight line, and their extremities form a harmonic 
range [ac^ P, Jc?, Q], [Prop. iv. 



* OtherwiBO thoB : if PE and PF be the tangents to the oonic from the gires 
point P, then E {ECFL] is harmonic (Art. 18), and therefore A [ECFD] ii 
harmonic, or ilCand AD axe conjagate rays in the involution of which AE and AF 
are the double rays. Kote that four poinU on a conic are said to be harmonie when 
they subtend a harmonic pencil at eyery fifth (Prop, i.) ; and the tangents at fbor 
such points are said to be harmonic 

t This theorem is due to Fr6gier (Gergonne*s AnnaU* vi. 231, 1816). 

X This was proved by Maolaurin in Sect ii. §§35, 86 of the Appendix to his 
work on algebra above referred to (Ex. 324, note), in which he applied Cons' 
theorem of harmonic means to carves of the second order. He thus virtually recipro- 
cated a theorem of Desargues (Prop. Tin.), although reciprocation, as a method, 
only discovered in the century following. 



^ 
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PROPOSITION X. 

122. Any conic and the three pairs of chords joining any 
four points upon it meet every transversal in four pairs of points 
in involution,* 

(i) For if any transversal meet a conic in the points AA'^ 
and any two of the three pairs of chords joining four points 
on the curve in the points BB' and CC'j then by the theorem 
^d quatuor tineas (Scholium C), 

AB.AB' : AC.AO'^A'B.A'B : A'C.A'O'; 

and therefore AA'^ BB\ GC are couples in an involution 
(Art. Ill); and the third psdv of connecting chords determine 
a fourth couple in the same involution. 

(ii) Otherwise thus. Let any transversal meet a conic in 
the points AA'j and any two chords ab and cd in BB\ and 
the chords ad and be in GC. 

Then since the points AdbA' on the conic are equicross with 
respect to a and c, therefore (estimating a [AdbA'] and o [AdbA'\ 
on the transversal) we have 

{AGBA'] = [ARC A] = [A'G'B'A] ; 

and therefore AA'^ BB\ GG' are couples in an involution 

(iii) The four sides of a given trapezium suffice to determine 
an involution on any transversal (Art. 108), and every conic 
circumscribing the trapezium passes through an additional 
couple in such involution ; and no conic which does not circum- 
scribe the trapezium can pass through a couple in such involu- 
tion for every position of the transversal. For if the transversal| 
as it turns about any point ^ of a conic, meets it again always 



* This is one of the fandamental theorems of DBSARauBS. Haring fiist proved 
it for the circle he extended it to the genend oonic by projectioii, leaving to others 
to devise some direct proof applicable to the general case (Poudra's (Euvru de 
DeaargwM i. 174, 193). The proof given above in Art. 122 (i) shews that the theorem 
18 an immediate corollaiy from the ancient theorem Ad quatuor lineeu. For the 
second proof (with a diagram) see Salmon's Conic Sections, Art. 844. The theorem 
seems to have been first stated for the case of three conicSf instead of one conic and 
an inscribed quadrilateral, by Storm (Gergonne's Annalet xvii. 180). At the end of 
the same memoir (p. 198) Stnrm alladee to the reciprocal theorem of Prop. xi. See 
also Ponoelet TraM des Propriety Projective ii. 149. 
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in the coDJagate point A\ this conic mast have an isfinity of 
points A in common with the conic through A and the four 
summits of the trapezium. Hence the proposition majr be 
stated as follows : 

A system of conies through four common points [vnth their 
three pairs of common chords)* meet every (raiisversal in pairs 
of points in involution^ and conversely. 

Each of the two double points belonging to any transversal 
must be at its point of contact with one of the conies of the 
system, or at an intersection of a pair of their conmion chords. 
There can therefore in general be drawn two conies through 
four given points to touch a given straight line. 

Corollary 1. 

The foci of any transversalf with respect to a quadrilateral are 
evidently conjugate points with respect to every conic circum- 
scribing it. Hence the polar of a given point F with respect 
to a system of conies through four given points ABCD passes 
through a fixed point F ^ which is determined as the second focus 
of the transversal which touches the conic ABGDF sX F. 

Corollary 2. 

Through three given points ABC draw two conies touching 
a given line at its extremities F and F respectively. These 
conies intersect at a fourth point 2>, through which must pass 
every conic through ABC which has F^ F for a pair of conjugate 
points.§ Hence we are led to infer generally that, in describing 
conies subject to given conditions, the condition thai two specified 
points F and F should he conjugate with respect to a conic is 
equivalent to having given one point I) on the curves 

* Each pair may be regarded aa a degenerate hyperbola of the system. 

t We use this expression as an abbreviation for " the fod of the inrolntion deter^ 
mined upon any transyersal by the aides of the quadrilateral, taken in opposite 
pairs.** 

X It was proved analytically by Lam^ (Examen des differemUt mkhodet employa 
pottr rdsottdre let problemes de Geometrie pp. 34 — 38, Paris, 1818) that \f a syttem qf 
conies (or quadrics) have the iatne point* of itUertedumf their diameters {or diametnU 
planes) severally conjugate to a system of parallel diameters meet in a point. 

§ For example, if F and F* bo the circular points at infinity, the oonios aro 
equilateral hyperbolas, and tbey pass through the orthocentre of the triangle ABC. 
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Corollary 3. 

Each compion tangent FF to two conies ia cut harmonically 
by every other conic (or pair of chords) through their foui' 
common points. By apposing three of the four common points 
to coalesce, and one of the conies to become a circle, we deduce 
that the common chord of a conic and its circle of curvature at 
any point and their common tangent thereat divide their further 
common tangent harmonically. [Ex. 647* 

Corollary 4. 

A system of conies having double contact cut every trans^ 
versal in pairs of points in an involution, having one focus 
upon their common chord of contact CC\ In pioticular, if a 
transversal meet one of the conies in AA*^ and their fixed 
common tangents (which themselves constitute a degenerate 
conic of the system) in BB^ then CC* passes through a focus 
of the involution AA\ BB\* Hence, if two points AA* on 
a conic and also two tangents to it be given, their chord of 
contact passes through one or other of two fixed points on the- 
line A A ; and if a third point A' on the conic be g^ven, the 
same chord of contact passes also through one of two fixed 
points on the line AA"^ and may therefore have any one 
o( four positions. There are therefore four solutions of the 
problem, to draw a conic through three given points so as to 
touch two given lines. 

Corollary 5. 
If one focus of an involution be at infinity its other focus 
bisects every segment of the involution (Art .112). Hence 
and from Cor. 4, any two conies having double contact make equal 
and opposite intercepts on every transversal parallel to their 
common chord^ and therefore on every transversal without ex- 
ception in the case in which their common chord is the straight 
line at infinity (Art. 57). Conversely, we are led to infer from 
Ex. 50 that every tu)o similar and coaxal conies are to be 
regarded as having doubU contact toith one another upon the line 
at inanity. 

* Notice the special case of ^. 69. 
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PROPOSITION* XI. 

123. ThA jmtrs of tangents from any point to a system of 
oonica inscribed in the same quadrHateral form a pencil in 
involution^ and conversely. < 

Let four tangents to a conic intersect in the three pain 
of points aa'j hb\ od ; and let any transversal meet their polars 
in A£^ BB\ GO and the conic in DU ; and let be the 
point of which the transversal is the polar. 

Then each ray of the pencil 0\adWcdDU\ is the polar 
of the corresponding point in the range {AA'BB' CC'DD'}^ and 
the two systems are therefore homographic (Prop, iv); and 
since the latter is in involution (Prop, x) the former is also 
in involution. 

If now we suppose the four tangents to remam fixed whilst 
the conic varies, the pairs of tangents 02), Oiy from any 
assumed point to every conic of the system are conjugate 
rays in the involution {aabb'cc']j as was to be proved. 

Conversely it may be shewn (Art. 122 §iii) that if the 
tangents from every point to a conic belong to the involation 
{(za'bVcc']j the conic must be one of the system inscribed in 
the quadrilateral whose summits are aa'^ bb\ cc\ 

Corollary 1. 

The director circles of all conies inscribed in the same quadri^ 
lateral are coaxal.* For if be taken at either point of con- 
course of any two of these circles, the tangents from it to 
their two conies will be at right angles, and therefore the 
tangents from it to every conic of the system will be at right 

* This 18 one of Gasktn'b theoiemsp for the reciprocal of which see Art. 69. It 
may also be deduced from Art. 119, Cor. 8. combined with Prop, xii., which reqnira 
that the limiting points of every two of the director circles should Ue upon a fixed 
straight Une, and also upon the circle through the intersections of the three diagonals 
of the quadrilateral, and should therefore be two fixed points. Prof. Towhsind 
has established the analogous theorem in three dimensions, that the dirtctor tpherta 
of the tyttem of qttadrics touching eight Jixed planes {and therefore inscribed in the 
game developahle twfae^ have a common radical plane. See the Quarterly Journal 
qf Mathematics yol. viii. 10—14. The same theorem appears to have been proved 
independentlj by M. Picqubt (Chasles Rapport sur lesprogris de la Geomitrie p. 870, 
Paris, 1870). It occurs to me that the director circle and sphere might have been 
called the Orthoctolb and OBVHoePHERB, 



> 
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angles (Art. 110). To the same coaxal system belong the 
circles on the three diagonals of the quadrilateral as diameters. 

[Art. 33, Cor. 3. 

Corollary 2. 

If one side of the quadrilateral be at infinity, its three 
diagonals become the parallels through the vertices to the 
opposite sides of a triangle ; and the circles upon these diagonals 
become the perpendiculars of the triangle, whose intersection 
most therefore be a point on the directrix of every parabola 
inscribed in the triangle. [Art. 29, Cor. 1. 

Corollary 3. 

It may be shewn by reciprocation* from Art. 122 (or directly, 
by the kind of reasoning there employed), that the pole of a 
fftven straight line with respect to a system of conies inscribed 
in a quadrilateral lies upon a fxed straight line ; and that to 
have given that a specified pair of straight lines are conjugate 
with respect to a conic is equivalent to having given one tangent to 
the curve ; and that two conies can in general be drawn through 
one given point so as to touch four given lines ; and that four 
conies can be drawn through two given points so as to touch 
three given lines. 

Corollary 4. 

Every pair of tangents TP, TQ to a conic whose foci are 
S and H are harmonic conjugates with respect to the bisectors 
of the angle 8TH (Art. 50), as are also the lines from T to 
the circular points at infinity <f> and ^' (Chap. xi). The 
tangents 7!P, TQ are therefore a couple in the same involution 
with T{8II(I>4>'}^ and every conic which has S and H for foci 
may accordingly be regarded as inscribed in the trapezium 84>Sif>, 
On account of this affinity of the points 0, <{>' to the foci of 
every conic in their plane we shall so9ietimes speak of them 
as the FocoiDS, comparing the use of the term centroid^ or 
quasi-centre. 

* NotioB that the proof of Prop. xi. ia itself an example of xedprocation. 
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PROPOSITION XII. 

124. The locus of the centres of all conies inscribed in a ffiven 
quadrilateral is a straight line^ which also bisects its three 
diagonals. 

(i) Since the director circleli of the system of inscribed conies 
are coaxal (Art. 123, Cor. 1), their centres, which are also 
the centres of their conies, lie on a straight line. This line 
is evidently the diameter of the qaadrilateral (Art. 107), sinoe 
the middle points of the three diagonals (regarded as flat conies 
inscribed in the qaadrilateral] belong to the locus of centres. 

The proposition also follows as a special case from Art. 123, 
Cor. 3 by regarding the centre of every conic as the pole of 
ilie line at infinity with respect to it. 

(ii) In the following proof the parallelogram of forces is 
assumed. 

Let any conic touch four fixed lines AB^ BC^ CD^ DA in 
N^ Bj Z, M respectively. Then the resultant of AM and ANj 
regarded as representing forces, bisects the chord of contact MN^ 
and therefore passes through the centre of the conic. 

Q 




* This important theorem of Newton (Bx. 505, note), which was originally 
pTored by the elementary method of Ezz. 870-2, served as a starting point for 
later researches into the properties of systems of conies subject to leas than five 
conditions. Notice the use made of it by Bbianohon and Ponoblet in Gkrgonne's 
Annales xi. 219. It might have been deduced from it by projection— a method not 
unknown to Niwtok— that there are an infinity of pairs of straight lines conjugate 
to the entire system of conies touching four given lines, which is the equivalent of 
Prop. XU on involutum. 



y 
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Thus the centre is a point on the resultant of each of the 
pairs {AM,AN)j {NB, RB), {CB, CL), [LD.MD]] that is 
to say, it is a point on the resultant of AB^ CB^ AD^ CD^ and 
its locus is therefore a straight line.* It is evident that the 
resultant of these forces bisects the two diagonals AG and BD\ 
and bj resolving them severally into 

PB^-AP, CQ+QB, QD-\-AQ, GP+PD, 

we see that it bisects the third diagonal PQ also. 

GoroUary, 

One conic and one only can be inscribed in a given quadri* 
lateral so as to have its centre upon any given straight line, 
since this line by its intersection with the diameter of the 
quadrilateral determines a single position of the centre of the 
conic Hence we are led to infer that to have given a diameter 
of a conic is equivalent to having given a tangent to it^ since 
either datum alike (when four other tangents are given) deter- 
mines one conic and one only. This is in accordance with 
Art. 123, Cor. 3, since every diameter of a conic is conjugate 
to th^ line at infinity. 

PROPOSITION XIII. 

125. ITie centres of all the conies which circumscribe a given 
quadrilateral lie upon its eleven-point conic. 

(i) Through four given points two conies can be drawn so 
as to have their centres (real or imaginary) upon any given 
straight line. [Prop. xii. Cor. 

The locus of the centres of all the conies through four given 
points ABGD is therefore of the second order, since every 
straight line meets it in two points and two only. 

The join AB of any two of the four points meets this conic 
of centres in two points, which must evidently be the middle 
point of AB and its intersection with GD. 

(ii) Otherwise thus. If be the centre of any conic through 
ABGD^ the radiants from parallel to the six joins of the 

* NowvelUa Annalu I. 24 (1862). For a proof depending upon the dynamical 
principle of moments see the Quarterly Journal of Mathematics yi. 215. 
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points ABCD are homographlc with the radiants from to 
their middle points (Prop, ii) ; and the locus of O ib therefore 
a conic through those middle points. And it is obvious that the 
three intersections [AB^ CD)^ {AO^ BD)y [AD^ EG) are also 
points on the locus. 

(iii) The conic of centres will have t^DO real points at infinity 
or 0716, or none according as two real parabolas or one or none 
can be circumscribed to the quadilateral ABCD. The locos 
will therefore be in general a hyperbola if this quadrilateral be 
convex (Ex. 184), or a parabola if two of its sides be parallel, 
and an ellipse if the quadrilateral be reentrant. 

(iv) Let either of the two parabolas (real or imaginary) which 
pass through ABCD touch the line at infinity in K^ which will 
accordingly be the pole of that line with respect to the parabola, 
and therefore the centre of the parabola. 

The conic of centres therefore passes through the two points 
on the line at infinity which are conjugate with respect to all 
the conies through ABCD (Art. 122, Cor. 1], as well as 
through the six middle points and the three intersections of 
their three pairs of common chords; and we have therefore 
called it the Eleven-Point Conic of the quadrilateral ABCD. 
Its centre i$ atihe centroid of the points ABCDj since at that 
point the joins of the middle points of [AB^ CD)^ (^^» ^^)i 
{AD^ BC) meet and bisect one another.* 

It is evident that the polara of any point on the eleven-point 
conic of ABCD with respect to all the conies round ABCD are 
parallel J since they all meet in a point (Art. 122, Cor. 1), and 
one of them is the line at infinity. 

Corollary 1. 

Since the eleven-point conic JS contains a conjugate triad 
(Art. 120) with respect to every conic F through ABCD^ 

* This is at onoe evident, since four equal particles at ABCD balance two and two 
about the middle points of any pair of the above lines; and therefore the oentroid 
of the four particles is at the middle point of the line joining any such pair of middle 
points. In the Quarterly Journal of Mathematics vi. 127 I have shewn how to 
verify a simple construction for the centroid of the arta of any quadrilateral by an 
extension of the baiyoentrio principle. 



^ 



CROSS BATIO AND INYOLUTIOK. 285 

therefore if be an intersection of E and F^ the tangent to 
jE^ at has its pole with respect to F on X [Art. 119, Cor. 3. 

Corollary 2. 
The eleven-point conic of any quadrilateral A BCD in- 
scribed in a conic touches the diameter of the quadrilateral 
formed bj the tangents to it at ABCD^ since tbe complete 
locus of centres of the system of conies inscribed in the latter 
quadrilateral is its diameter (Prop, zil.), and the locus of 
centres of all conies round A BCD is its eleven-point conic, and 
one conic only can be both inscribed in the one quadrilateral 
and circumscribed to the other. 

Corollary 3. 

When the two points at infinity which are conjugate to all 
tbe conies round ABCD are the circular points the eleven-point 
conic becomes the nine-point circle, and the points ABCD 
become a triad and their orthocentre. The nine-point circle 
really belongs to this form of tetrastigm, and not specially to 
any one of the four triangles determined by its vertices; in 
tbe same way that the system of equilateral hyperbolas cir- 
cumscribing any one of these four triangles is a system of 
conies circumscribing the tetrastigm. 

SCH0LIX7K D. 

We have seen that an ellipse or a hyperbola may degenerate 
into a straight line AA' or its complement (Art. 33, Cor. 3). For 
example, the diagonals of a quadrilateral may be regarded as flat 
conies inscribed in it, and accordingly their middle points belong 
to the locus of centres of all conies inscribed in it (Prop. xii). This 
agrees with the bifocal definition SP "^ IIP » a constant, in 
accordance with which the point P may in the limit lie anywhere 
upon the line SII\ or upon the complement of SS^ if the lower 
sign be taken. 

Again, if TP, TQ and TP\ TQ be the tangents from any 
point T to two ellipses whose common foci are 8 and H, the angles 
FTP' and QTQ are always equal ; and hence when the inner ellipse 
assumes the line-form SII the angles 8TP and HTQ are equal. 
But since this is also the case when the second ellipse is left out 
of consideration, and the lines T8 and TH are simply drawn 
through the fixed points iS and JT, the point-pair 8 and H are 
BO far indistinguishable from the flat conic 8H, 

Again, let the ellipse be regarded as the envelope of a straight 
line subject to the relation X/i » &', where X and /i are the perpen- 
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dicolars upon it froiA 8 and JTi When h yanlshea the ellipse again 
appears to coincide with the points S and J7^ which are represented 
by X a and u » taken separately ; but by taking X s and |i » 
simultaneously we find that (besides the tangents whose points of 
contact are at 8 and H) the limiting conic has an iimnitj of 
tangents which ultimately coincide with the line joining 8^ H and 
have their points of contact distributed ahng 8H,* We may tiierefoie 
say (1) that an eUipse degenerates into the line 8H }oimn^ its foci 
when its minor axis vanishes, meaning that BH is an aetnal 
limiting form of the curve ;f or (2) we may say that it 'M^enerates 
into" the point-pair 8^ jff, understanding tiiat at the instant at 
which it does so degenerate it ceases to belong properly speaking 
to the class conic, although the point-pair 8, JT'and the line joining 
them may be, as regards some properties, indistinguishable. 

In like manner the hyperbola may be said to degenerate into 
its asymptotes £Ce and E' Ce' (Art 54) ; but strictly speaking it 
becomes the pair of vertically opposite angles ECE' and eCe\ and 
then has for its tangents at C those lines only through C which lie 
within the said angles. The conjugate hyperbola at the same time 
becomes coincident with the two supplementary aneles, and has 
for its tangents at (7 all the lines through C which fall within those 
angles. It is therefore practically sufficient to say that either of 
the two conjugate hyperbolas <' degenerates into" the line-pair 
ECe^ E'Ce and has for tangents every straight line through C\ 
but the theoretical difference between these two views of the limit 
becomes apparent when we observe that the one makes the cur- 
vature at C zero whilst the other makes it infinite. 

For some ^rther discussion of these matters see the Q^arterlff 
Journal of Mathematics viii. 126, 235, 343. x. 93 ; Oxf. Camh, Buhl. 
Messenger of Mathematics iv. 86, 129, 140, 148; Chasles 'Sections 
Coniques pp, 30 — 33 ; Salmon's Higher Plane Curves pp. 377, 883 
(od. 3, 1879). 

HEXAGRAMMUM MYSTICUM. 

PROPOSITION XIV. 

126. The three pairs of opposite aides of any hexagon inscribed 
in a conic have their intersections in one straight line* 

(i) Let ABGDEF be any six points on a conic, and let 
0, P, Q be the intersections of {AB^ DE), [BG^ EF), ( CZ>, AF). 

* This appears also by projecting the conic upon any plane from any yeitex tii tte 
own plane. 

t If X, ft, V be the perpendiculars from three points upon a straight line, the 
envelope of a line subject to the relation Xfiv = ^ assumes a corresponding line*forni 
when c vanishes. By supposing each coordinate to become equal to a perpendicular 
of the triangle of reference whilst the product of the remaining two ooordinates 
vanishes, we see that the limit of the curve is made up of three parts each of 
which constitutes a side of the triangle of reference or its complement. See aho 
Mathematical Questions from the EducaTIOKAL Tihbs, vol. XVi. 43, 
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Then Bince the four points ACDE are equicroas with respect 
to B and F^ therefore 

[OEDE] = B [ACDE] ^F [ACDE] = [QCDL], 

if J7 be the intersection of BP^ DO and L the intersection of 
FP, DQ. 

And since the ranges [OKDE] and [QGDL] are thas equal 
and have a common point 2>, therefore the lines OQ^ ELj KO 
meet in a point, or the points OPQ lie in a straight line,* as was 
to be proved. 

(li) Otherwise thus. Let and Q be the intersections 
of AB^ DE and AF^ CD respectively. And let OQ meet AD 
in -ff, and BC in P, and EFm P\ Then will F coincide with 
P. 

For the points 0^ Q and the conic determine upon the trans- 
versal OQ an involution to which, by a property of the inscribed 
quadrilateral ABCD^ the couple PR belong (Prop, x); and 
by a property of the quadrilateral ADEF th^ couple P*R belong 
to the same involution,! and therefore F coalesces with P. 

(iii) Otherwise thus.^ Consider the surface generated by 

* This line changes its position when the points ABCDEF are taken in a diAerent 
order. On the rarions Pascal-lines OPQ see the note on Pascal's theorem at 
the end of Salmon's Ctmic Seetiotu; and see Townaend's Modem Geometry chap. 17. 

t The proposition is thns yirtually a corollary (Art 122 §i) from the theorem 
Ad quatttor lineas. See also Salmon's Conic SectUm$f Art. 267. 

X This proofi as it stands, is taken from Math, Quettunufrom the Educational 
TiMRS xviii. 83 (1873). For the corresponding proof of Prop. xv. see vol. xix. 66. 
Both theorems had been treated in this way by Dandelim in vol. III« of the Koweaux 
Mmoires de VAeademie ifc, de Bruxelfes (182G). 
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a straight line which always meets three fixed non-intersectiog 
straight lines in space. 

Let 1, 2, 3, be the fixed lines and 1', 2', 3' any three positiona 
of the moving line. Then the common section of the two plaoes 
through 3', 1 and 2, 2' respectively passes throogh.the pointi 
(3', 2) and (I, 2'). 

In like manner the common section of the planes through 
1', 2 and 3, 3' passes through the points (!', 3) and (2, 3^); and 
the common section of the planes through (2', 3) and (l, V] 
passes through the points (2', 1) and (3, 1'). The three common 
sections therefore form a triangle, and consequently lie in om 
plane. 

Now let the surface be cut by any arbitrary plane. This 
plane will be met by the planes through 3', 1 ; 2, 2' ; &a in 
a hexagon 1, 1', 2, 2', 3, 3'; and by the three common sections 
(since they are co-planar) in three collinear points PQR^ which 
are also the intersections of the opposite sides of the hexagon. 
The proposition is thus true for any plane section of the ruled 
quadric, and therefore for any conic. 

Corollary 1. 

Five points BCDEF on a conic being given, we may now 
find any number of sixth points A on the curve, viz. by drawing 
arbitrary lines BO through one of the given points B^ and then 
determining successively the points OPQ^ and the line QF^ 
and its intersection with BO. Notice that ^ is a vertex of 
the variable triangle AOQ^ the extremities of whose side 
OQ slide along fixed lines ED and C7Z>, whilst its three 
sides pass through three fixed points PJSF respectively. 

[Prop. I. Cor. 2. 

Corollary 2. 

If ABGEF be five given points on a conic, the tangesd 
at any one of them C may be constructed by this proposition; 
for we have only to make D coincide with (7, in which case 
the line CQ becomes the tangent at C, Again, by supposing 
C to coincide with B and E with F^ we deduce that the tangents 



^ 



CB088 BATIO AND IKVOLUTIOK. 289 

at the Tertices B and Fof k quadrilateral ABDF iDScribed 
in a conio Intersect upon the straight line which joins the points 
of concourse of its sides AB^ DF and AF^ BD. 

PROPOSITION XT. 

127. The joins of the three pairs of opposite vertices of any 
hexagon circumscribing a conic meet in a point. 

(i) Let the tangents at A^ Bj &c. in the preceding figure be 
a, bj &C. ; and let ab denote the intersection of any two of them 
a and b. 

Then the join of ab and de is the polar of ; the join of ba 
and ef is the polar of P; and the join of cd and fa is the polar 
of Q. And these three joins meet in a point, since their poles 
OPQ are in one straight line. 

(ii) Otherwise thus. Let AA\ BB\ CO' be the opposite 
vertices of any hexagon circumscribing a conic; and let the 
four tangents ABj BCj A'B\ C'A determine the range 
[ECA'F] on the tangent 0A\ and the range {QKB^C] on 
the tangent B'C. 




These ranges being equal (Prop, i), we have 

A [BOA'C] « {ECA'F] = {GEB'C} « B [ACB'C] ; 

and therefore, AB being common to the two pencils, their rajs 
{ACj BO)j {AA\ BB')j {A0\ BG') meet on a straight Hue. 
(Art 105), or the diagonals AA'^ BB'^ CO' of the hexag<m 
meet in one point 
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Corollary 1. 

Having given five tangents to a conic we may determine 
their points of contact by this proposition ; for if the summit (T 
of the circumscribing hexagon h^ on the curve^ the tangents 
AC and B*G' being supposed to coalesce, then the line joining 
the opposite summit C to the intersection of A A' and BB' 
determines by its intersection with AB' the required point of 
<k>ntact 6". We may also determine an infinity of other 
tangents to a conic when five tangents AB^ BCj CA\ A'B\ 
B'C are given; for if we draw any line through the given 
point A' to meet AB in Aj the point C may be determined as 
above. 

Corollary 2. 

The orihocentre of any triangle is a point on the directrix 
of every parabola inscribed in it. For if dbc be any three 
tangents to a parabola, ac' the tangents at right angles to 
a and c respectively, and oo the line at infinity, which together 
make up a hexagon ahccco a! circumscribing the parabola, then 
the joins of a&, c oo and &c, a'oo are two of the perpendiculars 
of the triangle abo ; and the join of the joins of the orthogonal 
tangents aa' and cc* is the directrix; and, by the proposition, 
these three joining lines cointersect.* 

SCHOLIXTM E. 

Pascal's theorem (Prop, xiv) — elsewhere called by him the 
theorem of the Myitio Hexagram — was enunciated without proof in. 
his JSssais pour Us Coniques (1640) as a property of the circle, which 
might be generalised by projection, and then used as the foundation 
of a complete treatise on conies. See CEuvres de Blaise Pascal^ iv. 
1 — 6 (nouv ed. Paris, 1819) ; Chasles' Apergu ffutorique, pp. 68 — 74. 

Bkianohon's theorem (Prop, xv) was deduced from Pascal's by 
means of Desargues' properties of what are now called polara 
(Scholium B). The author's proof of his theorem, given in his 
Mimoire swr les Surfaces eourhes du second Begri (Journal de P £coU 
polyteehnique, tome vi. 297 — 311, 1806), was as follows. 



* This proof is giren, as by Mr. John C. Moore, in Salmon's Conie Seetiims (Art. 
tBSj Ex. 3, sixth ed. 1879). See also Scholium p. 57. Brianchon and Poncdet had 
deduced the reciprocal theorem of Art. 69 from Pascars hexagram. . 
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Take any three concurrent straij^ht lines PAA\ PBB\ PCC 
in Bpacei and let LNMlnm denote the six intersections 

(AB, A'B'\ {BC, F0'\ {CA, C'A'\ 

{AB'.A'B), {BC,B'C\ {CA\ C'A) 

respectively. Then the four triads of points LMN^ Zmn, IMn^ ImN 
are evidently collinear, since they lie severally upon the common 
sections of the four pairs of planes 

iABC, A'B'CT), {ABC, A'B'C), {AB'C, A'BC), {A'BC, ABC% 

And since every two of these triads have one point in common the 
four common sections and therefore the six points LMNlmn lie in 
one plane, which also together with point P divides each of the 
segments AA, BB\ CC* harmonically. [Art. 107. 

If the whole figure be now projected orthogonally upon any 
plane, then (with the same notation) the six points LMNlmn will 
in general stUl lie by threes upon four separate straight lines, in 
the order above-mentioned ; but if any oihir three of them as LmN 
be also collinear the %%x points will then lie in one straight line, 
since the plane of projection must be at right angles to the plane 
of the original six points ; and this line together with the point F 
will divide the segments AA, BB'y CC harmonically. 

This is the case when AA\ BB\ CC are concurrent chords 
of a conic, since their extremities may be taken in any order 
to form an inscribed hexagon (Prop. xiy). For example, the 
hexagon ABCAB'C has for its Pascal-line LMn, on which the 
remaining three points /miVmust also lie. Brianchon then observes 
that two of the three concurrent chords suffice to determine this 
line, whilst the third CC may be supposed to turn about P, and to 
coincide with either of the former, or to become itself a tangent 
(if P be an external point). Having thus virtually given a iresh 
proof of the properties of polars,* he at once deduces his own 
theorem (Prop, xv.) from the reciprocal theorem of Pascal, which 
he takes from the Qiomiirie de position (Oamot), probably not 
knowing to whom it was due. See also Gergonne's AnnaUs iv. 
196. 379 (1813—14). . 

This brilliant application of Desargues' theory of polnrs, in 
conjunction with the property that the polar planei of all points on 
one quadrie with respect to a second envelope a third, which Brianchon 
proved in the same article (as an extension from the case of similar 
and coaxal quadrics), served as a basis for the method of Beciprocal 
Polars, the full development of which was so largely due to 
PoKOELET (Grelle's f/bn/na/ rv. 1 — 71, 1829). 



* Pascal himself also had doubtless deduced the properties of polais (which he 
would haye learned from Deeargaes) from his hexagram. 

U2 
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EXAMPLES. 

696. If ABO, DEF be two triangles sDch that AD^ BE^ 
CF meet in a point, the intersections of [BG^ EF)^ (C4, FD)y 
[AB^ DE) lie in one straight line, and converselj*; and 
every tetrad of radiants or colUnear points in the fi^re is 
harmonic. 

697. If the vertices of a triangle slide severally on three 
fixed radiants, and if two of its sides pass through fixed poiut8| 
the third side passes through a third fixed point in a line 
with the former two, and conversely. 

698. If one quadrilateral be divided into two others 
by any straight line, the diagonals of the three intersect in 
tliree collinear points. 

699. Prove for the case of the circle that any four points 
on the curve and the tangents thereat are equicross; and 
that the cross ratio of any four points ABGD on the curve is 

. ^ AB. CD 

700. Prove that the sides and diagonals of a quadrilateral 
determine an involution on any transversal; and that its six 
summits subtend a pencil in involution at any point in its 
plane. 

701. The circles on the three diagonals of a complete 
quadrilateral as diameters are coaxal; and they are orthogonal 
to the circle through the three intersections of its diagonab; 
and they determine an involution on any transversal. 

702. Any two triangles which are reciprocal polars with 
respect to a circlet are in homology. 

703. Find the locus of intersection of tangents to two 
given circles whose lengths are in a constant ratio. 



* Two sach triangleB are said to be in perspective or in homology, Solcttions «f 
Sxx. 696-702, 705 are giren in McDowell's Exercitee in Etaclid and im Modem 
Geometry, pp. 184-1S7, 227, 289 (new edit. 1878). 

t The same may be prored for any conic, aa (for example) in Gremona'a 
de GSomkrie Projective, p. 227 (1875), 
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704. The pairs of radiants from any point to the yertlces 
of a triangle and parallel to its opposite sides respectively 
form a pencil in involution. 

705. Dednce by reciprocation from the property of the 
orthocentre that, if from any point radiants be drawn to the 
summits of a triangle, the radiants at right angles to them 
meet the opposite sides of the triangle in three coUinear points. 

706. The nine-point circle N of the tetragon determined 
by a triad of points and their orthocentre (Art. 125, Cor. 3) 
touches the sixteen circles inscribed or escribed by fours 
to the four triangles determined by the summits of the tetragon 
(note, p. 191). If ABO and be the points of contact of 
any of these sixteen circles with its triangle and with N 
respectively, the sixteen sets of lines OAj OBj OGy making 
in all forty-eight lines, pass by fours through the extremities 
of the six diameters of N parallel to the sides and diagonals 
of the tetragon; and every two tetrads which pass through 
opposite extremities of the same diameter have equal cross 

ratios.* 

707. Prove by reciprocation from the theorem Ad quatuor 
lineaa (or otherwise), that if a quadrilateral be circumscribed 
to a circle, the ratios of the products of the distances of 
its three pairs of opposite summits from any fifth tangent are 
invariablcf 

708. From the anharmonic point-property of a conic deduce 
the theorem Ad qucUuor Itneas ; and thence deduce the theorems 
of Art. 16, and the property of any principal or oblique 
ordinate. Shew also how to deduce the anharmonic property 
of four tangents from that of four points \ 

• See Dr. 00807*8 article in the Quarterly Jawmal of Mathematics, !▼. 245. 

f See Mulcahy's Principles qf Modem Geometry , p. 48 (ed. 2, 1862). 

X AU the chords PQ drawn to a conic from a given point P upon it axe bisected 
hy a similar conic touching the former at P and passing through its centre 0. Let 
the tangent at Q meet that at P in ^. Then OR meets PQ in a point q lying on 
the inner conic ; and by the point-property of the latter, 

P {Q] = P {q] = {q}= {Ii] = {B}. 
This proof is from Gaskin'b Geometrical Construction of a Conic Section p. 26 
(1852). 
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709. From the anharinonic tangent-property of a 0001c 
deduce the relation between the intercepts made npon a pair 
of parallel tangents by any third tangent.* 

710. From the point-property of a conic, A {ABCD] 
«si? {ABCD}, deduce that if from any point K on the chord 
AB a transversal be drawn meeting the tangents at A^ B 
in T and Ty and the conic in C and D, then 

KCKT. TD = KD. TK. TO. 

711. Deduce elementary properties of the hyperbola from 
the relation. 

where ao and oo' are its two points at infinity, and AB any 
other two points on the curve. 

712. Deduce Art. 23, Cor 3 from the relation 

P{PjK(?oo} = ao [PEQcg], 
where 00 is the point at infinity on the parabola. 

713. Shew also by cross ratio that three fixed tangents to 
a parabola divide any fourth in a constant ratio. 

714. Deduce from Prop. Vi. that, if a conic touches the 
sides of a triangle and passes through the centre of its 
circumscribed circle, this circle touches the orthocycle (note, 
p. 280) of the conic. 

715. Deduce from Prop. ix. that the nine-point cbrcle of 
every triangle self-polar with respect to a parabola passes 
through the focus ; and construct a triangle self-polar to every 
parabola inscribed in a given triangle. 

716. If OP and OQ be tangents to a conic, the circle 
through P which touches OQ in Q is such that triangles 
self-polar with respect to the conic can be circumscribed to it. 



* CHA6LB8 has founded his Traiie det Sectioru Coniquet npon the anhannonie 
properties of oonics (cf. Aperqu Historique, pp. 39, 334-^44). The properties of 
diameters and of the foci are deduced in chaps, vi. and x. The same general method 
is followed by Cremona; and it is given as an alternative bj Bouch6 and De 
Ck}mben)us8e {Trake de Geometrie § 1125, 4me ed« Paris 1879). 
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717. Shew how to ioBcrlbe in a given conic a triangle 
(or fi-goa) whose sides pass severally through given points.* 

718. Having proved the properties of polars by cross ratio, 
deduce the fundamental property of a diameter of a conic. 

719. Prove Prop. 11. by the same method, and deduce 
the elementary properties by which it was proved in the text. 

720. From the properties of quadrilaterals inscribed or 
circumscribed to a conic, deduce that the diagonals of every 
inscribed parallelogram are diameters of the conic; aud that 
supplemental chords are parallel to conjugate diameters; and 
that the diagonals of every circumscribed quadrilateral are 
conjugate diameters. 

721. If a variable tangent to a conic meet the tangents from 
a given point X in ^ and H^ and if M and £" be a certain 
pair of fixed points on the fixed tangents ; shew that MF. KH 
is constant,t and deduce that a variable tangent to a conic 
divides any two fixed tangents homographically. 

722. If ABODE be a pentagon circumscribing a parabola, 
the parallels from B to CD and from A to DE intersect 
upon CE. 

723. If ABGD be a quadrilateral circumscribing a parabola, 
the parallels from A to CD and from C to AD intersect on 
the diameter through B\ and every other tangent divides 
AD and BG (or AB and CD) proportionally.} Consider abo 
the limiting case in which ABC is a straight line. 

* On £xx. 717 kc. see Salmon's Conic Sections §§297, 326-8, Exx, where 
Townsend's solution is given; Bouch6 et De Gomberoosse Traitd de Geometric 
§1134. The problem — for a simple case of which see Pappus Collect, lib. vii, 
prop. 117 — was solved by Poncblbt, and analytically by Gaskin. See Historical 
Notices respecting an Ancient Problem in The Mathematician vol. ill. pp. 76, 140, 
225, 811, 42 (suppL). 

t See Nkwtok's theorem Ex. 371, with Ex. 864, note ; and compare Ex. 726, note. 
See also Chaslbs Geometrie Superieure § 120 ; Sections Coniqttes § 56. 

X Exz. 722-3 having been deduced from Brianchon's hexagon in Qnetelet's Corrt- 
spondance mathematigue et physique it. 155, Chasles was led (ibid. iv. 864, T. 289) 
from Ex. 723 to Ex. 724 (which is equivalent to the anharmonic property of four 
tangents to a conic), apparently without being aware that an equivalent theorem 
(Ex. 721, note) had been proved by Nkwtok. See also Aper^ Hittori^ue pp. 841-4 
(Note XVI.). 
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724. In a qnadrilateral ABGD circumscribed to % eonie, 
the ratio of the ratios in which anj fifth tangent divides either 
pair of its opposite sides is constant. 

725. If the fifth tangent meet AB^ CD in M and N^ 
and if a sixth meet AD^ BGmP and Q^ then 

AM.BQ.CN.DP^AP.DN.CQ.DM. 

726. Quatuor reotia BL^ BI^ DK^ DHpositione deiftSj duoere 
quintam LH talenij u^ partes abscisace HI^ IKj KL sint in raiione 
dataJ^ 

727. If a fixed conic 8 and a variable conic 8' be inscribed 
in the same quadrilateral, the four points in which 8' intersects 
8 subtend at any point on 8' a pencil whose cross ratio is constant, 
being equal to that of the range in which the sides of the qnadri- 
lateral meet any fifth tangent to 8,^ 

728. If the tangeqt at to a conic meet any other 
three tangents in the points ahc^ and meet their three 
chords of contact in aVc\ prove that { Oabc] = { OaVc}* 

729. If AB be a given chord of a conic, and PQ a 
variable chord such [APQB] is constanti the envelope of PQ 
is a conic touching the former at A and B. 

730. If the chords AB and CD of a conic be conjugate, 
and ACB be a right angle, and a chord DP meet AB 
in Q ; prove that the angle PCQ is bisected by CA or CB. 

731. If ABC be a triangle circumscribing a parabola 
and abc the points at infinity on its sides, the tangents from 

* Lambbrt Intignwret OrbiUB Comttarwn Praprieiatet sect. I. lemma 18 §{ 61-58 
(17G1). The envelope of Z»i7 ia shewn to be the parabola touching the four given 
lines (Art. 28, Cor. 8). * [The problem had been solved in another way in the 
Arithmetiea UnxvcnalU prob. 62 (ed. 1707) — al. prob. 66]. Here we have obviously 
the anharmonic property of four tangents to a parabola ; and by stating the lesolt 

HI Ki 

in the projective form that tht ratio qfthe ratios TtT ^"^ '^j- ^ eonttmU we at once 

shew the property to be true for all conies. [See also the Principia lib. T. sect T. 
lemma 27 Cor., where Wrkn and Wallis are referred to for earlier solutions.] 

t Briefly thus : the cross ratio of the common points of any two conies in the ooifi 
if equal to that of their common tangents in the other. 
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any point to the parabola belong to the involution 
O [AaEb Gc\. Hence shew that the directrix of every parabola 
inscribed in a triangle passes through its orthocentre. [Art. 110. 

732. The joins of four points on a conic meet any 
transversal in three pairs of points in an involution, to which 
the intersections of die transversal with the conic also belong. 
Hence deduce (by removing the transversal to infiDity) that 
every conic through a triad of points and their orthocentre is 
a rectangular hyperbola. 

733. If AEB and ODF be two triads of collinear points, 
the intersections of {AF^ CE)^ {BF^ ED)^ {BO^ DA) are in 
one straight line.* 

734. In a hexagon inscribed in a conic, if two pairs of 
alternate sides are parallel the third pair are parallel. 

735. In every hexagon inscribed in a conic the two triangles 
determined by the two sets of alternate sides are in homology. 
iState the reciprocal theorem. 

736. The Pascal lines of the sixty hexagons determined by 
a Pascal hexastigm pass by threes through twenty points; 
and the Brianchon points of the sixty hexagons determined by 
a Brianchon hexagram lie by threes on twenty straight lines.t 

737. If two conies touch one another at A and jS, and if 
LM be a chord of the outer which touches the inner conic ; find 
the loci of the intersections of AL^ BM and AM^ BL, 

738. The chords joining four points on a conic to any 
fifth P and to any sixth Q intersect in four points lying on 
a conic through P and Q, 



* Pappvs CoUectio Eb. tii. prop. 189 (toL ii. p. SS7, ed. Hultech) ; Simson De 
Faritmatibut p. 414; Ohaales Poritmes p. 77. Note that AFBCED is a hexagon 
iDflcribed in a line-pair, ao that Pascal's theorem is a generalisation of this lenuna 
of Pappofl. 

t See Towii8BND*8 Modem Geometry il. 172. The terms hexastigm and hexa- 
gram are here very appropriately used to denote the figures detennined by six points 
and Hnee respectlTely, taken in any order. In the text however I have retained the 
tenn hexagram as a designatioa of Pascal's figure out of regard for historical 
ooi p iridCT^ t'nn fi, 
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739. If a conic B be inscribed in a triangle Belf-polar 
with respect to a conic 8\ shew that triangles self-polar witk 
respect to 8 can be inscribed in 8'. 

740. Given the sum of the squares of the axes of a conic 
inscribed in a given triangle, the locus of its centre is a 
circle concentric with the polar circle of the triangle.* 

741. Given five points on a conic, find (bj cross ratio or 
involution) its second intersection with any straight line throngli 
one of the five points, and its two intersections with any other 
straight line; and determine its points at infinity and its 
asymptotes, real or imaginary. 

742. Prove by cross ratio that five tangents determine 
a conic; and determine other tangents and their points of 
contact; and shew how to construct the tangents from any 
given point, real or imaginary. 

743. Prove by involution that if three sides of a quadrilateral 
inscribed in a conic turn about three points in a straight line, 
the fourth side turns about a point in the same straight line; 
and hence shew how to inscribe in a conic a triangle whose three 
sides pass severally through three collinear points. 

744. Prove Camot's theorem, that if aa^ hh\ cc\ be the 
three pairs of points in which a conic meets the sides £C^ 
CAj AB of a triangle, then 

Ab.AV.Bc.Bc'.Ca.Ca'^Ac.Ac.Ba.Ba.Cb.Cb'.^ 

Prove also that the same relation subsists when Aj B, C denote 
the sides of a triangle ; a, a', &c. the tangents from its vertices 
to a conic; and Ab denotes the sine of the angle between 
any two lines A and b. 

745. The distances pqr of any point on (or tangent to) a 
given conic from three fixed lines (or points) are connected 



* See the Quarterly Journal o/MaihematietX. ISO. 

t This is an obvious corollaiy from Art. 16. It is giren in Camot's GeomHm 
de poMitioH § 230 (Paris, 1803; as a case of a more general theorem. 
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liiy a relatioh of the form 

where P, Qy &c. are coDstant coefficients. 

746. If four tangents to a conic parallel to four chords 
<ibcd through either focus meet any fifth tangent in points ABCD^ 
then 

[ABCD] = {ahcd\ ^ , 

where p^ p' and q^^ axe the perpendiculars upon the fifth tangent 
from two pairs of opposite intersections of the four tangents. 
If the latter be fixed pp' varies as qq\ Hence deduce that 
the product of the focal perpendiculars upon anj tangent to 
a conic is t^onstant.* 

747. If three summits of a quadrilateral circumscribing 
a conic slide severally on three rays of a pencil, the fourth slides 
on a fourth ray. Hence shew how to circumscribe to a 
conic a triangle whose three vertices lie on three given radiants. 

748. If upon a given arc AB of a circle whose centre is 
there be taken any arc Amy and likewise an arc Bn 
equal to 2Amy then [m] = B {n}. Hence deduce a solution 
of the problem, to trisect a given angle A OB. [Ex. 528. 

749. The product of the distances of any point on a hyper- 
bola from a given pair of parallels to the asymptotes varies 
as its distance from the chord intercepted by the parallels: 
and the product of the distances of any point on a parabola from 
two fixed diameters varies as its distance from the chord joining 
their extremities. 



* The distances of any two tangents from either focoid (Art. 123, Cor. 4) being 
in a ratio of equality, the products of the focal perpendiculars upon any two tangents 
are in a ratio of equality. The cross ratio of the range in which any tangent meets 

the sides of the quadrilateral SipHip' is equal to — Yfh — > where 8Y and EZ are 

the focal perpendiculars upon the tangent (Oj^. Comb. Dubl. Metsenger of 
MatkematicB IT. 94). Charles calls the points of concourse of common tangents to 
two conies *' points ombilicaux" {Sections Coniques chap. XI v.), with reference to the 
use of the term Umbilicus for focus noticed above on p. 5. 



800 EXAMPLES. 

750. From Ex. 744 deduce a construction for a ccmie 
passing through four given points and touching a given straight 
line: and shew that the lines joining the vertices of a 
triangle circumscribing a conic to the opposite points of contact 
cointersect: and when four points on a conic and the 
tangent at one of them are given, shew how to draw die 
osculating circle at that point. 

751. Through the centre of a conic and any conjugate triad 
with respect to it a hyperbola can be described having its 
asymptotes parallel to any given pair of conjugate diameters. 

752. The system of radiants from any point parallel to the 
tangents to a parabola is homographic with the range in which 
these tangents meet any fixed tangent.* 

753* If from a series of collinear points pairs of perpen- 
diculars be drawn to two fixed straight lines, the joins of the 
feet of the several pairs of perpendiculars envelope a parabola 
touching the two fixed lines. 

754. If any chord of a conic drawn from a fixed point 
upon it meets the sides of a given inscribed triangle in points 
ABC B,ni the conic again in P, shew that [ABGF] is constant; 
and deduce a construction for the tangent at a given point to 
a conic of which four other points are likewise given. 

755* If ABG be the intersections and abc the points of 
contact of three fixed tangents to a conic, the product of the 
distances of any tangent from A and a varies as the product of 
its distances from B and C: the product of its distances from 
b and c varies as the square of its distance from A: the pain 
of radiants from any point to BC and Aa determine- an 
involution to which the tangents from to the conic belong: 
and these tangents with Ob and Oc determine an involution 
having OA for one of its double rays. 

756. Deduce from Brianchon^s hexagon that when a quadri- 
lateral circumscribes a conic the joins of its opposite points of 



• For lolations of Ezx. 741-759, 765-800 see Chaeles' Sectiamt 
pp. 8-67, 72-109, 137—145, 160, 204, 209, 244—299, 821 Ac. 
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contact pass throngh the Inteniection of its two diagonals ; and 
that In a triangle circamscribing a conic, the three lines joining 
its Tertlces to the opposite points of contact meet in a point. 

757. The three pairs of lines from the yertices of a triangle 
to the intersections of its opposite sides with a conic are tangents 
to one conic : and the lines from any two points to the vertices 
of a triangle meet Its opposite sides in six points lying on one 
€5onic. Beciprocate these two theorems; and from the second 
of them deduce the property of the nine- point circle. 

758. The ratio of the products of the distances of any point 
on a conic from the odd and even sides respectively of a given 
inscribed 2f2-gon is constant : and the products of the intercepts 
on any chord made by the odd and even sides are in the same 
ratio from whichever extremity of the chord the Intercepts are 
measured. 

759. The ratio of the products of the distances of any tangent 
to a conic from the odd and even summits respectively of a 
given circumscribed 27i-gon Is constant ; and the ratio of the 
products of its distances from the summits and from the points 
of contact of any given circumscribed n-gon is constant. 

760. If two angles of given magnitudes PAD and PBD 
turn about A and B as poles given in position, then if the Inter- 
section P of one pair of their arms be made to describe a conic, 
the intersection D of the other pair will in general describe 
a curve of the fourth order, having double points at A and B 
and at the limiting position of D when the angles BAP and 
ABP vanish together : but the locus of D will be of the third 
order If the angles BAD and ABD vanish together. If P 
describes a conic passing through A^ then D describes a cubic 
having a double point at A and passing through BJ^ This cubic 



* This is Newton'8 Curwtrvm Deteriptto Organita (note p. 264). The case at 
the end of Ex. 760 follows from the principle that a cubic proper cannot hare two 
doable points (Salmon's Higher Plane Curve* §42). This special case is giTcn by 
Ghasles {Aptr^ hidarique, p. S87) as a generalisaium of NswTON'a oonstrnction iii 
the Prtnripia, 
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degenerates into the line AB and a conic through A and B 
in the case in which the original conic passes through botk 
A and B. 

761. The nine-point circle of a triangle touches its inscribed 
and escribed circles at points lying on the ellipse which toaciw» 
the sides of the triangle at their middle points.*" 

762. Reciprocate Maclanrin's description of a conic giren ia 
Art. 113, Cor. 2. 

763. Th6 sides of a quadrilateral Inscribed in a conic me^ 
the tangents at its opposite angles in four pairs of points lying 
on one conicf 

764. If a quadrilateral be circumscribed to a conic, the four 
pairs of lines joining its vertices to the opposite points of contact 
touch one conic. 

765. If the sides of an 71-gon turn severally about fixed 
points, whilst n— 1 of its summits slide each on a fixed line; 
the ti^ summit describes a conic passing through the fixed points 
on the two adjacent sides. 

766. Shew also that any two sides not adjacent intersect 
on a fixed conic through the points about which they turn. 

767. If the arms A and B of an angle pass each through 
a fixed point, whilst its summit slides on a fixed line ; shew chat 
the join of the points in which A meets one fixed line and 
B another envelopes a conic touching the join of the fixed 
points. 

768. If each summit of an n-gon slides on a fixed line, 
whilst n — 1 of its sides pass severally through (or subtend given 
angles at) fixed points ; the rC^ side envelopes a conic touching 
the lines on which its extremities slide; and every diagonal 
of the 72-gon envelopes a conic. 

769. Any two pairs of conjugate lines from a point to 
a conic determine an involution whose double rays are the 
tangents from to the conic. State the reciprocal theorem. 

* See Salmon's Conic Stctiont^ § 346, Exx. 
t Mobins Baryctntruche Calcul §281. 
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770. One point and one only of every conjugate triad with 
respect to a conic lies within the conic ; and two sides of every 
self-polar triangle meet the conic 

771. The lines drawn from any point on a conic to two 
conjugate points A and B meet the conic at the extremities 
of a chord which passes through the pole of AB. State the 
reciprocal theorem. 

772. If a qna'(lrilateral be circumscribed to a conic, the 
extremities of any chord . through the intersection of two of 
its diagonals lie on a conic passing through the extremities 
of both. 

773. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically lie on one conic. 

774. If the extremities of two diagonals of a quadrilateral 
be conjugate points with respect to a conic, the extremities of 
the third will be likewise conjugate. ^ 

775. If two of the three pairs of joins of four points be 
conjugate lines with respect to a conic, the third pair will be 
conjugate with respect to it. 

776. The pairs of chords drawn from a fixed point on a 
conic so as to make equal angles with a given line intercept 
a variable chord which passes through a fixed point. 

777. The pairs of tangents to a conic from points on a 
^aigbt line determine an involution on any transversal through 
its pole, or on any tangent to the conic 

' 778. The pairs of tangents to a parabola from points in the 
Mime straight line are parallel to conjugate rays of a pencil 
m involution. 

779. Two tangents being drawn to a conic from any point 
on a fixed straight line, if x and x' be their distances from its 
pole, and y and y' their distances from a fixed point, shew that 

- + -,=» a constant. 

y y . : 
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780. Any two ranges in involution on the same axis hzre 
one segment in common. 

781. The locus of the middle point of a chord drawn from 
a fixed point to a conic is a conic through the point, and 
through the points of contact of the tangents from it to the 
original conic, and through the two points at infinity on that 

conic. 

782. Find the envelope of a line which meets two fixed 
lines in a pair of conjugate points with respect to a given conic. 

783. The envelope of the parallel from any point on a fixed 
straight line to the polar of the point with respect to a conic 
is a parabola touching the fixed line. 

784. The locus of the intersection of a pair of oonjngate 
lines with respect to a given conic, drawn each through a fixed 
point, is a conic, which passes through the two fixed points, and 
through the points of contact of the tangents from them to 
the original conic. 

785. If two angles be circumscribed to a conic th^ two 
summits and their four points of contact lie on one conia 

786. Anj transversal being drawn to a conic from a fixed 
point 0, the perpendicular to it from its pole envelopes a 
pardK)la, which touches the polar of and the tangents to 
the conic at the feet of the normals to it from 0. 

787. Circumscribe to a given conic a polygon having each 
of its summits upon a given straight line. 

788. The poles of a given straight line L with respect to 
the system of conies through four given points is a coniC| whidi 
with the line L divides the six joins of the four points bar* 
monically, and passes through their three intersections, and 
through the two points on L which are conjugate with respect 
to every conic of the system : it also touches the sixteen conies 
which pass through the said conjugate points and touch by 
fours the sides of the four triangles determined by the given 
points. 



r\ 
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789. If four coulcs pass through the same four points, the 
polars of any point with respect to them form a pencil whose 
cross ratio is constant, being equal to that of the tangents 
to the four conies at any one of their points of concourse : and 
reciprocally, if four conies touch the same four lines, the poles 
of any straight line with respect to them form a range whose 
cross ratio is constant, being equal to that of the points in 
which the four conies touch any one of their common tangents. 

790. If two conies osculate at 0, their tangents at the 
further extremities of any chord through intersect on the 
tangent at 0, and conversely : and every two equal and coaxal 
parabolas osculate at infinity. 

791. Two conies which have two pairs of conjugate diameters 
of the one parallel to two pairs of conjugate diameters of the 
other must be similar and similarly situated. 

792. Deduce from Art. 114 (i) that parallel conies* have a 
common chord (real or imaginary) at infinity; and if also 
concentric they have double contact at infinity. Shew how 
to draw a conic which shall be parallel to a given conic, and 
shall also pass through three given points or touch three given 
lines. 

793. Three fixed conies having four points in common, shew 
that if a variable pair of transversals be drawn from fixed 
points and a> to meet the three conies in triads of points mAB 

and mab respectively, the ratio of the ratios — 7-^ — t% a°d — '• — r 
'^ •'^ mA.mn ma.mo 

is constant.t Hence deduce that a conic may be regarded as 

the locus of a point the square of the tangent from which to 

a fixed circle varies as the product of its distances from two 

fixed lines, which are common chords of the conic and the 

circle. 



* Similar and similarlj sitnated oonics may be called parallel once their cnnree 
are everywhere parallel at corresponding points: thej hare also been called 
''homothetic" (Chasles Sections Caniquee ^B7B), which shoold rather mean "placed 
together." For another use of the term parallel see Gtergonne's Annales 211. 1. 

t £xx. 793 &c, have been extended to qnadrics by Mr. Hartin Gardiner in the 
QmrterUf Journal 0/ Mathematics x. 132—147. 

X 
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794. If from any point on one of three conies wbich hare 
four points in common a tangent be drawn to each of the 
remaining two, the ratio of the ratios of these tang^ents to the 
parallel diameters of their conies is constant : and if OPQ be 
the middle points of the intercepts made by the three conies 
on any transversal, then OP and OQ are in the ratio of the 
parallel focal chords of the second and third conies. 

795. Four fixed conies having four points in common being 
met by a variable transversal, viz. two of them in the paiiv 
of points cui' and bb\ and the third in two points of which « 
is one, and the fourth in two points of which n is one ; Aew 

that the ratio of the ratios — r^ — =7 and ,* ,/ is constant. 

mo . mo no • no 

796. If ABCD be four conies such that the eight points 
of concourse of AB and GD lie on one conic, the eight points 
of concourse o{ AG and BD (or AD and BG) lie on one conic 

797. When a point has the same polar with respect to 
three conies ABGj three pairs of the common chords of AB^ 
BG^ GA respectively pass through and form a pencil in 
involution: and wheii two conies A and B have each doable 
contact with a third conic C7, a pair of the common chords of 
A and B are harmonic conjugates with respect to their chords 
of double contact with G. 

798. The common tangents to three conies taken in pairs 
form three quadrilaterals: shew that the three parabolas 
inscribed in them have a common circumscribed triangle. 

799. If through the intersections of two given conies A 
and B a third conic G be drawn, and if from any point 
on G there be drawn tangents Oa^ Oa to A and OJ, Ob' to B; 
the lines oi, ab\ a'b^ a'b' and the four common tangents of 
A and B touch a fourth conic. 

800. The locus of the point the pairs of tangents from which 
to two given conies form a harmonic pencil is a third conic, 
on which lie the eight points in which the given conies touch 
their common tangents. State the reciprocal theorem. 
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CHAPTER XI. 

■ 

OOinOAL PEOJBOTION. 

128. Two figures A and B in any two planes are said 
to be in Perspective when a point can be found in space 
such that every radiant from it to a point on A passes through 
a point on B^ and conversely. Either figure is then said to 
be the Central or Conical Projection of the other on the plane 
of the former, the point being called the Vertex or the Centre 
of projection. "When is at infinity the projection becomes 
parallel or orthogonal. [Art. 86. 

Let P and Q he any two points in the plane of A^ and P' 
and Q their projections from the vertex upon the plane 
of B. Then evidently the lines PQ and P'Qf intersect upon 
a fixed straight line, viz. the common section of the planes 
of A and B. Now by projecting the whole figure orthogonally 
upon any one plane, or by supposing the planes of A and B 
to become coincident, we see that if to every point P of one 
figure corresponds a single point P of another figure in the 
same plane, and conversely, and if PP* passes through a fixed 
point; then every line PQ in the one figure meets the cor- 
responding line PQ in the other upon a fixed straight line. 
For example, if the joins of the vertices of two triangles meet 
in a point, the joins of their opposite sides lie in one straight 
line. [Ex. 696. 

Two figures thus related in one plane are said to be in 
Perspective or in Homology. We shall in general use the 
former term for this kind of correspondence, and the term 
Projection for the case of figures in perspective in space. The 
terms Reversion and JBbmographic Transformation will be 
explained in their place. 

X2 
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129. It is evident that Art. 88 applies to central as well 
8 to pai*allel projection. Parallel lines however do not project 

from anj vertex into parallels, except in the case In which 
they are parallel to the common section of the primitive plane 
with the plane of projection. 

If through the vertex V of projection (fig. p. 314) there 
be drawn the plane Vab parallel to the plane of projection 
A O'Bj and so as to meet the plane of the figure to be projected 
in the line ah] it is evident that all points on ab will be 
projected to infinity, or in other words they wUl remain aopn>- 
jected. For this reason ab is called the Vnprojected Line^ and 
it is also said to be projected to infinity. 

Since every point at infinity in the plane A O'B corresponds 
projectively to some point on ab^ we come again to the con- 
clusion that all points at infinity in one plane lie in a straight 
line (Art. 17 Cor. 2). The straight line at infinity is to be 
regarded as parallel to every other straight line in its plane^ since 
it intersects every such line at infinity : it is in fact coincident 
with the circle of infinite radius* described about any point 
whatever in its plane. The line at infinity and the two focoOs 
(Art. 123 Cor. 4) or circular points at infinity — so called because 
every circle in their plane passes through them — ^will be seen 
to be of peculiar importance in the projection and transforma- 
tion of curves. 

THE FOCOIDS.t 

PEOPOSITION I. 

130. Every circle in a given plane passes through the focoids^ 
and conversely ; and every two concentric circles in the same 
plane touch one another at thefocoids. 



* For a tangential equation to this circle, which is sometixneB inadequately 
said to represent the focoids only, see Whitworth's TrUinear CoordinaUM 4e 
Art. 882 (Cambridge 1866). 

t This term is open to the objection that it combines a Latin word with a Greek 
ending: bat we may perhaps be allowed to treat both as naturalised Engliidi 
expressions. In speaking of the foooids Ac. we tacitly refer to a specified plane. 
Every plane not at infinity has its two focoids and its one line at infinity. 
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(i) Any number of right angles turning about their summits 
in one plane generate similar pencils in involution (Art. IIO]) 
whose imaginary double rays form two sets of parallels; that 
is to say, each set pass through one of two fixed imaginary 
points (f>j <!>' on the line at infinity. 

These are accordingly the foci of the involution which the 
arms of all right angles in one plane determine upon the line 
at infinity in that plane ; and conversely everif right angle A OB 
%8 divided harmonically by the lines 04> and 0(f>\ 

If therefore be a variable point at which a fixed line AB 
subtends a right angle, it follows from the harmonicism of 
0{A<f>B(f>'] that the locus of (7 is a conic through the points 
AB<f)(f>' (Art. 113). That is to say, every circle A OB passes 
through the focoids, and conversely every conic through the 
focoids is a circle. 

(ii) The centre C being the pole of the line at infinity 
(which is the join of the focoids), it follows that the lines 
from to the focoids touch the circle at those points; and 
hence that all circles in one plane which have any point 
for their common centre touch one another at the focoids of 
that plane. 

(iii) Or by §i and Art. 122 Cor. 5, all concentric circles in 
one plane touch one another at the focoids. This also follows 
from the consideration that any two diameters CX and CY 
of a circle which are at right angles are conjugate lines with 
respect to the circle, and the lines C(f> and C<^'* with respect 
to which they are harmonic conjugates must therefore touch the 
circle — and all circles having G for centre must touch one 
another — at if> and ^'. 

Corollary^ 

Every rectangular hyperbola has for a pair of conjugate 
points with respect to it the focoids of its plane, since its points 
at infinity lie on two straight lines at right angles. 

* These lines may be regaided as the asymptotes of the circle (Art. 114). 
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PROPOSITION II. 

131. Every cantc may be regarded as inscribed in the 
quadrilateral which has for opposite summits the real and 
imaginary fod of the curve and the focoids^ and for diagonaU 
ike ttffo axes of the conic and the line at infinity. 

(i) This is proved by the method of Art 123 Cor. 4, where 
S and H may be either the real or the imaginary foci. 

[Scboliom A. 

(ii) Otherwise thus* Every two lines through 8 which 
are conjugate with respect to the conic being at right angles 
(Art. 7)y the lines 8<f> and 84> which divide them harmonicallj 
are tangents to the conic (Art. 116 Cor. 2). That is to say, 
the lines joining the real or imaginary foci to the focoids touch 
the conic, as was to be proved. 

PROPOSITION III. 

132. Any tioo straight lines drawn at a givm angle in a given 
plane and the lines joining their point of concourse to ihsfocoidM 
form a pencil of constant cross ratio. 

For if oi be a fixed straight line, and cd any point at which 
it subtends an angle of given magnitude a, then by a property 
of the circle ck>ai, the pencil subtended by ab and the focoids 
at 01 is of constant cross ratio ; and the rays loa, nb may be 
parallel to any two lines OA and OB inclined at an an^e 
a in the same plane. 

Corollary. 

Any plane figure may be moved about in any way in its 
own plane without changing its relation to the focoids, since 
every angle in the figure has an invariable relation to the 
focx>ids. 

soHOLnnc ▲. 

Desabottss regarded the opposite extremities of an infinite line 
as coincident or consecutive points, and the asymptotes of a hyper- 
bola as its tangents at infinity (Poudra's (Eunres de JDesargttea i. 103» 
197y 210, 246). Hence we deduce (Scholium B, p. 15B) that the 
hyperbola is a single curve, which spreads completely across its 
plane without breach of continuity. It follows logicaUy that no 



^ 
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tzansverBal can be drawn in the same plane so as not to meet 
tlie hyperbola. Nevertheless it is obvious that some lines — its 
conjugate axis for example — do not (however far produced) meet 
the curve in geometrical points. Thus we are driven to the con- 
ception of ideal or imaginary points and chords of intersection, and 
are led to say that every straight line meets any hyperbola (or 
other conic) in two points real or imaginary ^ which coalesce in the 
case of tangency. Although this is here given merely by way of 
inference, the words of Desargues Jiimself (used in another con- 
nexion) are very appropriate to this subject: ** Z* entendement ne 
peui eomprendrs comment sont les proprieUz que le raisonnement lug en 
fait eonelure*^ {(Euvres i. 195). 

BosGOViGH has a very remarkable appendix to his treatise on 
conies, entitled J)e Transformatione Locorum Oeometrieorum, ubi de 
Oontinuitatis legeaede quihusdam Infiniti mysterits {VniyevBedM&theaeoa 
Slementa, torn. iii. pp. 228 — 356), in which he brings out clearly 
and with an abundance of geometrical illustration the notions of 
positive and negative in direction : of geometrical continuity : of the 
transition from positive to negative through zero or infinity : of the 
imaginary chords of the hyperbola, whose squares are negative: 
and of the quasi-elliptic nature of the hyperbola, certain of the 
properties of which follow from properties of the ellipse by change 
of sign (§§678, 715, 758, 770, 808, 812, &c.). See also Scholium 0, 
p. 101. 

The discussion of these matters having been revived in the 
present century (Chasles Rapport sur Us progrh de la OiomHrie 
chap. I. § 19, p. 60), PoNCELET at length worked out his theory of 
cordes ideates (1820) ; and he shewed that all circles in one plane pass 
through the same two imaginary points ^ and ^' on the line at 
infinity, and that a focus S common to any two conies in one plane 
is a ''centre of homology" or intersection of common tangents 
to the two conies. Hence it follows, by supposing one of the two 
conies to become a circle, that /S^ and Stp' are tangents to every 
conic of which jS^ is a focus. See G-ergonne's Annates xi. 73, xii. 234 ; 
Poncelet Traits des PropriMs Projectives des Figures §§ 89 — 98, 258, 
367, 453 (Paris, 1822). Pliicker extended this conception to plane 
curves of all orders, regarding as a '' focus" of any curve the point 
of concourse of any two tangents drawn to it from the focoids, one 
irom each (Crelle's Journal x. 84 — 91 ; Salmon's higher Plane 
Curves § 138). 

According to Pliicker's definition, the tangents from the focoids 
lb and ^' to an ellipse (or other conic) determine by their opposite 
intersections two pairs of *'foci." If ^S^ be any one of the four, 
every pair of conjugate lines from 8 to the conic form a harmonic 
pencnl with Stp and S<p' (Art. 116, Cor. 2), and are therefore at right 
angles. This, which is of course a corollary from Desargues' theory 
of polars was proved for the real foci by De la Hire {Sectiones 
Conica Lib. viii. prop. 23, p. 189. Paris, 1685). The two points 
on the transverse axis at distance ± y/{ CA^ - CB*) from the centre C 
have been shewn to possess the property in question (Art. 7, Oor.) ; 
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and by symmetry, the two points on the conjugate axis at distanoo 
± y/{CB*^ CA^) from (7 must be the remaining two (or imaginazy) 
foci. In order to prove that a point 5 is a focus of a given conic, 
it suffices to prove that two pairs 9f conjugaU lines at right angles cam 
he drawn to the eoniefrom 8. [Art. 110. 

PROJECTION. 

PROPOSITION IV. 

133. All rows of points and pendU of rays are h<nnographic 
with their projections, 

(i) For if ABCD bo any row of four points in the primitive 
plane, and A*B'C'iy their projections from a vertex F npon 
any other plane, it is evident that {AB'C'D'] = {ABCD}. And 
if be any fifth point in the primitive plaue and (7 its projection, 
then 

a {A'B'C'iy} = {A'B'C'iy} = [abcd] = o [abcd\, 




Thus every tetrad of radiants OAj OBj OCj OD or of 
coUinear points ABCD is equicross with its projection ; a result 
which may be briefly expressed by saying that figures inper^ 
spective are homographxc. 

(ii). More generally,* let the joins of any number (say six) 
of points ABCDEF be connected by a homogeneous and 
symmetrical relation 

l.AB.CD.EF-{^m.AC.BE.DF+n.AD.BE.CF=-0, 

in which the terms differ from one another only in their 

* See Salmon's Conte Stctions^ Art. 351. 
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t!;Defficients and in the order in which the letters ABCDEF 
occur in them. And first let all the points lie in one straight 
linOi and let VP be the perpendicular upon it from the vertex 
•of projection. 
Then since 

VA VB vn vn 

AB^ yp .%uxAVB', CZ) = ^-^^p^-sinOFZ>;&c. 

the above relation reduces, by the omission of a common factor, 
to a relation between the sines of the angles which the joins 
of the six points subtend at V, It therefore still subsists 
'when the points in question are replaced by their projections 
upon any plane. 

And further, if any number of points ABCDEF &c. lie 
on di£ferent straight lines, the perpendiculars upon which from V 
ure VP^ VPj VP\ &c., then any symmetrical and homo- 
geneous relation between the joins of the points will still be 
projective, provided that it implicitly involves in every term 

the same factor rrp ypt yu" ^ — • -"-"^^ Garnot s theorem 

(Ex. 744) is projective, so that when proved for the circle 
it is may be extended to all conies by projection. 

Corollary, 

The properties of harmonic section, of poles and polars, 
and of involution are projective ; so that it suffices to prove them 
for the simplest figure into which any figure to which they belong 
can be projected* 

PROPOSITION V. 

134. Any straight line in the primitive plane can be projected 
to infinity J and any two angles in that plane can at the same time 
be projected into angles of given magnitudes. 

(i) Draw any straight line db in the primitive plane, and take 
any plane Vab through ab for the "vertex-plane," in which 
the vertex V of projection is to lie. Then it is evident that the 
line ab projects to infinity upon any assumed plane of projection 
ABff parallel to the vertex-plane. 
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(ii) Two conditions now suffice to fix the position of V 
In the vertex-plane. 




N 



To project a given angle A OB in the primitive plane Into 
an angle of given magnitude a, let the arms of A OB meet 
the unprojected line in a and b ; and upon aft describe in the 
vertex-plane a circular segment aVb containing an angle equal 
to a. Then the vertex V maj be taken at anj point on 
this segment. 

For the vertex-plane and the plane of projection (being 
parallel) are met by the plane VOa in parallel lines Va and A O^ 
and by the plane VOh in parallel lines Vh and BO. Thereforei 
O being the projection of 0, 

L AOB^aVh^ti^ 
or the projection AOB of the angle AOB is of the assigned 
magnitude a. 

To project a second given angle in the primitive plane into 
an angle of given magnitude y3| let its arms meet the unprojected 
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line in d and V : then the vertex V must lie also on a segment 
described upon dH in the vertex-plane so as to contain an angle 
equal to fi\ and the intersection of this with the segment 
on cih completely determines the position of F. 

Corollary 1. 

Project any four collinear points ABCD into points ahcd. 
Then in the special case in which one of the latter d is at 
infinity, 

If therefore we determine the point Z) on a given straight 
line ABO so that [ABCD] may be equal to a given ratio, 
and if any straight line through D be taken as the unprojected 
line, the projections of AB and GB will be in the given ratio. 
In like manner a second point U on the unprojected line is 
determined by the condition that the segments of a second line 
A'B'C shall project in another given ratio. 

Corollary 2. 

Any pencil of rays in involution may be projected into 
a rectangular pencil in involution by projecting the angles 
between any two pairs of it^ conjugate rays into right 
angles. [Art. LIO. 

Corollary 3. 

Any two points F and F may he projected into the focoids 
of a given plane. For if AB and CD be any two segments 
in the involution of which F and F are the foci, we have 
only to project the line FF to infinity and any two angles 
AOB and CPD in the primitive plane into right angles 
(Art. 130 §i). This construction is imaginary when JPand F 
are real points. 

PROPOSITION VI. 

135. Any quadrilateral may be projected into any other 
quadrilateral of given form and magnitude. 

(i) To project a given quadrilateral ABCD into a square. 
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project one of its angles BAD and the angle A OD between 
its two diagonals into right angles, and its third diagonal 
PQ to infinity. Thus the projection of ABCD becomes a sqaaiv, 
whose magnitude is determined by the distance of its plane from 
the vertex-plane. 

(ii) To project a given quadrilateral ABCD into another 
of given form, it suffices to project one of its angles BAD 

Q 




and the angle AOD between its two diagonals into angles 
of certain given magnitudes, and the segments AOj OG and 
BOj OD into segments which are in certain given ratios. 

[Art. 134 Cor. 1. 
For in the projection — the same letters being used — if AO 

be taken arbitrarily, the point G is determined by the ratio -^^ ; 

and the position of the line BOD is known ; and from the angle 

BO 
BAD and the ratio -y^ the points B and D are determined. 

The form of the projection being thus determined, its magnitude 
may be increased or diminished at pleasure by moving the plane 
of projection towards or away from the vertex-plane. 

Corollary, 

Any four points or lines in one plane may be projected into 
any other four points or lines in one plane. 

PROPOSITION VII. 

136. A given conic may be projected into a conic having 
the projections of two given points for focij or the one for centre 
and the other for a focus. 



\ 
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(i) To project a given conic Q and a given point S within 
it into Q and 8' respectively so that 8' may be a focas o{ Q' : 
draw from 8 any two pairs of lines conjugate with respect 
to Qj and project the angles contained by them into right angles. 
Thus 8' becomes a focus of Q\ being a point such that every 
pair of conjugate lines drawn from it to Q are at right angles. 

[Art. 134 Cor. 2. 

We may at the same time project a given point C in the 
plane of Q into the centre C of Q'j viz. by taking the polar 
of C with respect to Q for the unprojected line. 

(ii) Otherwise thus. Let C8 and the tangent at any assumed 
point F to the conic Q meet the polar of 8 in X and B 




respectively. Then if the polar of C be projected to infinity and 
each of the angles RX8 and BSP into a right angle, the points 
C and 8 will be projected into a centre and focus of Q\ as before. 

(iii) By properly choosing the point G in the foregoing 
constructions, we may project Q so that any two points 8 and H 
within it project into 8' and H' the real foci of Q. 

For if 811 meets Q in A and B^ and if the double points 
of the involution determined by the couples AB and 8H be 
the point C on 8H and the point O on its complement; 
then in the projection, the double point C bisects every segment 
8'H\ A'B\ &c. of its involution, since in conjunction with 
the second double point (in this case at infinity) it divides every 
such segment harmonically. [Art. 112. 

Hence 8' and H' are equidistant from the centre C of Q', 
and since 8' is a focus H' is likewise a focus, as required. 

(iv) The system of conies inscribed in a given quadrilateral 
SFHF* may be projected into confocal conies by projecting jfand 



318 CONICAL PROJECTION. 

F into the focolcis of the plane of projection (Art. 134 Cor. S). 
This construction is imaginary when the quadrilateral FSHF 
is real: but the foregoing constructions are always real, the 
points 8 and IT being taken within Q, 

PROPOSITION VIII. 

137. A given conic may be projected into a circle hamng 

the projection of a given point for centre : a system ofoonica through 

four given points may he projected into coaxal circles c or a system 

of conies touching one another at tvoo given points into oonoentrie 

circles. 

(i) By taking the point at 8 m Art. 136 we project 
the given conic into a conic having the same point (not at infinity) 
for both centre and focus; that is to say, we project it into 
a circle having the projection of a given point for centre. 

(ii) Otherwise thus. Take the polar of any point C for 
the unprojected line: through C draw any chord ACA\ and 




project the angles which it subtends at two assumed points 
P and Q on the given conic into right angles. Then in the 
projection, the same letters being used, 

CA=-CA'^CP^CQ, 

or the projection is a circle about G as centre. 

Thus the tioo angles determine the species of the projection| 
and the unprojected line may be taken arbitrarily.* 

(iii) Hence, by projecting any conic into a circle and one 
of its chords FF into the line at infinity, we may project 

__^ * 

* This may also be deduced from a consideratioa of the oiixmlar sections of a cone 
described arbitrarily on any giyen conic as base (Salmon's Conic Sectwiu Art. 865). 



CONICAL PROJECTION. 319 

any two points j^^ and F* on a conic into the focoids, as was 
otherwise shewn in Art. 134 Cor. 3. 

It follows that all conies through two given points maj 
be projected into circles, and all conies through four given points 
into coaxal circles^ and all conies touching one another at two 
given points into concentric circles, [Art. 130 §iL 

PROPOSITION IX. 

138. The arms of any angle of constant magnitude in a given 
plane may be projected into rays of a pencil of constant cross ratio^ 
vohose other two rays pass each through a fixed point. 

For the arms of a constant angle and the lines joining their 
intersection to the focoids form a pencil of constant cross ratio 
(Prop. III.), which projects upon any plane into a pencil of 
constant cross ratio, two of whose rays pass through the projec- 
tions of the focoids. Note that this pencil is harmonic when 
the constant angle is a right angle. [Art. 130 § i. 

139. In the following examples of the projection of angle* 
properties* the theorem to the right follows in each case from 
that opposite to it on the left, as appears conversely by pro- 
jecting the points FF into the focoids. 

The tangent to a circle is at right Any chord FF* of a oonio is out har- 
angles to the radius to its point of con- monicallj by any tangent and the line 
tact joining its point of contact to the pole C 

of FF'. 
Gonf ocal conies intersect at right If two conies be inscribed in a quadri- 
angles. lateral of which FF* are a pair of opposite 

summits, the tangents at any one of their 
common points cut FF' harmonically. 
The locus of the point of conoourse of The locus of the point of concoune of 
two tangents to a conic which intersect two tangents to a conic which divide a 
at right angles is a concentric circle ; or given line FF' harmonically is a conic 
in the case of the parabola the locus is the touching the former at FF'\ or if FF' 
directrix. touches the original conic, the locus is 

the join of the points of contact of the 
second tangents to it from F and F'. 
The locus of the intersection of tan> The locus of the intersection of tan- 
gents to a parabola which meet at a gents to a conic which divide a given 



* Sec Salmon's ConU Sections §§ 356-8 ; Rouch6 et de Comberousse Geometric 
§ 1175. 
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g^Ten angle is a hyperbola having the finite line Ff toacbing the oonic in a 
same focus and directrix. constant cross ratio is a conic toochjif 

the former at the points of contact of tbs 

second tangents to it from Fmod F\ 

The envelope of a chord of a oonic If tangents SF and SP' be drawn to 

which subtends a constant angle at one of a conic from given points F and F*j the 

the foci is another conic having the same envelope of a variable chord ^B mA 

focns and directrix. that S {AFRF'] is constant is a conic 

touching the former at its points of cos- 
tact with 5Fand SB'. 
If P be any point on a given conic, If SFF' be fixed points, and P a 
8 any fixed point, and SPT an angle of variable point on a conic through aad 
constant magnitude, the envelope of TP F\ the envelope of a line FT each that 
is a oonic having S for a focus. P {8FTP*} is constant is a conie toocfaiBg 

SFhJoASF', 
If the point P be taken on a given If P be taken on a given straight line 
straight line (instead of a conic), the (instead of a conic), the envelope of TP 
envelope of TP becomes a parabola becomes a conic inscribed in the tzisngle 
having 8 for focus. FSF\ 

PERSPECTIVE. 

140. The relation of Perspective in one plane may be treated 
either as a limiting case of the projective relation (Art. 128), 
or independently as follows.* 

From a fixed centre of perspective S in the plane of a given 
figure draw radiants to all points p of the figure, and let these 
radiants meet a fixed axis of perspective in the same phine 
in points R (fig. p. 10). Then if on every radiant BR there 
be taken a point q such that 

{SpRq\ ^ a constant, 

the locus of q is said to be in Perspective with the locus of p. 
Taking any two positions of 8R^ we have 

[8p-E^] = [SpRq] ; 

and therefore pp' and qq always intersect on the axis of 
perspective RR (Art. 104). Hence also we see that to every 
straight line pp in the one figure corresponds a straight line 
qq in the other; and to every range {p] in the one a homo- 
graphic range [q\ in the other. Figures in perspective in piano 
are therefore homographic, and they possess the same properties 
as figures projectively related in space. 

* See Chasles Sections Coniqfiet p. 1G9. 
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It may be shewn that if two fignres in perspective in relief 
be turned about the line of intersection of their planes, their 
centre of perspective describes a circle in a plane perpendicular 
to that line * [Ex. 850. 

SCHOLIUM B. 

The method of Projection — ^which is implicitly contained in the 
ancient theorem of Art. 103 — was freely used by Desabguks. It 
was used also by Newton, under the name Qeneratio curvarum pw 
Umbras, in his Enumeration of Lines of the Third Order, where 
he remarks (p. 25, ed. Talbot) : '^ And in the same manner as the 
circle, projecting its shadow, generates all the conic sections, so 
the five divergent parabolas, by their shadows, generate all other 
curves of the second genus. And thus some of the more simple 
curves of other genera might be found, which would form all 
curves of the same genus by the projection of their shadows on a 
plane." 

Desargues also proved the fundamental property (Ex. 696) of 
triangles in perspective, whether in relief or in piano {(Euvres i. 
413, 430). The term "homologie," for perspective in one plane, 
was introduced by Foncelet, and is now generally used by French 
writers. But since the term is in itself inexpressive, an incon- 
venient distinction has to be made between homohgue and homQ- 
lopqu0 (Bouoh4 et De Comberousse GSomUrie §§1094, 1167). 



BEVERSION. 

141. Take fixed points 8^ O and a fixed straight line MNi 
and through the fixed points draw any two straight lines 
intersecting at some point B on MNj and also a pair of parallels 
meeting RO and B8 in P and p respectively (p. 10). Then 
P, p may be called Reverse Points i and 8 the Origins of 
reversion : and MN the Base Line. When the locus of P is a 
conic having 8 and MN for focus and directrix, we have seen 
that the locus of the reverse point p is the eccentric circle of 
O] and we have derived properties of the conic from pro- 
perties of this circle-t We now proceed to treat the subject 
of reversion more generally. The original figure from which 
a reverse figure is derived may be called its Obverse. 



♦ Chaslee G^omitrie SuperUure §§368-9 ; Cremona Geometrie Projective §90. 
t See Arts. 4-6, 16 and Ezs. 6-10. 

Y 
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PROPOSITION X. 

142. To any straight line drawn in a given direction ear- 
responds a reverse line passing through a fixed point an the base 
line. 

Let O and » be the origins of reversion : P and p anj two 
reverse points : a^m and FM a pair of parallels, meeting the 
base line in M and m. 




Then, if £ be the point on the base line at which Pes and Op 

intersect, 

OP: (op^PR : t»R = PM\ o>wi, 

and therefore OM and pm are parallel. 

Hence, if wm be a fixed line and P a variable point on 
any assumed line parallel to a>m, the locus of p is the straight 
line drawn through the fixed point m on the base line parallel 
to OM, 

Corollary 1. 

The point at infinity on any system of parallels PM cor- 
responds to a reverse point m on the base line. All points 
at infinity in the same plane are therefore to be regarded as lying 
in one straight line, of which the base line is the reverse. 

Furthermore the direction of the line at infinity is indeter* 
minate. For, as pm turns about the same point m on the 
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base line, tho reverse line PM remains parallel to mmi and 
Qltimatelj, when pm coalesces with the base line, PM becomes 
the line at infinity^ which may accordingly be regarded as 
parallel to any assumed line com. 

Corollary 2. 

If the arms of any angle MPN and of the reverse angle 
wpn meet the base line in M^ N and m, n respectively, then 

Z mmn = MPN] and Z MON= mpn. 

Notice that to every angle P3Q subtended at either origin 8 
(fig. Art 4) corresponds an e^ual reverse angle pOq subtended 
at the other. For examplei the angles PSOj p03 are equal^ 
in the figure of Art. 6. 

PROPOSITION XI. 

143* Any straight line being taken as base Itne^ any two given 
armies may be reversed into angles of given magnitudes. 

For the angle MPN (Prop. x. Cor. 2) reverses into an angle 
of given magnitude a, if the origin O be taken on the circular 
segment HON described on MN so as to contain an angle equal 
to 0. By a like construction a second angle may be reversed 
into an angle of given magnitude ^. And if be taken 
at the intersection of the two segments, the two angles will reverse 
simultaneously into angles equal a and fi respectively. 

The applications of this general theorem are precisely 
analogous to those of the corresponding theorem in Conical 
Projection. [Prop. v. 

Corollary. 

From any origin O a given conic may, by properly choosing 
the base line, be reversed into a conic through two given points 
at infinity, whose magnitude is then determined by the position 
of the reverse origin ©. Or if the base line be given, the origin 
may be determined by reversing the angles between two 
assumed pairs of lines PA^ PB and P(7, PD — ^which may be 
jirawn conjugate with respect to the given conic — into angles 
a and fi respectively. By properly determining the origins 

Y2 
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ftnd the base line together we may reverse any conic and point 
U and P into any conic and point U' and P\ For example, 
if a and ^9 be riglit angles and the polar of P with respect 
to U be taken as base Une| V becomes a circle whose centre 
is P'. [Prop. TliL 

144. The following are some applications of the property 
of reverse figures that all angles subtended at the origin in tie 
one figure correspond to equal angles subtended at tike reverse 
origin in the other. [Art. 142 Cor. 2. 

a. A variable chord of a conic which subtends a right angle 
at a given point envelopes a conic having that point for a focus, 

« For if the given point and its polar be taken as origin 
and base line, the reverse conic has its centre at the reverse 
origin a> (Art. 142 Cor. 1) ; and a variable chord of the latter 
conic which subtends a right angle at to envelopes a concentric 
circle (Ex. 289)1 ^^ which the obverse is a conic having O and 
the base-line for a focus and directrix. 

b. A variable chord of a conic which subtends a right angle 
at a given point on the curve parses through a fixed point on the 
normal thereat.* 

For if a conic through be reversed into a circle through 
(0, every chord of the former which subtends a right angle at O 
has for its reverse a diameter of the circle, and therefore pasaes 
through the fixed point which is the obverse of the centre of 
the circle. Note that the tangents and also the normals at 
and en are reverse lines. 

Hence, to reverse a conic from any point upon it as origin 
into a circle, we must have as base line the polar BC of the 
point of concourse of all chords which subtend right angles at 0. 

c. Let DOE be a fixed angle inscribed in a conic, P any 
point on the curve, B and G the points in which PD and PE 
meet the polar of the point of concourse of all chords which 



* This theorem of Fr^gier— p. 276, note, and Comspondanet tur fEcoU Royih 
Polt/Uchniqu€ tome III p. 894, 1816— k ft limiting case of §a. See Scholium D, 
p. 285. 
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subtend right angles at 0: then will the angle BOO be equal 
cr supplementary to the angle DOEJ^ 

For if with as origin and BO as base line the conic be 
rcTersed into a circle, then (with the same notation) the points 
B and O are removed to infinity, and the theorem follows at 
once from the equality of the angles DOE and DPE m the 
same segment of the circle. 




d. If a straight line PDB taming about a fixed point P 
meet the arms of a constant angle BOD^ which turns about a 
fixed point (7, in B and D] then if the point B moves along 
a straight line BO^ the point D describes a conic through and P, 
For when BO is the line at infinity the locus of D is evidently a 
circle through and P; and therefore by reversion, the locus 
of jD in the general case is a conic through and P. 

This is a limiting form of Newton's Descriptio Organica 
(Art. 113 Cor. 1), since the line through P may be regarded as 
a vanishing angle BPD, 

e. Every range [ABOD] and its reverse [abcd\ subtend 
similar pencils [ABOD] and a> [abcd\ at the origins, and are 
therefore homographic. All the properties of cross ratio may 
therefore be extended from the circle to the general conic by 
reversion. 

145. The Orthocentre. 

a. Let the sides of a triangle ASOy the reverse of A'B'0\ 

* See JiaiKematieal Qtwiions from th€ EOVOATIOKAL TlMM, yoL i. pp. 83, 40 
(Queftioii 1409). 
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meet the base line in points D^ Ej Fj and let oD, hE^ cFh% seg* 
ments of the base line which subtend right angles at «. Tbeo 
Aa^ Bb^ Cc are reverse to the perpendiculars of the triangle 
ABC* (Art. 142 Cor 2) and cointersect at the reyerse P of 
its orthocentre. 

It is hence evident that the sides of any triangle ABC and 
the radiants from any point to its vertices determine an invola- 
lution [aD^ bE^ cF] on any transversal. [Art. 110. 




b* If the triangle ABO envelopes a fixed conic touching 
the base line, the obverse of which is a parabola^ the point P 
traces a straight line, the reverse of the directrix of the 
parabola. [Art 29 Cor. 1. 

Or if, starting with the parabola and taking its directrix 
as base line, we reverse it into a circle about a» as centre, 
the point P is removed to infinity. Hence, if the sides of a 
triangle ABO touch a circle, and meet any fourth tangent 
to it in abc^ and if the diameters parallel to the polars of aibc 
meet the fourth tangent in DEF^ the lines AD^ BE^ CF are 
parallel. In other words : 

If the sides of a triangle ABO touch a circle^ and if the 
parallel tangents meet any seventh tangent in DEF^ the Una 
AD^ BE^ CF are parallel 
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More generally : 

If from three colltnear paints XYZ pairs of tangents he drawn 
to a conic^ and if ABC he the triangle formed hy one tangent from 
each pair and DEF the points in which the remaining three 
tangents meet any seventh tangent^ the lines AD^ BE^ CFmeet at 
a point in a straight line with XYZ. 

146. The Normal. 

The reverse of the normal at any point P to a conic is the 
line through the reverse point p which with the tangent at p 
intercepts on the base line a length which subtends a right angle 
at the reverse origin <». [Art. 142 Cor. 2. 

147. Conjugate Diameters. 

If a conic be reversed into the eccentric circle of at, it 
may be seen that a pair of its conjugate diameters inclined at 
angles a and ^r— a, reverse into lines through the pole of 
the base line with respect to the circle and which contain angles 
ir — a and a. 

148. The Asymptotes. 

If a conic meets the base line in M and N^ the asymptotes 
of its reverse correspond to the tangents at M and Nj and 
are therefore parallel to MO and NOj where is the origin 
(Art. 142). We may therefore determine the eccentricity of 
the reverse conic by making the angle MON of any assumed 
magnitude, real or imaginary. 

SCHOLTDM 0« 

Bevsbse lines OP and pw through the origins (which may 
be supposed to lie on the same side of the base line) being reverse 
in direction, figures are consequently, in a manner, turned avsr 
in this transformation, so that an original figure and its derivative 
may be regarded as obverse and reverse respectively. Thus 
in Art. 4, if the circle be divided by axes through parallel 
and at right angles to the base line, its first and third quadrants 
must be turned over or interchanged, and likewise its second 
and fourth, in order that they may become similarly situated with 
the sectors of the conic to which they severally correspond. 

If reverse points P and v be referred to rectangular axes 
of coordinates, the base line oeing the common axis of x and 
the axes of y being drawn through and w respectively, then 
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if X, F be the coordinates of P and x^ y those of p^ and if OD 
and (ad be the ordinates of and m, it may be shewn that 
Ty^ tad. ODj and X \ ^x^Ti wd. Hence an equation of any 
degree between x and y implies an equation of the same degree 
between X and F. 

Beversion is a special case of the following transformation. 
Take fixed origins and di, and a fixed director line (or plane} 
corresponding to each: from any pcant P draw POJ) to meet 
the 0-director and Pu>d to meet the iii-director : then the point 
of concourse of laD and Od corresponds to P. The constroction 
in the text results from supposing one of the directors to be 
at infinity. The analysis for the general case is fallj giyen 
in a section by Prof. Cayley contributed to my article on the 
nomographic Transformation of Angles in the Quarterly Jbunud 
of Mathematics xiv. 25 — 39. 



HOMOGRAPHIC TRANSFORMATION. 

PROPOSITION XII. 

149. Any two plane homographic figures of the same spedet 
are capable of being placed in perspective. 

We have seen that any two plane figures in perspective 
are so related that to every range in the one corresponds a 
homographic range in the other (Prop. it). Conversely, 
any two plane figures thus related are capable of being placed 
in perspective. 

(i) For if ABCD be four fixed points and P a variable point 
in a plane figure, and AB'G'IfF the corresponding points in a 
homographic figure, it is evident from the relation, 

P\ABGD\^F [AEC'D], 

that by projecting the points ABGD into AEG*U (Art 135) 
we at the same time project every point P into its corre- 
spondent P\ 

(ii) The same result may also be arrived at as follows. 

Let ^ be a given plane figure, regarded as moveable in 
any way in its plane, and B a fixed homographic figure in 
the same plane. Then to the focoids ^ and ^\ regarded as 
belonging to Ay correspond fixed points Fand F related to B. 

[Art. 132. 
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Let F<f> and F'4>' meet in the point related to B^ and 
let (y be the corresponding point in A. Also let P and Q 
he any two points in Bj and P' and Q the corresponding points 
in A. 

Move the figure A a certain distance in a certain direction 
until (y coincides with 0, and then turn it about until 
the points POP' are brought into one straight line.* Then, 
since A and B are homographic, 

0{PQFF'} = 0{P'gFF}; 

and therefore, since three rays in the one pencil coalesce 
seTcrally with three in the other, the fourth ray OQ coalesces 
with the fourth OQ^ or every two corresponding points Qj Q 
are in a straight line with 0, the required centre of perspective 
of A and B. It then follows from Art. 140 that A and B may 
be placed perspective in space. 

OoroUary. 

Since figures homographic with the same figure are homo- 
graphic with one another, and since any conic and an assumed 
point in its plane may be projected into a circle and its centre 
(Art. 137), and conversely; it follows that any conic and point 
in one plane may be projected into any other conic and point 
in one plane. [Prop. xi. Cor. 

SCHOLITJM D. 

Transformation is a convenient (if not strictly accurate) ex- 
pression for the derivation of one figure from another in accordance 
with an assigned law of correspondence. The general idea of 
homographic transformation may be found in a passing remark 
of Desaboubs {(Euvres i. 214), who, having enunciated the funda- 
mental property of the polar planes of a sphere, concludes by 
stating curtly that it may be extended to surfaces which are related 
to the sphere as the ellipse is to the circle: '< Semblable propriety 
ee trouve d Tegard d'autres massifs qui ont du rapport k la boule, 
comme les ouales autrement ellipses en ont au cerde, mais 11 
y a trop k dire pour n'en rien laisser." 

In the tract on Plani-coniques appended to his Nouvelle mithod$ 
en Giomdtrie Sfo, (Paris 1673), De la Hire derived the general conic 



* See Salmon's Higher Plant Curvet Art. 380. 
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from the circle by a geometrical tranaformation mi piano. A 
similar transformation appears to have been arrived at bj Le 
Foivre about thirty years later (Ohasles SectwuM Conifue$ p. 174). 
Newton shewed how to transform curres of all orders {PrindpU 

ah 

Lib. I. sect. y. lemma 22) by substitutions of the form X^ — and 

T^^ (of. Schol. 0), and added two examples of the applicaticm 

of his method {loc. eiL props. 25, 26). The ''oollinear" figures 
of Mobius *'Bont aussi des figures homographiques les plus g^6rales'' 
(Ohasles Sectiom Caniques p. 165). Mobius proved inier alia that 
any four points in a plane may be projected into any other fonr 
points in a plane {Baryoentritche Catcul p. 327, 1827). For a 
general exposition of the principle of Homography see Chaales* 
Mimoire on duality and homography, at the end of his Aper^ 
historiqus. See also his GionUtrie Supirieurs pp. 362 — 412, and 
Townseud's Modem Gtometry chaps. 19 — 22. 

EXAMPLES. 

[It it ^ft to the reader in tome caett to modify the envmcuAione qf the pain cf 
theorems in the double colwnnt so as to brin^ them into exact correspondence]. 

801. The diagonal of a parallelogram Each diagonal of a oomplete qvadii- 
and the linea bisecting its two pairs of lateral is divided harmonicall7 hj tba 
opposite sides form a harmonic pencil. remaining two diagonals. 

802. If two triangles be similar and If the intersections of the three pain 
similarly placed, the joins of their cone- of sides of two triangles lie in one stFaigfat 
sponding vertices meet in a point. line, the joins of the opposite viertlceB 

cointersect. 

803. Any two pairs of parallels through The three pairs of joins of any four 
points P and Q meet any transversal in points in a plane determine an involotion 
an involution having its centre on PQ, on any transversaL 

804. The centres of the diagonals of a An infinity of pairs of straight lines 
oomplete quadrilateral are in one straight can be found which divide the three di^ 
line. [p. 256. gonals of a quadrilateral harmonically. 

805. Parallel chords of a circle are Concurrent chords of a conic an 
bisected by a straight line through its divided harmonically by their oommon 
centre. point and its polar. 

806. If two of the three pairs of op- The three pairs of opposite sideB of any 
posite sides of a hexagon inscribed in a hexagon inscribed in a oonic haTe their 
circle are parallel, the third pair are intersections in one straight line. 
poralleL* 

807. A system of coaxal circles meet All the conies through fonr given points 
any transversal in pairs of points in an meet any transversal in pairs of pointB in 
involution. [Art 109. an involution. 

* See Gergonne*s Annates xv. 79. 
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808. Four eiicles can be drawn touch- 
ing three given straight lines. 

809. Four conies can be drawn throngh 
three giyen points so as to have a giyen 
point for a focus. 

810. The diameters of a circle subtend 
m pencil in involution at any point on the 
Gircmnference* 

811. Given two pairs of lines oonjn- 
l^ate with respect to a circle, the locus of 
its centre is the rectangular hyperbola 
circumscribiDg the quadrilateral of which 
the conjugate lines are opposite sides,* 

812. Given three pairs of lines conju- 
gate with respect to a circle, the positions 
of its centre constitute an orthooentric 
tetxBstigm. 



813. Every circle through the centre 
of a rectangular hyperbola circumscribes 
an infinity of triangles self-polar with 
respect to the hyperbola. 

814. If a triangle PQR right angled 
at P be inscribed in a rectangular hyper- 
bola, the perpendicular from P to QR is 
the tangent at P. 



Four oonios can be drawn throngh two 
given points and touching three given 
lines. 

Four conies can be drawn through 
three given points so as to touch two 
given lines. 

A system of concurrent chords of a 
conic subtend a pencil in involution at 
any point on the curve. [p. 276. 

Given a chord FF' of a conic and two 
pairs of lines conjugate with respect to it, 
the locus of the pole of FF' is a conic with 
respect to which F and P' are a pair of 
conjugate points. 

Through two given points four conies 
can be drawn so as to have three given 
pairs of lines conjugate with respect to 
them ; and their common chord is divided 
harmonically by every conic through its 
four poles with respect to them. 

If two triangles be self-polar with 
respect to a conic, their six angular points 
lie on a conic. 



If Pand P' be conjugate points with 
respect to a conic, PQ and PR any two 
chords which divide FF' harmonically; 
then QR and the tangent at P divide 
FF' harmonically. 



815. The directions of two sides of a If two sides of a triangle inscribed in 
triangle inscribed in a circle being given, a conic pass each through a given point, 
the envelope of the third side is a concen- the envelope of the third side is a conic 
trie circle. touching the fonner at two points on the 

join of the given points. 

816. The envelope of the polar of any The envelope of the polar of any point 
point on a circle with respect to a con- on a conic with respect to a second having 
centric circle is a concentric circle. the same focus and directrix is a third 

having the same focus and directrix. 



* From the centre of the circle draw a perpendicular OP to one of the lines, and 
let it meet the conjugate line in Q ; and draw OP' perpendicular to one of the second 
pair of lines, and let it meet the fourth line in Q'. Then since OP . OQ = (radius)* 
= OP". 00^, the locus of (7 is a conic throngh the four vertices of the quadrilateral ; 
and it is easily soon that the orthocentre of any throe of them is a point on the locus. 
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817. Parallel choids of a dtde an cut Ckmcarreat ohordB of a oonic are dMded 
in a oonstant ratio by a oonoentiic eUipae in a constant ctcmb ratio hy evety oooie 
touching the circle at the extremitieB of having double contact witix the 
the perpendicular diameter. upon the polar of the point of 

renoe. 

818. Ereiy paiallelogxam inacribed in The intenections of the two dtagonala 
a dide is rectangular. and of the opposite sides of anj qiiadzila- 

teral are a conjugate triad with respect to 
eveiy conic drcnmscribing the qnadrila- 
tenO. 

819. The diagonals of every parallelo- The diagonals of a oompleto qnadii- 
gram circumscribed to a circle meet at lateral are a conjugate triad with zespteL 
right angles at its centre. to every conic inscribed in it. 

820. The centres of all the rectangular Given four points on a oonic, the locoa 
hyperbolas circumscribed to a given tri- of the pole of a given Una is a conic, Ac 
angle lie on its nine-point circle. [Ex. 788L 



821. The circumscribed drde of every If two triangles circnmscribe a ooolc^ 
triangle which drcumscribes a parabola their six summits lie on a ooni& 

passes through its focus. 

822. The envelope of the polar of a The envelope of the polar of a givvn 
given point with respect to a system of point with respect to the system of oooica 
oonfocal conies is a parabola touching inscribed in a quadrilatoal is a cooEio 
their axes and having the^ven point* for touching its three diagoni^ ; and the 
a point on its directrix. [Ex. 879. chord of contact of the second tangents to 

this conic from the extremities of any dia- 
gonal of the quadrilateral is the line join- 
ing the given point to the point of con- 
course of the remaining two diagonals. 

828. If from a fixed point tangents If from a fixed point tangents OP 

or and OQ be drawn to any one of a and OQ be drawn to any one of a sjBiem 

system of oonfocal conies, the circle through of confocal conies, the conic through their 

OPQ passes through a second fixed point, foci and OPQ passes through a fourth 

[Exx. 840, 880. fixed pointf 

824. Given three concentric circles, If three conies touch one another at 
any tangent to one of them is divided into the same two points, any tangent to one 
segments of constant lengths by the re- of them is divided in a oonstant cross 
maining two. ratio by the remaining two. 

825. Four fixed tangents to a parabola Four fixed tangents to a conic divide 
divide any fifth tangent into segments any fifth tangent in a constant cross ratio, 
whose ratios are constant. [Ex. 726. 



* The tangents at this point to the two conf oeals through it touch the parabola, 
t Project the common fod of the first system into the focoids of the plane of the 
aeoond. Bee the Quarlerhf Jownal of Mathematics X. 287. 
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826. Any two pairs of points which If the extremities 6t each of two dia- 
diTide the diagonals of a rectangle har- gonals of a quadrilateral are conjugate 
monicallj lie on a circle. points with respect to a conic, the extre- 

mities of the third are. conjugate with 
respect to it.* 

827. If POpj QOqj BOr^ 808 be any four concarrent 
chords of a conic, the conies through 0PQR8 and Opqra have 
a common tangent at 0. 

828. If FF* be a xK>mmon chord of two given conies, its 
pole with respect to any conic which touches both of them 
and passes through F and F' has for its locus a conic touching 
the tangents at F and F' to the given conies. 

829. If a conic touches the sides 8F and 8F* of a given 
triangle and also two other given lines, the second tangents 
to it from i^and F' meet on a fixed straight line. 

830. Given, in addition to a chord of a conic, two tangents, 
pr one tangent and one point, find in each case the locus of 
the pole of the given chord. 

831. If two conies have double contact, the cross ratio of 
four of the points in which any four tangents to the one 
meet the other is equal to that of the remaining four points, 
and also to that of the points of contact taken in the same sense 
of rotation.t 

832. Extend by projection Newton's theorem, that the 
diameter of a quadrilateral is the centre-locus of all conies 
inscribed therein.^ [p. 282. 

833. The circle through any triad of points conjugate with 
respect to a conic is orthogonal to its orthocycle (pp. 274, 280). 
Is this theorem projective ? 



* This theorem and its reciprocal are due to HeS3B (Crelle's Journal XX. 301, 
1S40). 

t See Salmon's Conic Sections Arts. 276, 854. 

X Its analogue in space was given in Gergonne's Annates xvii. 200. 
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834. From a fixed point tangents OP and OQ are draim 
to any conic inscribed in a given quadrilateral, and through P 
and Q are drawn the straight lines which with PO and QO 
respectively divide the three diagonals of the quadrilateral har- 
monically. Shew that the lines so drawn touch the fixed conic 
which is the envelope of PQ. [fix. 822. 

835. If AB be one of the diagonals of this qaadrilateral, 
the conic through ABOPQ passes through a fourth fixed point 
0', such that A (?, A 0' and -BO, B(y divide the remaining two 
diagonals harmonically. Shew also that the three positions of 
(7 corresponding to the three diagonals of the quadrilateral lie 
in one straight line. 

836. If from a fixed point O tangents OP and OQ be 
drawn to any one of a system of confocal conies^ and if the 
normals at P and Q meet in N*^ the locus of the orthoccntre 
of the triangle NPQ is a straight line, and the locus of the 
orthocentre of OPQ is a rectangular hyperbola having one 
asymptote parallel to the central distance of 0.^ What do 
these theorems become by projection ? 

837. Given the orthocentre of a triangle inscribed (or cir- 
cumscribed] to a given conic, the product of the segments of 
its perpendiculars is constant. Hence shew that if one solid 
angle contained by three planes mutually at right angles can be 
inscribed (or circumscribed) to the surface of a given cone of the 
second degree, an infinity of such angles can be inscribed (or 
circumscribed) to it. 

838. The locus of the point in space from which triads of 
lines mutually at right angles can be drawn to triads of points 
on a given conic is a sphere. 

839. If the conic be supposed to vary, yet so as always 
touch the sides of a given quadrilateral, the sphere will pass 



♦ See the Quarterly Journal of Mathematics x. 289, 
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through a fixed circle in a plane at right angles to the plane of 
the quadrilateral.* 

840. ABG is a triangle inscribed in a conic : Aa^ Bby Gc 
Are chords drawn through a point 0: and Abj Bc^ Ca meet 
the polar of in PQR respectively. Shew that the lines from 
any point on the conic to the points PQR respectively meet the 
sides of ABC in three collinear points. 

841. Hays being drawn from a fixed point on a conic, shew 
that the intercepts upon them between the conic and a fixed 
tangent may all be projected upon a given line through the 
fixed point, from another point on the conic, into segments of 
the same length. 

842. If a point P on a conic be connected with two fixed 
points ^ and JP' in its plane, all the chords which are divided 
harmonically by FP and F*P are concurrent ; and the locus of 
their point of concourse, as P varies, is a conic touching the 
first at two points on FF'. 

843. If a conic passes through two given points and touches 
a given conic at a given point, its chord of intersection with 
the given conic passes through a fixed point. 

844. ABGD being four points on a conic, E and F are the 
poles and is the point of concourse of AB and GD. Through 
E is drawn a straight line meeting GD in M and the conic 
in Q and R ; and upon this line a point P is taken a fourth 
harmonic to QMR. Shew that the locus of P is the conic 
through ABGDEFj the tangents to which at E and F pass 
through ; and that the tangents from to the first conic 
pass through the four points in which the common tangents to 
the two conies touch the second. 



• On Exx. 837—9 see Pioquet*a Etude giomitrique des Syttemes Ponctnels «i Tan" 
gentieh de Stctions Coniques §§ 72, 73, 85, 86. Ficquet now uses the term orthoptie 
circle (p. 42) to denote the orthocycle, and the tenn orthoptic Mummii* (p. 41) of the 
*' pencil" of conios inscribed in a quadrilateral to denote the two fixed points on their 
orthocyclcfl. Qaekin's discovery of these points was anticipated by Fliick6r {Analy* 
Haeh-ffeometrisehe Entwieklvngm II. 198, 1881). 
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845. If a variable conic has double contact with each of two 
fixed conicsy find the loci of the points of concourse of iti 
common tangents with the fixed conies. 

846. If aa^ bb'y cc' be parallel chords of a conic and p asxj 
seventh point on the curve, prove that the three points (ap, Vc], 
{bpj ca\ (cp, dV) lie on a straight line parallel to the chords. 

847. If from each of four points on a circle perpendicalan 
be drawn to the joins of the remaining three, the feet of these 
perpendiculars lie bj threes on four concurrent lines. Gene- 
ralise this theorem by reversion, or otherwise. 

848. Any two conies may be regarded as homographic 
figures in which any three points on the one corre^)ond to 
three points taken arbitrarily on the other.* 

849. Shew how to place reverse figures in perspective, and 
adapt the constructions of Arts. 141—148 to the case of figures 
in perspective in one plane. 

850. The construction in Art. 134 (ii) for fixing the position 
of V in the vertex-plane is independent of the angle between 
that plane and the primitive plane: as this angle varies the 
vertex remains fixed in its plane : it therefore describes a circle 
in a plane perpendicular to ai, or to the intersection of the 
plane of projection with the primitive plane. 

* Chasles Stetions Coniques p. 167. 

NOTE. 

The undermentioned Examples (of. p. 141) are taken from the 
Educational Times Reprint : 

Ex. 441 (I. 52); 442 (xi. 31); 443 (v. 101); 444 (vn. 49); 445 
(xxx. 90); 450 (xn. 27) ; 454 (vin. 72) ; 455 (m. 35) ; 466 (xxx. 90) ; 
516 (i. 65); 517 (v. 56) ; 518 (i. 53) ; 520 (v. 36) ; 521 (vn. 96) ; 
522 (XI. 59) ; 523 (xvin. 32) ; 524 (xvm. 54) ; 526 (xxi. 35) ; 527 
(xxiv. 87) ; 560 (xvii. 35) ; 562 (xvm. 52) ; 563 (xvm. 98) ; 678 
(VI. 71); 607 (XV. 88); 611(xxv. 23); 612(xxv.21); 613 (rv. 70); 
620 (xxnr. 43); 638 (iv. 97) ; 640 (xm. 60) ; 644 (v. 87) ; 645 (xi. 
104); 680 (IV. 69) ; 681 (x. 32) ; 682 (xvii, 60) ; 684 (xxir. 22) ; 
685 (xxii. 51) ; 687 (xxnr. 101) ; 688 (xxvi. 69) ; 689 (xxvin, 95) ; 
690 (xxxi. 18) ; 714 (xi. 60); 727 (xni. 26) ; 737 (xxv. 61) ; 738 
(n. 6) ; 835 (xra. 61) ; 840 (m. 39) ; 841 (ix. 79) ; 842 (xi. 100) ; 
843 (xn. 54) ; 844 (xiv. 80) ; 845 (xix. 101) ; 846 (xxm. 94) ; 847 
(xxx. 64. xxvm. 57). 
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CHAPTER XIL 

BEOIPBOOATION AND INVERSION. 

150. We now return to the method of Reciprocal Folars, 
of which some account was given in Chapter x. [p. 268. 

Take any fixed conic as Director^ and let any straight line 
or point be said to correspond or be reciprocal to its pole or 
polar with respect to the director. It is evident that to the 
intersection of any two lines corresponds the join of the 
reciprocal points, and that to a system of concurrent lines 
correspond a system of coUinear points. [Art. 17 Cor. 1* 

To any curve, regarded as the envelope of its tangents, 
corresponds the locus of their poles with respect to the director ; 
and to the join of any two consecutive points on either curve 
corresponds the join of two consecutive tangents to the other. 
Hence, to every tangent and its point of contact in either figure 
correspond a point and the tangent thereat in the other. 

It is hence evident that if two curves touch one another in 
one or more points,' their reciprocals touch one another in the 
same number of points. 

Notice that Oie tangents to the director at its intersectionB 
with any curve are also tangents to the reciprocal curve. 

PROPOSITION I. 

161. The degree of any curve not having singular points 
is equal to the class of its reciprocal with respect to a conic^ 
and conversely, 

(i) For If U be any curve and u its reciprocal, A any 
straight line and a its reciprocal; then to every point in 
^hich A meets U corresponds a tangent to u, and every such 

z 
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tangent passes through a. The number of points m wbic& 
an arbitrary line A meets U is therefore equal to the nnmber 
of tangents that can be drawn from any one point to ii| as 
was to be proved. 

It follows that the reciprocal of a conic is a conic, as was 
otherwise shewn in Art. 117; and that the reciprocals of aU 
conies touching the ^ame four lines, or having the same Joci^ are 
conies passing through the same four points. [Prop. Ti. 

PROPOSITION II. 

152. To every point and its polar with respect to a conic 
correspond a straight line and its pole vnth respect to the reciprocal 
conic : to every conjugate triad of points in the one figure a 
conjugate triad of lines in the other :■ and to every pencil or range 
in the one a honwgraphic range or pencil in the other ^ 

(i) For if ab and oc be the tangents from any point a to a 
conic, then to their points of contact h and e correspond a 
pair of tangents AB and AG to the reciprocal conic ; and to 
the points of contact B and C correspond redprocallj the 
tangents at b and c to the original conic. [Art. 150l 

It follows that the join of jS, G corresponds to a, and the 
join of &, c to the point of concourse A ot the tangents at 
B and C. 

Hence to any point a and its polar be in the one figure 
correspond a line BG and its pole A in the other; and there- 
fore to every conjugate triad of points in either corresponds 
a conjugate triad of lines in the other. 

(ii) It has been shewn in Art. 116 that every row of points 
and their polars with respect to any director are homographic 

Corollary* 

Since the points of concourse of a conic and its reciprocal 
correspond to their common tangents, the cross ratio of the four 
common points of any two conies in either is equal to that of their 
common tangents in the other, [Ex. 727. 



fN 
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PEOPOSITION III. 

153. GUven %n a plome two straight lines and their poles 
with respect to a conio^ the ratio of the distances of any point 
in the plane from the given lines varies as the ratio of the 
distances of its polar from their poles,^ 

(i) Let the polars of any two points and P with respect 
to a conic whose centre is C meet GO in L and M respectivelji 
and let PJV be an ordinate to the diameter CO. 




Then since CL.GO^ GM. GN.-f 

or GM+ OM: GM^ GL+NL: CL; 

therefore OMi GM^NL : GL^PR : CL, 

if PR be drawn parallel to GL to meet the polar of 0, That 
is to say, the distances of and G from the polar of P are as 
the distances of P and G from the polar of 0, [Ex. 325. 

(ii) If OX and GH be perpendiculars to the polar of P, it 
follows that 

PRi CL^OX: GH; 
and the same proportion will hold if PR and GL be now 
supposed perpendicular to the polar of 0. 

In like manner, taking any second position o of whilst 
P remains as before, we have 

Pr : Gl '^ox : GH. 

* OhasleB Aper^ historique p. 690, 1875. 

t If CM meets the conic in D and ly, and if oo be the polar of Diy, the point 
M and its polar Pec divide DJy harmonicallj. Hence CM.CN= CIf*f whatever 
be tbe podtioii of P. This foUows also bj orthogonal projection from Ex. 281. 

Z2 
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PR 
Hence, whatever be the position of P) the ratio -^ ia eqial 

CL OX. 
to 'y^ . — , where CL and CI are constant for given positioDi 

\jt ox 

of and o ; that is to say, the ratio of the perpendiculars from 
a variable point P to the polars of two fixed points and o ujoia 
€L8 the ratio of the perpendiculars from and o to the polar of P. 
We may of course, as a special case, suppose either point and 
its polar to become a point on the curve and the tangent thereat 

Corollary. 

It is hence evident that any homogeneous, relation between 
the distances of a variable point P from any number of fixed 
straight lines implies a homogeneous relation of the same 
degree between the distances of the polar of P with respect to 
a conic from the poles of the fixed lines. Thus from the Locm 
ad quatuor lineas, PQ.PB^k.PS.PT (Scholium C, p. 266), 
we deduce a relation of the same form between the distancei 
of the tangent at P from two pairs of fixed points, opposite 
vertices of a quadrilateral circumscribed to the conic [Ex. 707. 

POINT RECIPROCATION. 

154. If be the centre of a circle, OA the perpendicular 
from it to any straight line L and a the point on OA or its 
prolongation such that OA . Oa = (radius)* ; then a is the pole 
or reciprocal of L with respect to the circle. The same point 
a may also be determined by regarding merely as a fixed 
point, without reference to the circle, and taking OA.Oa equal 
to a constant quantity c*. This last construction is called 
reciprocation with respexit to a pointy the point being called the 
origin. When <? is negative every line or point and its 
reciprocal lie on opposite sides of the origin. The constmction 
is then equivalent to reciprocating with respect to an imaginary 
circle. [Prop. v. (ii). 

Notice that to the foot of the perpendicular A from the 
origin to any straight line L corresponds the line through 
the reciprocal point a parallel to L or at right angles to Oa\ 
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and that to each line id a system of parallels correBponds a 
poiDt on the common perpendicular to them from the origin. 

PROPOSITION IV. 

155. Any ttco straight lines contain an angle equal to that 
subtended by their point-reciprocals at the origin ; and the distance 
of any straight line from the origin varies inversely as the 
distance of its reciprocal therefrom. 

The first part of the proposition follows immediately from 
the perpendicularity of every straight line to the line joining 
its reciprocal to the origin. 

The second part is merely another way of stating that the 
product OA.Oaj in the construction of Art. 154, is equal to a 
constant c*. 

Corollary 1. 

c" 
From the relation Oa= — - we deduce, that to any straight 

line L through corresponds the point at infinity In the 
direction at right angles to X, and conversely. All points at 
infinity in the same plane therefore lie on the reciprocal of the 
origin, and are consequently to be regarded as coUinear. To 
the polar of the origin with respect to the original conic 
corresponds the centre of the reciprocal conic^ the polar of the 
line at infinity with respect to it. [Art. 17 Cor. 2. 

Corollary 2. 

To the tangents OP and OP' from the origin to any conic 
con*espond the points at infinity in the directions at right 
angles to OP and OP* ; the eccentricity of the reciprocal conic 
is therefore determined by the angle POP\ the supplement 
of the angle between its asymptotes. Hence the reciprocal 
will be a hyperbola, an ellipse or a parabola according as is 
taken without, within or upon the original conic Thus we see 
again that every parabola touches the line at infinity^ the reci- 
procal of the origin. The reciprocal of a conic with respect 
to any point at which it subtends a right angle is a rectangular 
hyperbola. In any case the axis of the reciprocal conic is parallel 
to the bisector of the smgle POP'. 
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Corollary 3. 

From either point of concourse of their orthocycles as origin 
any two conies 17 and F reciprocate into rectangular hyperbolas 
ti and t?; and conversely eveiy conic through the four inter- 
sections of u and v, being itself a rectangular hyperbola (Art. 69), 
is reciprocal to a conic subtending a right angle at the origin 
and touching the four common tangents to U and V* Hence 
the orthocyclea of all the conies which touch four given lines kace 
twojpoints in common. [Art. 123 Cor. 1. 

PROPOSITION V. 

156. The reciprocal of a circle with respect to any pouU is 
a conic having that point for afocusj and conversely^ 

(i). K the director be a circle about the origin O as centrei 
any other circle meets it at the focoids (^ and ^'y and there- 
fore has for its reciprocal a conic touching Oif> and 04>\ the 
tangents to the director at the focoids. [Art. 130. 

This conic therefore has for a focus ; and its O-dtredrix 
(the polar of 0) corresponds to the pole of the line at infimtj 
with respect to (7, that is to say^ it corresponds to the centre 
ofO. 

(ii). Otherwise thus. Reciprocate a conic from either focus 
J7 as origin, and let V be the point corresponding to any tangent 
to the conic, and J? the projection of J? upon that tangent. 
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Then if CB be the conjagate semiaxis, and - CB'* be taken 
as the constant of reciprocation, 

EV.HZ^-CB\ 

or V lies on the major auxiliary circle, which is accordingly 
a reciprocal of the conic with respect to either focus. HencCi 
whatever be the constant of reciprocation, the reciprocal of a 
conic with respect to either focns is a circle, and conversely.* 

In the limiting case of the parabola^ produce 8Y and 8 A 
(fig. Art 26) to Z and j?, so that 8Y. SZ^ 8A.8B=^k constant. 
Then Z lies on the circle upon 8B as diameter, which is accord- 
ingly a reciprocal of the parabola with respect to 8^ and con- 
versely. 

(iii). In the diagram, the eccentrtctty of the conic is equal to 

-75-1 , and its latus rectum to >. . . 
UA CA 

Moreover, if X be the foot of the -&directrix, 

HC. HX^ - CB\ [Art. 85 Cor. 3 

and therefore (1) the ^-directrix is reciprocal to the centre of 
the cirde^ and (2) the polar of H with respect to the circle— 
which in this case coincides with the ^-directrix (Art. 35 Cor. 1) 
— is reciprocal to the centre of the conic. 

If* the constant of redprocation be changed the relative 
magnitude of the conic and the circle will alter, but the following 
relations will still be found to subsist. The origin is now 
denoted by O, and the centre of the circle — which will in 
general be distinct from that of the conic — by G. 

distance of C from 

eccentriaty = . . 

^ radius of circle 

iy , ^ constant of reciprocation 
latus rectum = t-* c - i • 
radius of circle 

centre of circle = reciprocal of 0-directrix« 

centre of conic = reciprocal of polar of with respect to circle. 



* Another proof has been giyen by Laquidre, NouvelUt Annale$ zx. 42, 1861 ; and 
another by Salmon, Conic SeOiont Art. 30S. 
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Corollary 1. 

One Inscribed and three escribed circles can be drawa to 
a given triangle, and their radii are connected by the relation, 

1111 

- = — + - + -. 
T r, r, r. 

Hence, by reciprocation with respect to any point 0, four conies 
can be described having a given point for a focus and passing 
through three given points, and the latera recta of three of 
them are together equal to the latus rectum of the fourth. 

Corollary 2. 

The point V in the diagram corresponds to the tangent YZ'j 
the point C to the iT-directrix ; the line VG to the point of 
concourse D of YZ with the fi'-directrix ; the point of conooorae 

Y of VC and YZ to the line DV. But Y lies on the circle; 
therefore jDF touches the conic. The second point V in which 
DV meets the circle corresponds to the second tangent from 

Y to the conic. This tangent is evidently parallel to the oppo- 
site tangent i)F; therefore YHV is at right angles to i^Kand 
Hi& the orthocentre of the triangle DYV. [Ex. 330. 

PROPOSITION VI. 

157. All the circles of a coaxal system reciprocate from 
either of their limiting points into confocal conies, 

(i). Whatever be the position of the origin in the plane 
of the circles, their reciprocals have for a common focus. 

If the origin be taken at either limiting point* of the system 
of circles, it has the same polar with respect to them all, and 
therefore the line at infinity has the same pole with respect 
to all their reciprocals. That is to say, the latter have a 
common centre as well as one focus in common. They are 
therefore confocal, as was to be proved. 



* These points are the limits of the system " par zappoit ft T it^/iniment peik," 
and the radical axis and the line at infinity are its limits " par rapport ft rm/EniaiMf 
grand.^ When a circle becomes infinite it degenerates in general into a straight line 
at a finite distance together with the line at infinity. See Poncelet*6 Traite des Pmpr, 
Prqjeelivet p. 49 (1822) ; Townsend's Modern Geometry i. 199. 



% 
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(il). The system of conies through four given points reci- 
procate with respect to any one of the system as director into 
conies touching the tangents to the director at the given points. 
The construction §i. corresponds to the case in which the 
focoids are two of the four given points^ and the director reduces 
to a point-circle. 

» 

Corollary.* 

The further limiting point O of the circles corresponds to 
the minor axis of the confocals, and the line bisecting 00' at 
right angles to their further focus. The orthogonal circles 
through and 0' reciprocate at the same time inio parabolas 
touching the minor axis of the confocals^ and whose directrices 
pass through the further focus of the confocals ; and every common 
tangent to one of the confocals and one of the parabolas sub- 
tends a right angle at 0, 

8CHOIJX7H A. 

BsciPROOATiON presupposes the idea of an envelope, which 
originated, according to Montucla {Hist, des MaihSmatiques tome ii. 
120, 1758), with Florimond de Beattne (1601 — 1651), a zealous 
advocate of the new Cartesian geometry. In a letter to De Beaune 
dated 20 fev. 1639, Descartes writes: ''Pour vos lignes courbes, 
la propri^t6 dont vous m'envoyez la demonstration me paroit si 
belle que je la pr^f^re a la quadrature de la parabole trouv^e par 
Archim^de; car il examinoit une ligne donn^e, au lieu que vous 
dit^rminn Vespace eontenu dans une qui n^est pas encore donnie. Je 
ne crois pas qu'il soit possible de trouver g^neralement la converse 
de ma regie pour les tangentes, &c." {(Euvres de Descartes, ed. 
Cousin, tome viu. p. 105, Paris 1824). Huyghens was the 
discoverer of evolutes (Scholium, p. 221) : Tschimhausen of caustics 
(ChaAles Apergu htstorique 'p, 110, 1875). 

MACLA^iriaN {Geometria Organioa, sect. iii. pp. 94 &c., London, 
1720) propounded the theory of pedal and negative pedal curves. 
Notice, as a converse of Art. 38, that a conic may be regarded 
as the envelope of the arm TZ of a right angle inscribed in its 
auxiliary circle, whose other arm VZ passes through a focus JTl 
Hence by projection, if two sides of a triangle inscribed in a 
given conic pass through fixed points C and H respectively, the 
envelope of the third side is a conic having double contact with 
the former on the line CS, 



* This corollary was suggested by Mr. R. R. Webb, Fellow of St. John's College* 
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We have seen that Newton proved the general tangent-property 
of conies, which was eventaallj present^ in a new form, as a 
property of " double" or " anharmonic" ratio, by Steiner and 
Chasles (pp. 262, 295. Of. Ex. 726, note). Ohasles' second proof 
of Ex. 724 ( QueteleCa Correspondanee Sfe. v. 289), viz. by recipn>- 
cation with respect to a parabola, is interesting as an applicalkm 
of reciprocation to metrie properties. 8ee also Bobillier in 
OergonneU AnnalsB zvni. 185; Poncelet, PropriiUi PrqfeeiweB n. 
431 (1866) ; Booth, New Geometrical Methods vol. i. chap. 29. 

The Principle of Duality was first fully brought out by Poncelef s 
method of reciprocal polars (Scholium E, p. 290). For some 
controversies on the discovery of the principle see his ProprOth 
Profeetivee u. 351 — 396. It has since been illustrated by the 
ooordinate methods of Mobius, Fliicker, Booth, &o. See alao 
Ohasles' Apergu historique pp. 572 — 694, 1875 ; Townsend's JMhdem 
Geometry chap. 23. Figures which correspond according to the 
law of duality have been called by Chasles (p. 587) Correlative 
figures. They may also be called Dual figures. Any two dual 
figures are such that to every point in either correspondar a straight 
line in the other, and to every range in either a homographic pencil 
in the other, as is the case, for example, with reciprocal figures. 

MINOR DIRECTRICES. 

PROPOSITION YIl. 

158. With either focus and directrix of an ellipse as origin 
and base line the major auxiliary circle reverses into a similar 
ellipse having for its minor auxiliary circle the reverse of the 
original ellipse, 

(i). For in Art. 4 it is evident that the major auxiliary 
circle of the ellipse reverses into an ellipse having the eirde 
about for its minor auxiliary circle ; and by comparing the 
segments of the latus rectum of the obverse with the segments 

of the major axis of the reverse we see that ytt "^ ^^ ^ the 

one is equal to yta ^° ^^^ other. The two ellipses are therefore 

similar. 

(ii). Let the annexed diagram represent the reverse figure, 
and let CA^ be the major semiaxis of the obverse ellipse, and F 
the point on the minor axis of the reverse corresponding to (7. 
Then F and its polar (the base line) are said to be a Minor 
Focw and Directrix of the reverse. 




or 
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It is evident by parallels that 

OFi 0B:0D=C8: CA^iCX, 

OF=:^OB^e.OB, 
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where e U the common eccentricity of the two ellipses. 

(iii). In the case of the Hyperbola, if tt — 2;^ and x ^^ ^^® 




angles of the obverse and reverse hyperbolas respectively, and F 

as before the point corresponding to the centre of the obverse, 

it may be shewn in like manner that F now lies on the major 

OA 
axis* of the reverse at a distance equal to -; — from its centre 0. 

sm^ 

In the Rectangular Hyperbola the ^' major" and minor foci 
and directrices are coincident. In the Circle the minor foci 
coincide with the centre and the minor directrices are at infinity* 

(iv). The properties of the minor directrices may also be 
arrived at by Reciprocation. It Is easily seen that the reciprocal 
of an ellipse with respect to its major auxiliary circle is a similar 
ellipse having that circle for its minor auxiliary circle, &c. 

* Notioe, in jnatificatioxi of the tenn minor axiB in the genenl hyperbola, that the 
of this azia^ beisg negatiye, is always less than that of the transverse axis. 
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Notice, In illustration of this remarkable identity of results 
arrived at bj reciprocation and reversion, that if an eUip9e crnd 
a hyperbola have the same axes^ each ia its own reciprocal wiA 
respect to the other » [£x. 326. 

Corollary 1. 

From S in the obverse draw 8Y\q meet the major auxiliary 
circle and draw /9qo at right angles to SY*^ then Yco tenches 
the conic (Art. 38). Hence, in the reverse figure, if OP be any 
radius of the conic and OR be drawn at right angles to it 
to meet the minor directrix, the envelope of PR is the minor 
auxiliarj circle. 

Corollary 2. 

Every chord drawn through 8 to the major anxiliary cirde 
of the obverse has its pole on the base line and makes equal 
angles with the tangents to the circle at its extremities. Hence 
any two parallel tangents QM^ QN drawn to the reverse 
conic and terminated by the minor directrix subtend equal 
angles at 0. 

SGHOLrDM B. 

The theory of Minor Directrices* is due to Booth {New GeewM- 
trical Methods vol. i. 269), who investigated their properties by the 
method of reciprocation. In some cases he makes use of a double 
reciprocation, first reciprocating a figure A into £ and then JB 
into A'. But since figures reciprocal to the same figure are 
homographic with one another, it should be possible to derive 
the properties of A' directly from those of A. Take for example 
the property that if a fixed straight line and the tangents from any 
point P upon it to an ellipse about as centre meet one of its minor 
directrices in Q and T, T' respectively ^ then tan^T0Q.taniT'6>Q it 
constant, Itegard the conic as the reverse of a circle, as in 
Prop. VII., and let qtH be the points at infinity corresponding to 
QTT. Then the angles TOQ, T'OQ are equal to tSq, i'Sq or 
tpq^ t'pq respectively ; and it remains only to prove for the circle that 
XdLTi^tpq,teji^t'pq is constant. Compare the longer method of 
double reciprocation by which Booth establishes the proposition 
(loc. cit. p. 276). Similar remarks apply to his double recipro- 
cation of umbilical quadrics (p. 208). 

Taking and u as origins, let it be required to reverse three 
given points PQJt in space into given points pqr respectively 

* They have also been called secondary directrices {Proc, Royal Irish Academy 
1X1. 50S). 






■^ 
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(Scholium, p. 328), each pair of points Pp, &o. being supposed to 
lie in a plane through the origins. Each pair Pp determine a 
point (OP, tap) on the 0-director and a point (Ojp, wP) on the 
ci»>direetor; and thus the three pairs Pp, Qq, Rr completely 
determine the two director planes. This construction is equivalent 
to reversing five given points OiaPQR into five given points 
w Op^. Of. Chasles, Apergu Sfc. p. 754. If one director-plane be 
now removed to infinity, every two corresponding lines through 
the origins become parallel, as tn piano (Art. 142). 

From a given point on an ellipsoid draw triads of chords 
OA, OB, 00 aX right angles, and let the fixed point of concourse 
of the planes ABC (cf. p. 324, note) and its polar plane be called 
the Frigier point and plane of 0. Then, if be taken as origin 
and its Fr^gier plane as director, the ellipsoid reverses into a 
sphere. If be not on the surface, we may reverse the ellipsoid 
into a spheroid about w as centre, and thus shew that the envelope 
of the planes ABC (Booth i. 97) is a quadric of revolution having 
O for a focus. [Art. 144. 

159. Examples of Reciprocation. 

We shall now give some illustrations of the method of 
applying the principles established above. The following 
theorems will be seen to be reciprocal : 

If two vertioes of a triangle slide If two sides of a triangle pass through 

on fixed straight lines whilst the sides fixed points whilst the Tertices slide each 

pass each through a fixed point, the locus on a fixed straight line, the third side 

of the third vertex is a conic passing envelopes a conic touching the lines on 

through the fixed points on the adjacent which its extremities slide, 
odes. [p. 264. 

If two sides of a triangle inscribed in If two vertices of a triangle dicnm- 
a conic pass each through a fixed point, scribed to a conic slide each on a fixed 
the envelope of the third side is a conic line, the third describes a conic having 
having double contact with the former on double contact with the former upon the 
the join of the fixed points.* tangents to it from the intersection of the 

fixed lines. 

The diameter of a quadrilateral is the Given four points on a conic, the polar 
oentre-locus of all conies inscribed therein, of a fixed point passes through a fixed 

[Ex. 882. point conjugate to the former with re- 
spect to every conic through the four 
given points. [p. 278. 

The envelope of the i)olar of a given Given four points on a conic, the locus 

point with respect to a system of confocal of the pole of a fixed straight line is a 

oonics is a parabola touching their axes, conic, dec. [Art 125. 
Ac [Ex. 822. 

* This is easily proved by projecting the conic and one of the fixed points into 
a cirde and its ccotre (Art. 38). 
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The six centres of simOitnde of three If three oonics haTe two oomiixfli 
arbitrary circles lie bj threes on four gents (or a common f ocas), their six cfaards 
straight lines. of intersection pass bj threes through the 

same four points. 

The locos of the centre of a circle The polar of the centre of m dids 
which touches two given circles is a touching two giyen circles with reepect to 
conic having their centres for focL either of them envelopes another cirde. 

The centre of any one of the eight The polar of the centre of a ciicfe 

circles which touch three given circles touching three given circles with re^ieci 

may be determined as a point of conoouise to any one of the three may be determined 

of two oonicsy each of which has for as a common tangent of two other ciiclesL 

fbd the centres of two of the given dr- The centre itself may then be detennined 

des.* from its polar. 

A variable chord drawn through a Parallel tangents to a conic (or tan- 
fixed point to a conic subtends a pencil gents from points on a given stni^it 
in involution at any point on the curve. line) determine an involution on any fixed 

[Art 120. tangent. 

The product of the focal perpendi- The square of the diBtance of any 
culan upon any tangent to a conic is point on a conic from a fixed origin varies 
constant. as the product of its diBtanoes from two 

fixed right lines. 

For if the polars of any two points P and J^ be taken with 
respect to a circle whose centra is 0^ and if Pf be a perpen* 
dicular to the polar of i^ and Fp a perpendicular to the polar of 
P, it is easily seen (Art. 153 § I.) that OF.Ff^OP.Fp.^ If 
therefore jFand F' be the foci of a conic and P any point on the 
curve, it follows that OF.Pf,OF'.Pf' = OP\Fp.rp\ or OP* 
varies as the product of the perpendiculars from P to the reci- 
procals of F and F\ 

160. Angles, Confocal Conies, 

We shall next give some examples of the reciprocation of 
angles (Art. 155), and of confocal conies. 

At any point on a circle the tangent Any point on a conic and the intenee- 
is at right angles to the radius. tion of the tangmt thereat with the direc- 

trix subtend a right angle at the focus. 

The polar of any point with respect to The pole of any straight line with 
a circle is at right angles to the diameter respect to a conic and the point of con- 
through the point. course of the line with the directrix 8ub> 

tend a right angle at the focus. 

• See Salmon's Conic Sectiont Art. S17. 

t For an independent proof see Macdowell's £xercita in Euclid 4c. Art 25d, 
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Orthogonal tangents to a conic inter- A chord of a conic which subtends a 
sect on a concentric drde. right angle at any fixed point envelopes a 

conic having that point and its polar for 
a focus and directriz. 

Oonfocal conies intersect eveiywhere Every common tangent of two circles 

at light anglesi and the tangents to two subtends a right angle, and the opposite 

oonfocals from any point, taken alter- intercepts on any transversal subtend 

-natelyi include equal angles. [Art. 50. equal angles, at either limiting point. 

If XX' and TT' be two pairs of col- If tangents be drawn from any point 

linear points on two circles, the tangents to two oonfocal conies, the four joins of 

at XX* intenaect those at YY' in four the alternate points of contact touch a 

points lyingMn a third coaxal dide.* third confocal. 

Given three pairs of lines conjugate Given a focus of a conic and three 
with respect to a drcle, every conic pairs of points conjugate with respect to 
through the four positions of its centre is it, there are four positions of the 0-direo- 
a rectangular hyperbola. [Ex. 812. trix, and the orthocycle of every conic 

touching the four passes through 0. 

Tangents being drawn in a given The tangents to the circles of a coaxal 
direction to a system of oonfocal conies, system at their points of concourse with 
their points of contact lie on a rectangular a given transversal through either limiting 
hyperbola. point envelope a conic, whose ortho- 

cycle passes through 0, 

161, ThePardbola. 

a. The reciprocal of a parabola with respect to any point 
is a conic through 0, and if be the focus of the para- 
bola the reciprocal is a circle through 0, and conversely. 
Hence the following theorems are reciprocal: 

11A0B be a right angle inscribed in The locus of the vertex of a right 
a drcle the hypotenuse ^B passes through angle circumscribed to a parabola is the 
the centre. directrix. 

The locus of the vertex of a right A chord of any given conic which 
angle drcumscribed to a parabola is the subtends a right angle at a fixed point 
directrix. on the curve passes through a fixed point 

Fon the normal at 0, 

Thus by a double reciprocation we deduce Fr^gler's theorem 
(Art. 144 § b) from a property of the circle. Notice that the 
Frigier-point F corresponds to the directrix of the parabola, the 
normal at to the point at infinity on the parabola, the further 
extremity of the normal at to the tangent at the vertex 
of the parabola, and that the tangent at is parallel to the 
directrix. 



* Bee Tofmsend's Modem GtomHry i. 261. 
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b. A triad of points ABG reciprocate with refipect to their 
orthocentre into a triad of lines parallel to BG^ CA, AB^ and 
having the same orthocentre. Also a parabola reciprocates 
from any point on its directrix into a rectangular hyperbola 
through 0. Hence the following are reciprocal theorems : 

The orthooentre of any triangle cir- The orthocentre of any triangle in- 
cnmtxsnbed to a parabola lies on the scribed in a rectangular hyperbola lies oa 
directrix. the curve. 

The former is a special case of Brianchon's theorem (p. 290)| 
the latter of Pascal's (p. 175). 

c. If the reciprocals of three points ABG with respect to 
be the lines abc^ then to any point A on BG corresponds the 
line through he making an angle equal to A OA' with a. Hence — 

The peipendiculars of any triangle If from a fixed point O on a oonie 

drcumecribed to a parabola meet on the there be drawn any three chords OA, OR, 

directrix. OC and the three lines at right angles to 

^ them, and if the latter meet BC, CA^ 

AB in A', fff C* respectively, then A\ 
B'i C\ lie on a straight line pnminc 
through the Fr6gier point of O. 

162. The Minor Directrices, 

a. Let the tangent at Q to a conic meet the minor directrices 
in M and M\ and let Fp and Fp be perpendiculars to this 
tangent and QT hni QT perpendiculars to the minor directrices. 
Then the angle QOM is equal to QOM' (Art. 158 Cor. 2), and 
therefore 

CM: OM'^QM: QM'^QTi QT^FpiFp\ 

QT . QT 

—^ being to -^-7 in a constant ratio (Prop, ill.) which is 

evidently a ratio of equality when Q is taken on either axis. 

h. It may be seen that at any point Q on the conic, 

QT.QTi OQ'^ OB*:e\OA% 

QT.QT . 
since if Q be a point such that — ttT)*"" ^^ constant the locus of 

Q is a conic (Art. 159), and the above proportion requires that 
this conic should meet the axes in the same points as former. 
It then follows that 

Fp.F'p'i OQ'^Or':CA\ 
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if y be the central perpendicular to MM\ 

c. If G be the pole of MM' with respect to the minor 
auxiliary circle, so that OM is at right angles to FC and OM' 
to rC, and FG+F'C=20B (Art. 158 §iv), then, with the 
help of similar triangles, it may be shewn that, if X be the 
intersection of MM' with the major axis, 

FC:OM=OF: OX^FC: OM'-, 

and therefore JDM+D'M' =^20X=e{0M-\- OM'), D and U 
being the points in which the minor directrices meet the minor 
axis. 

d. The following are examples of reversion, or the same 
results may be obtained by reciprocation. 

Any chord of a circle is afc right angles Any chord of a conic and the line 
to the diameter through its pole. joining the minor focus F to the pole of 

the chord meet the F-directrix in points 
which subtend a right angle at the centre. 

If AB be fixed points on a circle and The arms of any angle ACB inscribed 
C any other point upon it, the angle ACB in given segment of a conic intercept on 
has one of two constant and supplemen- the minor directrices lengths which sub- 
taiy Talues. tend constant and supplementary angles 

at the centre. 

In like manner it may be shewn that the two pairs of 
opposite sides of a qaadrilateral inscribed in a conic make 
intercepts on either minor directrix which subtend supplementary 
angles at the centre. 

€, The major auxiliary circles of a system of conies having 
a focus 8 and its directrix in common may be reversed into 
concentric conies having the same minor directrices (Prop. vii.). 
Hence, the circles being coaxal and having 8 for a limiting 
point :* 

The opposite intercepts made by any The opposite intercepts made by any 

two circles on any transyersal subtend two concentric conies having the !>anie 

equal angles at either limiting point. minor directrices upon any transversal 

[Art. 160. subtend equal angles at the centre. 

/. Each focus and directrix of a Rectangular Hyperbola being 
at the same time a minor focus and directrix (Art. 158 §iii), 



* See Macdowell's E;vfrcises in Euclid <f c. Art. 25 1 . 

AA 
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we obtain in this case the following property, correqpondmg 
to that of the ellipse in Art. 158 Cor. 1 : 

If PUDP' be a chord of a rectangular hyperbola toacfaing 
its auxiliary circle and meeting the directrices in D and U^ 
the diameters through P and D {or P* and U) are at right 
angles. Hence it follows also that PD and FU subtend equal 
angles at the centre. 

INVERSION. 

163. We shall conclude with a slight sketch of the method 
of Inversion. 

If be a fixed point and P a variable point in a g^ven 
plane, and if a point p be taken on OP or its complement 
such that OP. Op is equal to a constant c", then p is said to be 
an inverse of P with respect to the pole 0, and the locus of p 
is said to be the inverse of the locus of P. It is evident that 
a straight line through the pole is its own inverse. 

To curves intersecting in points PQR &c. correspond carves 
intersecting at the inverse points pqr &c. ; and therefore to 
curves having contact of any order at P correspond invene 
curves having contact of the same order at the inverse point p. 

164. The inverses of any two curves intersect at ike same 
angles as the original curves. 

For if PQ be any two points on a curve and pq the inverse 
points, then OP.Op^ OQ.Oq^ and therefore the angles OPQ 
and Oqp are equal. Hence, supposing P and Q to coalesce, 
the tangents at the inverse points P and p are equally inclined 
(on opposite sides) to the radius vector OPp. It then follows 
that the tangents to any two curves at a common point P are 
inclined at the same angles as the tangents to the inverse 
curves at p. 

165. The inverse of a straight line not passing through the 
pole is a circle through the pole^ and conversely ; and the inverse 
of a circle not passing through the pole is a circle. 

(i). To a given line draw a perpendicular OX from the 
pole of inversion, take any point D on the given line, and let 



*> 
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the point x be inverse to X and d to 27. Then since 
Ox.OX^ Od.ODj and since OXD is a right angle, therefore 
Odx is a right angle, or the locus of ^ is a circle having its 
diameter throagh at right angles to the given line. 

Converselj the inverse of a circle through is a straight line 
at right angles to its diameter through 0. 

It is further evident that the tangent to any curve at P 
inverts into a circle through touching the inverse curve at 
the inverse point p ; unless P coincides with 0, in which case 
the tangent at that point is also an asymptote to the inverse 
curve. 

(ii). The inverse of a circle not passing through is a 
circle. For if OPQ be drawn to meet the given circle in P 
and Q^ and if the point p be inverse to P, and q to Qj then 
since OF.OQ is constant and OP. Op is likewise constant; 
therefore Op varies as OQ, or the Ipcus of p Is similar to the 
locus of Qj which is a circle. 

(iii). Notice that by making the constant of inversion equal 
to OP.OQwe may invert the given circle into itself. If QQ' 
be a common tangent to two circles and M its middle point, 
then with M as pole and MQ' as the constant of inversioii 
each of the circles inverts into itself. Again, if be the 
centre and c the radius of a circle orthogonal to a set of coaxal 
circles, then with as pole and c* as the constant of inversion 
the whole system inverts into itself. 

166. The nine-point circle of any triangle touches the in- 
scribed and escribed circles. 

Let ABO be a triangle, I the inscribed circle touching 
BO in Q, and E the escribed circle opposite to A touching 
BO in Q. Bisect P(7, OA in M and M' respectively ,• draw 
AP perpendicular PC7, and let the nine-point circle N meet 
AP in Z>, which will be the further extremity of its diameter 
through M. Then, with M as pole and M(^ (equal to MQ^ 
as the constant of inversion, I inverts into itself, E into itself, 
and N into a straight line at right angles to MD. 

* See the lithographed figure No. 6. On the abore proof see p. 191, note. 

AA2 
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This straight line meets BC in a point R such thai 
MP,MR^M(^^ that is to say, in the point of concourse of 
BG with the line joining the centres of / and E'* and it 
makes an angle with BG equal to MDP^ or MifP^ or 
B'^G^ and may therefore be shewn to coincide with the second 
tangent from Rio I and E. 

And since the inverse of N thus touches the inverse of / 
and the inverse of E^ therefore N touches / and E^ which are 
their own inverses; that is to say, it touches the inscribed 
circle and each of the escribed circles of the triangle ABCy as 
was to be proved. 

To determine the points of contact, let RS be the second 
tangent from jR to / (or E\ produce MS to meet the circle 
again in 8\ then 8' (the inverse of 8) is the required point 
in which -W touches I (or E). 

167. The Gardtaid. 

m 

The inverse of a parabola with respect to its focus is a car- 
dioid having its cusp at the origin. Hence the following are 
inverse theorems : 

m 

The sam of the reciprocals of the The length of any cospidal chonl of a 
segmenta of any focal chord of a para- cardioid is constant, 
bola is constant. 

Every focal chord of a parabola is The locus of the middle points of the 
divided harmonically by the focus and cuspidal chords of a cardioid is a dztie 
the directrix. through the cusp. 

The tangents to a parabola at the ex- The tangents to a cardioid at the ex- 
tremities of a focal chord which makes tremities of a cuspidal chord inclined a£ 
an angle a with the axis are inclined at an angle a to the axis make angles equal 

angles - and ■« - -s to the chord. to 5 and -« — «! ^^^ t^« chord. [AjL 164. 

Hence the tangents to a cardioid at the extremities of any 
cuspidal chord intersect at right angles; and it may now be 
shewn that the locus of their intersection is the circle concentric 
with the bisector of all cuspidal chords and of thrice its radius. 

The tangents to a parabola at the ex- The two circles through the cusp 

tremities of any focal chord intersect at which touch a cardioid each at one ex- 
right angles on the directrix. tremity of any cuspidal chord meet at 

right angles on a fixed circle through the 
cusp. 



• Sec Macdowell's Exercises in Evclid ^. Art. 8G. 
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From a fixed point draw OF to any From a fixed point on a given circle 

point y on a given straight line ; then draw anj chord Oy \ then the envelope of 

the envelope of the line through Y at the circle on Oy as diameter is a cardioid 

right angles to OY is a parabola. having its cusp at 0, 

The intersections of any three tan- Any three circles touching a cardioid 
gents to a parabola lie on a circle through and passing through its cusp meet in 
the focus. three other points lying on a straight 

line. 

If ABCA'B^C* be any six points on a If abca'Vtf be any six points on a 
parabola, the intersections of {AB^ A'B'), cardioid whose cusp is at 0, the intersect- 
{£C, B'C), {CAf C'A') lie in a straight ions of the three pairs of circles {Oab, 
line. Oa'b% {Obc, Ob'</), Oca, Oc'a') lie on one 

circle. 

If ABCA'B'C be any six tangents to If abca'bV be any six circles touching 
a parabola, the joins of (^1^, A'B*), {BCf a cardioid and passing through its cusp, 
jB^C\ {CA, O'A*) meet in a point. the three circles through the intersectionB 

of (o^, a'b'), {be, b'cT), {ea, c'a') are coaxal . 

168. Circles of Curvature. 

The osculating circle at any point P on a curve inverts 
from any point into the circle (Art. 165) which osculates the 
inverse curve at the inverse pointy. [Art. 163. 

But if the former circle passes through. it inverts into 
a straight line, and p becomes a point of zero curvature, or of 
infiexion. Hence the following are inverse theorems : 

Three points can be found on an The inverse of an ellipse with respect 

ellipse whose osculating circles meet at to any point upon it is a curve having 

a given point on the curve, and these three points of inflexion, which lie in a 

three points lie on a circle through 0, straight line. 

It may be added that a parabola inverts from its vertex 
as pole into a cissoid; a central conic from either focus into a 
limagon^ and from its centre into an oval of Gasaini or, if an 
equilateral hyperbola, into a lemniscate of Bernoulli ; a conic 
from any point upon it into a ctrcular cubic having a node at the 
pole; and a conic from any other point in its plane into a 
trinodal quartic having its nodes at the focoids and the pole. 

SGHOLnnc 0. 

For the principle of Inversion Ohasles {Rapport pp. 140 — 2) 
refers to Ptolemy, and to Quetelet (1827) ; and for a general state- 
ment of the method to Bellavitis (1836). In 1843-— 4 it was pro- 
pounded afiresh by Ingram and Stubbs {Transactions of the Dublin 
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Fhilosophiedl SoeuUf vol. l. 58, 145, 159; Philosophical Magasitte 
xxni. 338, zxv. 208). It has been applied by Dr. Hirst to attrac- 
tions (PAi7. Mag. 1858), and embodied by PeauceUier in his linkages. 
Cf. also Camh, and IhMin Math. Journal vni. 47 ; Oxf. Camh. J)uhi, 
Messenger of Mathematics ni. 228 ; Booth's New Geomeirical Methods 
vol. I. chap. 30; Scdmon's Higfier Plane Cu/rws, Arts. 348 &c. ; 
Proc. London Math, Soe. v. 105,/7n. 91. And for a complete exposi- 
tion of the method as applied to the straight line and circle see 
Townsend's Modern Geometry^ chaps. 9, 24. This method, unlike 
projection and reciprocation, enables us to deduce properties of the 
higher curves from those of a lower order, and is thus peculiarly 
effective as an instrument of discovery and research. 
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[851. If a triangle Is self-polar to a parabola (p. 281), the 
three lines joining the middle points of its sides touch the 
parabola, and conversely, [Ex. 715. 

852. Two rectangular hyperbolas being such that the axes 
of the one are parallel to the asymptotes of the other, and the 
centre of each lies on the other ; shew that any circle through 
the centre of either meets the other again in a conjugate triad 
with respect to the former. 

853. If two angles of given magnitudes turn about their 
summits A and B as poles, then (I) if one pair of their arms 
remain constantly parallel, the other pair intersect at a constant 
angle and thus describe a circle G through the poles ; and (2) 
if one pair of their arms intersect on a fixed straight line D aa 
director, the other pair by their intersection describe in general 
a conic through the poles. The points at infinity on the conic 
correspond to the intersections of C and 2>; the axes of the 
conic are parallel to the positions which the parallel arms in 
case (1) assume when the arms describing the circle intersect 
at the extremities of the diameter at right angles to i>; and 
if the director be any line in a system of parallels the axes 
of the conies described are parallel. 

854. If the tangent at to a rectangular hyperbola be 
met at right angles in P by a chord QBj the diameters 
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bisecting OQ and OB bisect the angles between the diameters 
to and P ♦ 

855. KAA'j Bff^ CG' be the three pairs of summits of a 
quadrilateral circumscribed to a parabola whose focus is 8j then 

SA . SA = SB. SB' = SC. SC. 

856. Beciprocate the theorem that the feet of the focal 
perpendiculars upon the tangents to a parabola are collinear. 

857. Given two conies, find a conic with respect to which 
thej are polar reciprocals. 

858. The tangent to a circle at any point makes with any 
chord through the point an angle equal to the angle in the 
alternate segment. What does this proposition become by 
reciprocation with respect to any origin? 

859. The problem, to inscribe in a given conic a 2n-gon 
whose n pairs of opposite sides shall pass in any assigned order 
through n given points, is always indeterminate or impossible.f 

860. If two circles be drawn meeting a conic in OABG and 
OA'B'C respectively, every two of the vertices of the triangles 
ABC 9AiiL A'B'C subtend at an angle equal to that between 
the opposite sides. Conversely, if the vertices of two triangles 
inscribed in a conic be thus related to a point O, then lies 
on the conic. 



* The nine-point circle (Art. 64 Oor.4) of OQR paflses throngh 0, 
t This question and its solution were snggested bj Prof. Towhsbhd. Starting 
from an arbitrary point JP on the oonio as one vertex, draw n saooessiTe sides of the 
polygon throngh the n points taken in the assigned order, and the other n sides 
throagh the same points taken in the reverse order ; and let the points on the conio 
thns arrived at be Q and Q respectively. As F varies, the three systems of points 
P, Q, Q" are homographic (Art. 120 Cor. 2), and therefore also the two systems 
P + Q and Q* -f P. If Q and Q' once coincide, one pair of homologous points in the 
two homographic systems P -k- Q and Q' + P are interchangeable, and therefore every 
pair are interchangeable (Townsend's Modem Geometry 11. §36i>), or Q and (^ always 
coincide. If then Q, and Q coincide for any one position of P the solution is inde- 
terminate, and if not it is impossible. 
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86 1. The circumscribed circles of any two triangles FQB 
and P'Q'R circumscribing a parabola meet in a point O (other 
than the focus) such that the angle subtended at O by any 
two of the vertices of the triangles is equal to that between 
the opposite sides.* Hence shew that the seven points 
OPQRFQ'E lie on a conic. 

862. If three conies have one point in common, their nine 
common chords which do not pass through it touch one conic^t 
Conversely, if three triangles circumscribe a conic, the three 
conies which circumscribe them by pairs have one point in 
common. [Ex. 861. 

863. Any three parabolas, taken in pairs, have three triads 
of common tangents, whose nine intersections lie on a conic 
What does this become by projection and reciprocation ? 

864. If ABC be the triangle formed by three tangents to 
a parabola whose focus is 8^ the inclination of BG to the axis 
is equal to the angle subtended by 8A at the circumference 
of the circle. Hence shew that the square of the radius of the 

circle is equal to '- '- — , if jp be the parameter and abc the 

points of contact of the tangents. 

865. Two triangles ABC and A' EC inscribed in a circle 
being such that every two of their vertices subtend at the cir- 
cumference an angle equal to that between the opposite sides, 
shew that, if be the centre and 08 a given radius of the circle, 

z 80 A -h 80B-\- 80 C= 80A' + 80^-^800', 

and conversely. Hence deduce that, if ABC be a variable 
triangle circumscribed to a given parabola whose focus is Sj 
and inscribed in a fixed circle whose centre is 0, the sura of 
the angles 80 A^ 80B^ 80 C^ measured in the same sense 



• If be a point on the arc SP (p. 56) and r the point of contact of PQ^ the 
angle ROS is equal to RPQ -f SPr, and therefore to SrQ. In like manner J^OS is 
equal to Sr'Q'; and therefore liOR' is equal to the angle {PQ, P'Q'). 

•f Picquet, Utude f/tomi'trique des St/stcmes Ponctuels cjr. pp. 27, 5^ (Paris 1872), 
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of rotation is constant; and the sum of the angles which 
3C^ CAy AB make with the axis is constant. Shew also that 
the product 8A.SB.8Gy or 8a. 8b. 8c (Ex. 864), is constant, 
and that the product of the focJEil perpendiculars upon the three 
tangents is constant. 

866. If a triangle ABG inscribed in a given ellipse 
envelopes a fixed parabola, the sum of the eccentric angles 
of its vertices is constant ;* and the circles ABC pass through 
a fixed point on the ellipse and have a common radical axis. 

867. A variable conic through four given points ABGD 
meets a fixed conic through D at the vertices of a variable 
triangle, which envelopes a fixed conic inscribed in ABG. 
State the reciprocal theorem. 

868. The tangents to an ellipse from any point on a minor 
directrix intercept on the major axis a length which varies as 
the central distance of the point. 

869. Any chord PQ of an ellipse and the tangents at P 
and Q meet the minor directrices in pairs of points REy MM' 
and NN' respectively such that, if be the centre, the angle 
R OR is equal to i (MOM' + NON') ; and the central distances 
of the points MM'NN' and their perpendicular distances from 
PQ are to one another severally in the same ratio. 

870. Prove by reciprocation with respect to a point, that 
the sum of the reciprocals of the perpendiculars from any 
point within a circle to the tangents from any point on the 
polar of is constant. Also prove that the reciprocals of 
equal circles with respect to the same point have equal 
parameters, and the reciprocals of coaxal circles with respect 
to any point on the radical axis have equal minor axes.t 



• This theorem, which is due to Mr. R. Pendlebury, Fellow of St. John's College, 
follows from Ex. 865 by orthogonal projection. 

t If OAB be drawn from the ongin to meet a given circle in A and B^ then 

yjj and rrr^ are equal to the perpendiculars from a focus of the reciprocal conic to a 

pair of parallel tangents. The length of the miuor axis is therefore determined by 
the product OA,OB, 
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871. Deduce the property of the focus and directrix of a 
conic from the Locus ad qtuUuor Itneas.* 

872. If P and Q be opposite Intersections of the common 
tangents to two conies, any two lines OA and OB which are 
conjugate with respect to both conies are harmonic conjugates 
with respect to the lines OF and OQ. Deduce this from 
Newton's property of the diameter of a quadrilateral (Art. 124), 
viz. by projecting OA or OB to infinity. Also state the 
reciprocal theorem.f [!• 19« 

873. An ellipse being drawn through the centre of a 
circle, shew that the lines from to a pair of opposite 
intersections of their common tangents are equally inclined 
to the tangent to the ellipse at 0, [i. 33. 

874. Find the locus of the centre of a conic which cuts 
four given finite straight lines harmonically, or which passes 
through two given points and cuts two given finite straight 
lines harmonically. [i. 62. 

875. If a given polygon be moved about in Its plane so 
that two of its sides touch each a fixed circle, every side of 
the polygon touches a fixed circle. [i. 68. 

876. Deduce from Ex. 738, that if a curve has one tetrad 
of foci (p. 311) lying on a circle it has three other such tetrads, 
and the four circles cut one another orthogonally. [it. 10. 

877. If four circles be mutually orthogonal, their centres 
form an orthocentric tetrastigm, and one at least of the drcles 
Is imaginary. [11. 10. 



* Fint deduce the Locus ad tres Uneas a/3 = ky*^ and let the two tangentB be 
drawn from the focus 8. These are represented by the Cartesian equation «*+y>=0, 
and the perpendiculars to them from (a;, y) are proportional to c + ^(— 1; y. Therefore 
«* + y* yaries as y*, or the distance of («, y) from 8 yaiies as its distange from the 
polar of 8. 

t Exx. 872 Ac. axe taken from the Sduoational Times Reprint^ the volume and 
page of which are specified in each case. See also pp. 141, 336. 
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878. Find the locus of the pole of a common chord of two 
fixed conies with respect to a conic having double contact with 
each of them. [il. 46. 

879. K two triangles circumscribed (or Inscribed) to a conic 
be In perspective, every radiant through their centre of per- 
spective meets their sides In three pairs of points in Involution. 
Keciprocate this theorem, and point out Its relation to Steiner's 
property of the directrix of c^ parabola Inscribed In a triangle. 

[II. 50. 

880. If two conies meet any transversal In pairs of points 
AB and A'B' respectively, the foci of the Involution determined 
by AA' and BE' (or AB' and A'B) lie on a third conic passing 
through the Intersections of the former .two. [ii. 91. 

881. Given that one focus of a conic to which a given 
triangle Is self-conjugate lies on a given straight line, find the 
locus of Its second focus, and deduce Ex. 715. [iii. 33. 

882. Given two points P and Q on a conic, find a third 
point upon It such that OP and OQ may divide a given 
finite straight line In a given cross ratio. [ill. 47. 

883. Let ahc be the middle points of the sides of a triangle, 
the centre of Its circumscribing circle and 0' Its orthocentre. 
Then If Oa, 06, Oc be produced to ABC respectively so that 
0^ = 20a, 0Br=^20hj 0C=20c, the sides of the triangle 
ABC and of the original triangle touch one conic, which has 
their common nine-point circle for Its major auxiliary circle and 
the points and C for foci. [in. 53. 

884. Through four given points draw a conic such that the 
chord which It intercepts on a given line shall be of given 
length, or shall subtend a given angle at a given point, [in. 84. 

885. If j7, p be variable points coUInear with a fixed point A^ 
and so situated that the segment pp' always subtends a right 
angle at another fixed point M^ prove the following properties 
of corresponding loci of p and p. Eight lines equidistant from 
the middle point of AM correspond to similar conies passing 



if 
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through A and cutting AM perpendicularly at M. These 
conies are similar ellipses, or parabolas, or similar hyperbolas 
according as the common distance of the primitive lines from 
the middle point of AM is greater than, equal to, or less than 
^AM. The circles which pass through A and Mj taken in 
pairs, are corresponding loci, as also are the circles which pass 
through JIf and have their centres on AM. [ill. 91. 

886. The critical conic of a quadrilateral being defined as 
the circumscribed conic which projects into a circle when the 
quadrilateral is projected into a square, shew that, if AA\ BB^ 
CC be the three pairs of summits of a quadrilateral, a conic 
can be found having double contact at points lying on AA' with 
the critical conic of BBCC\ double contact at points on BB' 
with the critical conic of CG'AA\ and double contact at points 
on CC with the critical conic oi AABB\ [m. 92. 

887. If a straight line meet the sides BG^ CA^ AB of a 
triangle in PQR respectively, and be any point in the same 
plane, the tangents at to the conies OAPBQ and OAPCR 
are harmonic conjugates with respect to OA and OP* [lY. 44. 

888. Shew how to prove the principal properties of the 
lemniscate by inversion. [nr. 47. 

889. Prove that the ^^ characteristics'' of a system of oonics 
satisfying four conditions are unaltered when, in place of passing 
through a given point, each conic is required to divide a given 
finite segment harmonically. [lY. 56. 

890. Given four straight lines in a plane, we may project 
one of them to infinity and the remaining three into the sides 
of an equilateral triangle. Is it possible to project two given 
triangles at once into equilateral triangles, or a conic and a 
triangle into a circle and an equilateral triangle? [iv. 88. 

891. The envelope of the circles on a system of parallel 
chords of a conic as diameters is a conic having its foci at the 
extremities of the diameter conjugate to the chords. Find 
where any circle touches the envelope. [y. 40. 
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892. A variable conic being drawn touching three given 
conies, if the normals at the three points of contact colntersect 
investigate the locus of their point of concourse. [v, 50. 

893. Four conies being drawn through the same four points 
80 that their tangents thereat form four harmonic pencils, shew 
that if one conjugate pair of the conies be a circle and an 
equilateral hyperbola the other pair must have equal eccen- 
tricities, [v. 103. 

894. Through a given point on a hyperbola two chords 
are drawn each at right angles to an asymptote, and from a 
variable point P on the curve perpendiculars PM and PN are 
drawn to the two chords through 0. Shew that MN passes 
through a fixed point F] find the locus of F for diflFerent 
positions of on the hyperbola ; and determine the hyperbola 
for which the locus reduces to a point. [vi, 45. 

895. Three conies being described so that each of them 
passes through the same point and through the extremities 
of two of the diagonals of the same complete quadrilateral, 
prove that the remaining three points of concourse of the conies 
lie upon their tangents at 0. [vi. 54. 

896. If ABCD be four points on a conic, the intersections 
of ^£ and CD with any two tangents lie on a conic touching 
A C and BD. [vi. 56. 

897. The axes of every conic circumscribed to a quadrangle, 
which is itself inscribed in a circle, are parallel to two fixed 
right lines, viz. the asymptotes of the equilateral hyperbola 
(Ex. 518) which is the centre-locus of all conies circumscribed 
to the quadrangle.* [vi. 88. 

898. If P be any point on a circle,- A and B fixed points 
on a diameter and equidistant from the centre, the envelope 
of a transversal which is cut harmonically by the circles 



* If ABC be the common self -polar triangle of all the circomsciibed conies ; 
Oto and Ooo ' the axes of any one of them, so that Oca co' is a telf -polar triangle with 
respect to it j the points ABCO^ oo ' lie on a conic, which in this case is the rect- 
angular hyperbola ABCO, 



•> 
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described with A and B as centres and AP and JBP respective! j 
as radii is the conic which has A and B for foci and touches 
the circle. [vil. 34. 

899. Draw the minimum chord of a given angle which 
can be cut in a given ratio bj a given line. [vii. 41. 

900. If Q and B be the foci of any ellipse inscribed in a 
triangle ABC^ deduce from £x. 322 that, 

AQ.AB.BG+BQ.BB.CA+CQ.CB.AB^BC.CA.AB. 

[vii. 43. 

901. If Q be the intersection of the polars of any point P 
with respect to two given parallel conies (Ex. 792, note), 
the locus of the middle point of PQ is their radical axis. 
Hence shew that, if DEF be the feet of the perpendicolan 
of any triangle ABOj and -4L, BMj ON be parallels to -EF, 
FDj DE^ meeting BC^ CA^ AB in the points i/3£Y respectively, 
then the axis of perspective of the triangles ABC and BEF 
bisects each of the segments ALy BM^ CN, [vii. 78. 

902. Construct geometrically the four chords of contact 
with a given conic of the four inscribed conies which pass 
through three given points. [vil. 92. 

903. Triads of parallels being drawn through the vertices 
ABC o( 9k given triangle to meet the opposite sides in ahc^ 
shew that the envelope of the axis of perspective of the triangles 
ABC and ahc is the maximum ellipse that can be inscribed 
in ABC. [VII. 94. 

904. If from any point on a conic parallels be drawn to 
the diameters bisecting the sides of any inscribed triangle, the 
lines so drawn meet the corresponding sides of the triangle 
in three coUinear points. Extend this theorem by projection, 
and also reciprocate it. [viil. 44. 

905. Prove by inversion, that the circles having for 
diameters three chords AB^ AC^ AD of a circle intersect again 
by pairs in three coUinear points. [viil. 48. 
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906. If through a pair of opposite intersections AA' of 
four fixed tangents to a given conic there be drawn a pair 
of lines conjugate to the conic, the locus of their point of 
concourse is a conic passing through AA and through the 
points of contact of the four tangents. [viil. 62. 

907. If A be anj point within or without a conic, B anj 
point on its polar, CD a fixed straight line, BG and BD 
tangents cutting GB in G and D respectively; shew that the 
intersections of AD^ BG and AG^ BD lie on a fixed straight 
line, which meets GD on the polar of A. [viiL 63. 

908. li DP and Z>Q be a pair of tangents to a conic and 
ABG a self-polar triangle, any conic through ABGD cuts PQ 
harmonically. Hence shew that the perpendicular DM to either 
axis bisects the angle PMQ. [vill. 110. 

909. Deux droites qui divisent harmoniquement les trois 
diagonales d'un quadrilat^re rencontreift en quatres points haiv 
moniques toute conique inscrite dans le quadrilatfere. 

[ix. 62, XII. 50. 

910. La condition qu'une conique divise harmoniquement 
les trois diagonales d'un quadrilat^re circonscrit & une autre 
conique, coincide avec la condition que la premiere conique soit 
circonscrite d. un triangle conjugu6 & T autre. [ix. 74. 

911. The degree of the locus of the foci of a system of 
conies subject to four conditions is three times as great as that 
of the locus of their centres. [x. 63. 

912. If ^ and B are fixed points with regard to a conic 
of which AGD is a variable chord, shew that the polar of A 
meets BG and BD in points E and F such that AB^ DE^ CF 
cointersect. [x. 81. 

913. Given three points ABG and a straight line through 
each, shew how to cut the three lines by a fourth in points PQR 
such that the lengths AP^ BQ^ GB may be equal [xi. 19. 

914. If three equidistant lines parallel to an asymptote of 
a hyperbola meet the curve in ABG^ prove by involution (or 
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Otherwise) that any parallel to the other asymptote is divided 
harmonically by the sides of the triangle ABC and the curve, 

[xt. 20. 

915. The six points which, in conjunction with any common 
transversal, divide harmonically the six sides of a tetrastigm, 
lie on a conic passing also through the three intersections of 
the opposite sides of the tetrastigm ; and the three straight lines 
which join the six points in opposite pairs cointersect at the pole 
of the transversal with respect to the conic. [xL 21. 

916. Reciprocate the theorem, that if the orthocentre of a 
triangle inscribed in a parabola lies on the directrix, the circle 
to which the triangle is self-polar passes through the focus. 

[XI. 32. 

917. Extend by projection and also reciprocate the following 
theorem. Given two parallel conies (Ex. 792, note) A and -B, 
two circles can be draWn having double contact with A and B 
respectively and meeting their common chord in the same two 
points. [xi. 43. 

918. If and (y be the limiting points of a system of 
coaxal circles, and if with and O respectively as one focus 
two conies be described osculating any circle of the system 
at one and the same point, their corresponding directrices will 
coincide. [xi. 74. 

919. Given three points ABC and a conic, the envelope 
of a chord PQ such that A [BPQC] is harmonic is a conic 
touching AB and A C at points lying on the polar of A. [xi. 83. 

920. Find the envelope of a transversal on which two 
given conies intercept segments having a common middle 
point My and find the locus of M. [xi. 84. 

921. Any tangent to a conic is divided in involution by 
three other tangents and the radiants to their intersections 
from either focus S. Prove that the double points of this 
involution, as the tangents vary, subtend a pencil in involution 
at S. [XI. 105. 
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922. PQ being a chord of a conic equally inclined to the 
axis with the tangent at P, a circle is drawn through PQ 
cutting the conic again in E8. Shew that the point on the 
circle harmonically conjugate to P with respect to B and 8 
lies upon the chord of the conic supplemental to QP. What 
does this become by inversion ? [xii. 90. 

923. Any two parallel tangents to a conic meet the tangents 
from a given point in points T and T respectively such 
that OT.OT is constant. [xili. 44. 

924. Prove by inversion, that if three circles meet two and 
two in AA\ BB\ CG'j and be any point in their plane, 
the circles OAA\ OBB\ OGG' are coaxal. [xiY. 102. 

925. Given in a conic two tetrastigms PQB8 and pqrs 
whose corresponding chords pass by fours through the same 
three points, shew that a conic may be drawn touching i^, 
Qii ^^i ^ Siipqrs respectively. [xiv. 104. 

926. Find the constant ratios which five fixed radiants in 
space determine on a variable transversal plane;* and deduce 
the anharmonic property of four radiants in one plane, [xv. 26. 

927. Prove, generalise and reciprocate the theorem, that 
the bisectors of the angles between the two pairs of opposite 
sides of a trapezium inscribed in a circle are at right angles. 

[XV. 36. 

928. The envelope of a transversal cut harmonically by 
two given similarly situated parabolas is a third parabola 
(Ex. 800). [XV. 86. 

929. The tangents to a conic from a variable point on a 
fixed straight line L meet the tangent at a given point A in 
li and B^. Shew that the relation between AB and AR is 
of the form a.AB.AR+b.AB + c.AR + d=0 (Ex.777); and 
determine the positions of L in order that (1) the sum of the 
intercepts AB and ARj or (2) the sum of their reciprocals may 
be constant. [xvi. 59. 



* See the yfessenger of Mathematiet yoI. t. 94 (1876). 

BB 
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930. Two Bides of a triangle circnmBcribed to a giTen dids 
being fixed, the three lines joining its angles severallj to the 
points of contact of the escribed circles with the opposite sides 
meet in a point, whose locus is a hyperbola haying the fixed 
sides for asymptotes. [XTI. 62. 

931. Given three fixed straight lines Imn and three fixed 
points LMN in a straight line, the lines from a current point on 
2 to if and N meet m and n in four points, the conic throngh 
which and L envelopes a conic touching m and n at their 
intersections with l. [xTi. 98. 

932. The first positive and negative pedals of an equilateral 
hyperbola are reciprocal polars with respect to it. [XVL 106. 

933^ Given a point on one arm of a constant angle In- 
scribed in a circle, find the envelope of the other arm. 

[xvi. 110. 

934* Circles being described on the two halves of a diameter 
of a given circle as diameters, shew that the perpendicular 
radius of the given circle is trisected by the centre and dr- 
cumference of a fourth circle touching the three ; and deduce 
a new theorem by reciprocation. [xvii. 23. 

935. Deduce from Ex. 785, that if BO be a chord of a circle 
and A its pole, the conic through ABG which touches the 
circle at a point D has its curvature at D twice as great as 
that of the circle. [xvii. 109. 

936. An ellipse having double contact with a fixed ellipse E 
has one focus F fixed: shew that the other focus describes 
an ellipse confocal with E and passing through K [xYiii. 70. 

937. The area of the triangle formed by the polars of the 
middle points of the sides of a triangle with respect to any 
inscribed conic is equal to the area of the given triangle. 

[xvill. 107. 

938. From two fixed points on one of a series of confocal 
conies tangents are drawn to a variable conic of the series : if 
they meet the fixed conic again in QE and Q^E^ shew that 
the locus of the point {QE^ QfE) is a conic. [xix. 51. 
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939. The ratio of the product of the diameters of two 
circles to the square of one of their common tangents inverts 
into an equal ratio when the circles are inverted from any point 
as pole. Hence deduce Feuerbach's property* of the nine- 
point circle. [xix. 54. 

940. In a quadrilateral whose diagonals intersect at right 
angles shew how to inscribe a conic having their intersection 
for a focus. [xix. 69. 

941. A point G being taken on the diameter AB of a 
semicircle, semicircles are described on AC and BO as dia- 
meters. Also a series of circles are described, the first touching 
the three semicircles, and every n^ circle touching the n — 1^ 
and the semicircles on AB and AC, Prove that, as (7 varies, 
the loci of the centres of the several circles are ellipses having 
a common focus. [xix. 88. 

942. A line being drawn from the focus of a conic to 
meet the tangent at a constant angle, find where the locus 
of the point of concourse touches the conic. [xix. 111. 

943. The tangent at any point of a cardioid meets the 
curve again in two points PQ the tangents at which divide 
the double tangent AB harmonically; and the locus of the 
point of concourse of the tangents at PQ is a conic passing 
through AB and touching the cardioid at one real and two 
imaginary points. [xx. 34. 

944. If a lamina moves in its own plane so that two given 
points of it describe each a fixed straight line, any other point 
of the lamina describes an ellipse. [xx. 89. 

945. If ABO be three points on a parabola, A'B'G' the 
intersections of the tangents thereat, and abc the centres of the 
circles BOA\ CAB'^ ABO'\ prove that the circle abc passes 
through the focus. [xxi. 72. 



* On this Bee Schroter in Nenmann's JfathemtUische Annalen toL tii. 617-580 
(Leipzig 1874), where the property ia cited from Feuerbach's Eigensckajien txnigw 
merktourdigen Punkte de$ geradlinigtn Dr^iecks (Numberg 1822). The nine-point 
circle itself h«8 been improperly called Feaerbach*s by Baltzer and others. 

bb2 
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946. The tangent to the evolute of a parabola where it cats 
the parabola is also a normal to the evolute. [xxi. 79« 

947. Find at what points on a conic the angle between the 
tangent and the chord drawn to a fixed point on the cnrre 
is greatest or least. [xxii. 29. 

948. If OP and OQ be tangents to a conic, R the middle 
point of PQj and 0' the point harmonically conjugate to O with 
respect to the foci on the circle through and the foci, shew 
that OP.OQ^OR.OO'] and deduce that if and the foci be 
fixed the circles OPQ are coaxal* [xxiii. 17, 

949. If Diy be a fixed diameter of a conic and AB any 
two conjugate points in an involution on the tangent at 27, 
then DA and DB meet the conic again upon a chord whidi 
passes through a fixed point. [xxiii. 55. 

950. If AB be the base of a segment of a parabola and P 
any point on the curve, the locus of the orthocentre of APB 
is a line parallel to AB, Hence shew how to describe a para- 
bolic segment of given base and height by points. [xxiil, 61. 

951. A plane figure moves so that two fixed straight lines 
in. it always pass through two fixed points: find the envelope 
of any straight line in the figure. [xxiil. 67- 

952. One focal chord of a conic meets the tangents at the 
extremities of another in A and B. If straight lines A CD 
and BEF be drawn perpendicular to AB and meeting the curve 
in CDEF^ prove that CE and DF meet AB at a point P on the 
directrix ; that CF and DE^ AF and DB^ AE and BG meet 
on the polar of P; that the intercepts CD and EF subtend 
equal angles at the focus 8] that 8 A : 8C:8D=8B: 8E: SF; 
that CF and DE meet AB in two points G and jB", having 
properties like those of A and B] and that of the four inter- 
sections of the tangents from A and B two lie on the polar 
of P and two on the directrix. [xxiv. 21. 



* Compare £xx. 322, 887, diO, 380. 
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953- Oiven a conic inscribed in a parallelogram, if anj 
tangent to the conic meets the sides opposite to an angle A 
in B and C^ prove that the triangle ABC is of constant area. 

[xxiv. 51. 

954. Six circles pass through twelve points on a conic in 
the order, 

(a) A,A,A,A,, {b) B,B,B,B,, (c) C?.C.C.C., 

[d) A,A,B,C,, (e) AACf.A, (/) C,C^.B,', 

prove that the circles abc meet the circles def in six new points 
'which lie on the circumference of another circle. [xxiv. 75. 

955. Prove that there are eight chords of an ellipse normal 
to the curve at one extremity and to the central radius vector 
at the other. [xxiv. 83. xxv. 73. 

956. If ABCD be a quadrilateral inscribed in a conic, F 
end O the intersections of its opposite sides ; prove that every 
conic through ACFO has with the given conic a chord of 
intersection which passes through a fixed point, viz. the pole 
oiBD. [xxiv. 93. 

957. If PP' be points on equal circles whose centres are 
O and (/ respectively, and if the lines OP', (XP be parallel, 
find the envelope of the line bisecting both. [xxv. 53. 

958. What is the condition that the conic afi^^h/ may 
touch the conic a& = 7' externally ? [xxv. 88. 

959. Given five points ABODE on a conic, shew that there 
is a sixth point on it the parallel through which to AB passes 
through the fourth point of concourse of the circle CDE yfiXh, 
the conic. [xxvi. 17, 103. 

960. If six lines taken in the orders 1231'2'3', 123'1'2'3, 
12'31'23', 12'3'1'23 respectively form hexagons each inscribed 
in a conic, each pair of the conies have a common chord in the 
same straight line with a common chord of the opposite pair ; 
and nine of the common chords are the sides and the joins 
of the opposite vertices of two triangles in perspective, one 
of which is inscribed in the other. [xxvi. 21. 
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961. If two pomts be each that the tangents to a panbok 
from the one are at right angles to the tangents from the 
other, the loci of the two points are in perspective. What does 
this become bj projection and reciprocation ? [XXTI. 94. 

962. The joins of n points on a conic intersect again in 
three times as many points as there are combinations of n things 
taken four together, and of these intersections one thixd lie 
within and two thirds without the curve. [xxVL 101. 

963. If the three pairs of opposite summits of a quad- 
rilateral be severallj conjugate with respect to a conic, the 
joins of the poles of its diagonak cut the conic in a hexagon to 
which the sides of the quadrilateral are Pascal lines. 

[xxvii. 106. 

964. Shew that there are in general eight positions of 
a chord of an ellipse which meets the curve at given angles 
at its two extremities. [xxviiL 63. 

965. Three conies S^S^S^ being such that the polar reci- 
procal of any one with respect to another is the third, a 
triangle ABG is inscribed in 8^ and circumscribed to ^S^. 
Prove that the triangle determined by the points of contact 
is self-polar to S^ and circumscribes /S, ; and that the tangents 
to 8^ at ABG form a triangle self-polar to 8^ inscribed in 8^» 

[xxviu. 97. 

966. If iS^ be the focus of a conic inscribed in a triangle 
ABGj and any tangent meet the focal chords perpendicular 
to 8Aj 8Bj 8G in FQB respectively, prove that AP^ BQ^ CR 
meet in a point. [xxvill. 99. 

967. A variable circle being drawn through two given 
points, through one of which pass two given lines; find the 
envelope of the chord joining the other points in which the 
circle meets them. [xxix. 24. 

968. If four conies 8ABG have one focus and a tangent D 
in common, and if a common tangent to each of the pain 
(/S4), (/SB), [8G) meet a directrix of ABG respectively upon 
the tangent D ; the common tangents of BC^ GA^ AB meet 
at three points in a straight line. ^ [xxix. 43. 
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969. If three conies touch one another and have a common 
focus, the common tangent of any two cuts the directrix of the 
third in three points on one straight line, [xxix. 69. 

970. Prove the following pairs of reciprocal properties of a 
system of two conies : 

a. When two conies are such that two of their four common 
points subtend harmonically the angle determined by the tan* 
gents at either of the remaining two, they subtend harmonically 
that determined by those at the other also. 

b. When two conies are such that two of their four common 
tangents divide harmonically the segment determined by the 
points of contact of either of the remaining two, they divide 
harmonically that determined by those of the other ako, 

c. The associated conic, envelope of the system of lines 
divided harmonically by the two original conies, breaks up in 
the former case into the point-pair determined by the eight 
tangents to them at their four common points. 

d. The associated conic, locus of the system of points sub- 
tended harmonically by the two original conies, breaks up in 
the latter case into the line-pair determined by their eight 
points of contact with their four common tangents, [xxix. 88. 

97 1. If the sides of a variable triangle pass severally through 
three fixed points in a straight line, whilst one vertex moves 
on a straight line and a second describes a given curve ; prove 
that the locus of the third vertex is homographic with the 
given curve. [xxiX. 96. 

972. The triangles whose vertices are two triads of points 
on a conic intersect in nine points, such that the join of any 
two not on the same side is a Pascal line of the six vertices. 

[xxx. 25. 

973. If a system of conies having a common focus envelop 
a given curve, and have their eccentricities proportional to the 
focal distances of the poles of their directrices with respect to a 
circle about the common focus as centre, the locus of the poles 
is a parallel of the reciprocal of the given curve with respect to 
the circle. [xxx. 93. 
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974. Prove and also reciprocate the following theorem. 
If a circle A touches a circle B internally at Py and if the 
tangent to A at any point Q meets B in B^ and B^^ then 
I B^PQ = L B^PQ. [XXXI. 65. 

975. Two lines being drawn through any point P on an 
ellipse to meet the major axis in A^ B and the minor axis 
in a, h respectively ; shew that if PA = PB = J minor axis, the 
intersection of Ab and Ba is the Fr^giei^point of P. [xxxiL 48. 

976. If a circle and a rectangular hyperbola intersect 
in four points, the line joining their centres is bisected by 
the centroid of the four points. [xxxil. 48. 

977. 1( PQ is a chord normal at P to an ellipse, and ^the 
intersection of the normal at Q with the tangent at P, then 
PN is to the projection of the semi-diameter CP upon it as 
the square of PQ to the square of the conjugate semi-diameter. 

[xxxii. 58. 

978. The focal radii to the points in which a fixed tangent 
to an ellipse meets a variable pair of conjugate diameters in- 
tersect on a fixed circle. [xiil. 33. xxxii. 81. 

979. If four parallel chords of an ellipse ai3yS he met by a 
straight line in ahcd respectively, shew that 

a^.hc.cd.db-{'f/.da.ab.bd=/3*.cd.da.aC'^S^.ab.bc.ca. 

[XXXIII. 27. 

980. If P be a current point on a given segment AB^ the 
ellipses of given eccentricities described with AP and BP respec- 
tively as foci intersect upon a fixed ellipse whose foci are A 
and B. [xxxiii, 52. 

981. If i^ and Qq be chords of a parabola parallel to the 
tangents at q and p respectively, and Oo the poles of PQ and 
pq] shew that ^OPQ=^ 27 Aopq^ and that, it pq be parallel to a 
fixed line, the locus of the intersection of PQ with the tangejits 
at^ and j is a similarly situated parabola. [xxxili. 58. 

982. The locus of the foot of the perpendicular from any 
point on a given diameter of a conic to its polar is a rectangular 
hyperbola. [xxxiii. 76. 
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983. Any focal chord being drawn to a hyperbola, the circle 
on the portion of it intercepted by the tangents at the vertices 
as diameter touches the hyperbola. [xxxiii. 110. 

984. The envelope of the axes of a conic which touches 
four fixed tangents to a circle is a parabola.* 

985. Shew how to solve the problems of the two mean 
proportionals and of the trisection of an angle by the intersec- 
tions of a circle and a parabola.t 

986. The axes of a conic, any chord and the normals at its 
extremities touch one parabola. Deduce a construction for 
the centre of curvature at any point.} 

987. If the tangent and normal at any point of a conic 
meet the major and minor axes in TQ and tg respectively, the 
radius of curvature at the point subtends a right angle at 
{Ot^ gT). To what does this reduce in the case of the para- 
bola? 

988. If from any point of a conic a line equal to the radius 
of curvature be drawn normally outwards, the circle upon it 
as diameter is orthogonal to the orthocycle. What does this 
become in the case of the parabola? and what in the case of 
the rectangular hyperbola ?|| 



* One triangle ABC is self-polar to every conic inscribed in the given qnadiila- 
teral ; and the axes of any one of them produced to infinity determine a second such 
triangle 00 <x>' with respect to it. The a)nic inscribed in ABC and C^ 00 00 ' is a 
fixed parabola, whose directrix is easily seen to be the diameter of the quadrilateral, 
since the orthocentre of ABC is the centre of the circle. 

t See Descartes Geometria lib. in p. 91 (ed. Schooten, 1659). 

% Exx. 862, 986—992, dec are to he found, with or without solutions, in Steiner*a 
posthumous work VorUsungen uber tynthetische Geometrie, Theil. II pp. 80, 206—212, 
222-8, 242 (ed. 2, 1876). On his theorem £x. 993 see Nouvelles Annalet XIT. 103 
(1866) ; Housel IrUrod. d h Geometrie Superieuv p. 231 (Paris 1865). 

II In the rectangular hyperbola the diameter of curvature at any point is equal to 
the normal chord, as Mr. Wolstenholme thus proves. Take on the curve three points 
ABC asd their orthocentre 0\ then OA produced to meet the circle through ABC 
again is bisected by BC, and its halves, when ABC coalesce, become the normal chord 
and the diameter of curvature at A. 



378 MISCELLANEOUS EXAMPLES. 

989. If oo, b^^ erf be three couples in an involationi shew 

that 

{ooJc} . {Phca} . [yeah] = [aafiy] . {bffya} . [cya/S] = - 1, 

where {(xabc] denotes the cross ratio -7 : — • Also if aicde be 

^ * ao ac 

anj five lines in a plane, shew that 

[e.abcd] . [cahde] . [d.abec] » 1. 

990. If OAj OBj OG^ OD are concurrent normals to a 
conic, the parabola which touches the tangents at ABCD touches 
the axes and the polar of (?, has the diameter through O for its 
directrix,* and is the polar reciprocal of the rectangular hyper- 
bola through ABCD (Art. 114 Cor. 1) with respect to the 
original conic* Determine the focus of the parabola.t [Ex. 379. 

991. The tangents from any point of an ellipse to its 
auxiliary circles are equal to the real and imaginary semi-axes 
of the confocal hyperbola through the point. 

992. If abed and afiyh be two tetrads of points on a conici 
the joins of (a5, afi) and [cd^ yZ) ; [ac^ ay) and {hd^ fiS) ; (oi, aS) 
and {bcj fiy) meet in a point. And if aa, bfi^ cy be concurrent 
chords of a conic, then 

[ouzby] + {libca] + {ycafi} = 1. 

993. If aaj b0j oy are the foci of three conies inscribed in 
the same quadrilateral, then 

ac.ac : ay.ay^^bc.jSc : by.jSy* 

994. K a conic A circumscribes a conic B harmonically, 
then B is harmonically inscribed to A ; the reciprocals of ^ are 



* Ab a second proof that lies on the directrix, Mr. Pcndlebnzy remarks that the 
normals are also normals at points abed to the reciprocal of the conic with respect 
to (7, so that the parabola has for its reciprocal the reetarifftdar hyperbola Oabcdf and 
therefore subtends a right angle at (Art. 156 Cor. 2). Thos also we see that the 
normals meet the original conic again in points A* BCD* which lie on a rectangular 
hyperbola through \ since the reciprocals of ABCD touch a parabola baring for 
directrix the diameter through to the reciprocal of the original conic, and (by 
symmetry) the reciprocals of A'B'Ciy touch a parabola having the same directzix. 

t The parabola is the same for all confocal conies. 
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hannomcallj Inscribed to the reciprocals of B] and the centre 
of perspective of any triangle inscribed in A and its reciprocal 
-with respect to B lies on A.* 

995. A conic is harmonically inscribed to every circle ortho- 
gonal to its orthocycle ; and a rectangular hyperbola harmoni- 
cally circamscribed to a circle passes through its centre. 

996. The asymptotes of a conic are conjugate lines with 
respect to any parabola harmonically inscribed to it. 

997. Given that a focus of one conic is a point on the 
orthocycle of another, if one of the conies be harmonically in- 
scribed to the other, it touches the polar of with respect 
to the latter. 

998. Describe the conic with respect to which five given 
pairs of lines are conjugate ; and the conies which pass through 
4, 3, 2, 1 or given points and are harmonically circumscribed 
to 1 1 2, 3, 4 or 5 given conies. 

999. The orthocycles of the conies which touch two given 
lines SA and SB at given points A and B^ including the circle 
on AB as diameter and the point-circle at Sj are coaxal.t 

I GOO. The number of conies touching five given conies is 
32644 



* On Ezz. 994r-8 see Pioqaet's Etude geometrique Ao. pp. 68, 91, 108, 181-8 ; 
Piof . H. J. 8. Smith On tome Geometrical Conetrvctione (Prooeedings of the London 
Kathemattcal Society yoL ii. 85—100). One oonic is eald to be hannonically in- 
■cribed or drcmnscribed to another when it it inscribed or drcnmscribed to a triangle 
■alf-polar with respect to the latter. 

f Gaskln Geometrical Conttruetion ^. p. 81. Hence (Ex. 677 note) the theorem, 
lately pointed ont by Mr. B. W. Oenese and Mr. Tony, that the directrix of a conie 
i$ a common chord qf the conic, its orthocycle and a point-circle at the/oeut. Notice 
that every straight line through a foooid, aa being an asymptote or self-conjagate 
diameter of a cizcle (pp. 142, 809), is at right angles to itself. 

X See Salmon's Conic Sections (end) ; Halphen Proc, London Math, See, roL IZ. 
149 and z. 87 ; and the original memoir by Chaslee, Determination du nombre dee 
sections eoniqves qui doivent toucher cinque courbes donnees cPordre queloonque, ou 
satisfaire d diverses autres conditions (Oomptes Rendus LVIII. 225, 1864). 
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Adams, yi, 15, 290. 

Algebraic geometiy, zIt!, Ivi, Izi, Ixziii. 

Almagoat, 1, Izii, Izzix. 

Analogy, Kepler's principle of, Iviii ; 

Boecovich on, Ixxiv. 
Analysii, geometrical, xix, zzzi, zzzii. 
Angle. See Triaection. 
Angles, projection of, 819 ; reciprocation 

of, 841, 850: reveraion of, Ixxxvi, 

823—8. 
Anharmonic properties of oonics, l-nrTiii^ 

262—7. See Cross ratio. 
Antijpho^ zzz, zli, Ix. 
ApoUonius, xlii— 1, Ixxxiy, 72, 82, 154, 

195; on foci^ 81, 111; on concunent 

normals, xlvii, 265. 
Application of areas, xxy, xliii. 
Ardiimedes, xxxt— xlii, lix, 59. 
Archytas, xxxi. 
Arist^us, xxxiii, xlvL 
Asymptotes, xliv, 143—164, 327 ; known 

to Menaschmus, xxxii ; tangents at in- 
finity, Ixii, Ixix, 142 ; of the equilateral 

hyperbola, 169 ; of the circle, 309, 379. 
Auxiliary circles of conies having a 

common focus and directrix are co^al, 

853. 
Axes, of the projection of a conic, Ixiii. 

See Self -polar triangle. 
Bellavitifl, on invei-sion, 357. 
Bernoulli, on the latus rectum of a section 

of the scalene cone, 211. 
Besant, 138, 213. 
Booth, 156, 166, 189, 346 ; on the right 

cone, 200 ; on minor directrices, 848. 
BoBOovich, vij Ixxi— Uxvii, 3, 90, 105, 311. 
BoaaSf Ixi, Ixiy. 
Brianchon, Ixxyiii — Ixzxi ; his hexagram, 

289—291, 295, 352; and Poncelet, 175, 

191, 282, Ixviii. 
Brougham, vi. 
Cantor, xxxiv, xlii. 
Cardioid, 356, 371. 
Cai-not, Ixxviii, 256, 291, 298 ; his theorem 

projective, 313. 
Curtesian, mechanical description of the, 

17 o. 
Casey, 293. 



Caustics. 845. 

Cayley, Ixx, 175, 828. 

Central conies, 75 — 112. 

Centre, the pole of the line at infiniiy, 
Ixiii ; of the parabola, Ix, 26, 44. 

Centre-locus of a conic, given four tui- 
gents, Ixviii, 282, 333 ; given four 
points, 283, 365; of an equilateral 
hyperbola, given three points, 171. 

Centroid of a quadrilateral, 284. 

Chasles, lii, Ixxxu-lxxxv, 266, 320, 830^ 
339, 379; problems from his Secdont 
Coniques, 300, 836. 

Circle, a conic whose directrix is at in- 
finity, 7, 22 ; focus of a oonic regarded 
as a point-circle, 210; line-cirde in- 
cludes the line at infinity, Ixxv, 844; 
or coincides with it, 308 ; every circle 
passes through the foooids, 309; reci- 
procal of a circle with rspect to a 
point, 842. See Quadrature. 

Circular points at infinity, 808. See 
Focoids. 

Circuminscribed polygons, 139, 140, 243. 

Clifford, 186, 257. 

Coaxal circles, transformed into other 
coaxal circles, Ixxxvi ; determine an in- 
volution on any transversal, 258 ; conies 
through four points project into, 818 ; 
confocals reciprocate into, 344, 351. 
See Orthocycle. Auxiliary circles. 

Complement of a line, lxxv,*77. 

Concentric circles, touch at the foooids, 
309 ; conies having double contact pro- 
ject into, 319. 

Concurrcnt chords of a conic subtend an 
involution at any point on the curve, 
276. See Fr6gier. 

Cone, sections of the, 192 — 206 ; problems 
on the scalene, 211—3, 334. See 
Sections. 

Confocal conies, intersect at right angles, 
84, 351 ; locus of vertex of right angle 
which touches two, 89; problems on, 
132—140, 168 ; conies touching four 
lines project into, 317 ; reciprocate into 
coaxnl circles, 344, 351; transformed 
into other confocals, Ixxxvi, 832. 
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Conic, the general, 14—85; Newton's 
organic description of a, Ixvi, Ixxxiii, 
136, 264, 825, 858; Maclaurin's de- 
scription of a, 264; determined from 
five data, Ixv, bucx, 186, 164, 175, 279— 
2t<3, 288—290, 879; subject to four 
conditions^ Ixviii, 275 — 285; conic and 
point projected into a circle and its 
centre, 318; or into any other conic 
and point, 329. 

Conjugate diameters, zlix, 95 — 102, 283, 
827 ; of hyperbola, 149, 151, 169 ; con- 
struction of a conic from given pair of, 
125, 152 ; determine a pencil in invola- 
tion, 259, 265. 

Conjugate hyperbola, Izxv, 101, 158. 

Conjugate lines and points with respect to 
a conic, Ixiii, 270, 278, 281 ; every two 
conjugate lines through a focus are at 
ri^ht angles, 270, 310, 312. See Hesse. 

Conjugate triads with respect to a conic, 
273; lie on circles orthogonal to the 
orthocycle, 274 ; or which pass through 
the centre, 171, 278. See Self -polar. 

Conoids, xl, 213. 

Continuity, history of, Iviii, Iz, Izxiii, 
Ixxxi, 311. 

Coordinates, used by ApoUonius, zliii; 
in space, 1. 

Correlative figures, 846. 

Cotes, edits Newton's Principia, Izr ; his 
theorem of harmonic means, Ixzi, 276. 

Cremona, Izxziii, 265, 292^, 821. 

Cross ratio, 249 — 290; projectivity of, 
251, 812, 828; history of, lii, Ixiv, 
Ixxxiu-lxxxv. See Anharmonic. 

Cube, its duplication reduced to the 
problem of tne two mean proportionala, 
xxviii, 189. 

Cubics, Newton on, 801, 821. 

Cunynghame, 177. 

Curvature, 214^222, 279, 877; coordi- 
nates of the centre of, zlii, zlviii; 
Steiner's property of concurrent circles 
of, 228, 236, 357; circles of curvature 
invert into circles of, 857. 

Curves, generated by compounded motions, 
zl ; regarded as limits of polygons, zzz, 
Ix ; organic description of, Ixx, Izzxvii, 
178. 

Bandelin, discovers the focal spheres, 204 ; 
his proofia of Pascal's and JBiianchon's 
theorems, 287. 

Bavies, Ixxzvi, 218, 257. 

Be Beaune, on envelopes, 345. 

Degeneration, of come into line or line- 
pair, 77, 144, 171, 278, 285. See Circle. 

De la Hire, Ixiv, Ixxi, 112, 161, 311 ; the 
orthocycle discovered by, 90, 117; on 
transformation, 829. 

Delambre, li. 

Delian problem, xxviii, 189. See Cube. 

Desargues, Iz — Ixiv, Ixxx ; on involution, 
261,277; polars, 291; transformation,329. 

Descartes, Ixi, 189, 266^ 845, 377. 

Determining ratio, Ixzi, 1. See Directrix. 



Diameter, of a conic, 23 ; of a quadri- 
lateral, 138, 256. See Centre-locus. 

Director circle, two uses of the term, 90, 
165. See Orthocycle. 

Directrix, history of the, liv, Ixv, Ixxi ; the 
Xx>lar of the focus, Ixxi, 15 ; a conic, its 
orthocycle and a point-circle at either 
focus intersect on the corresponding, 
879 ; of parabola inscribed in a triangle, 
57. See Steiner. 

Double contact, conies having, 279. See 
Concentric circles. 

Double reciprocation, 848. 

Dual figures, 846. 

Duality, discovery of the principle of, 
Ixxviii, 290, 346. 

Eccentric circle, 3. 9, 28, 821, Ixzvi; 
works founded upon the, IxxiL 

Eccentricity, use of the term, 211; of 
conies in the cone, 197. 

Educational Times, problems from, 141, 
836, 862—377. 

Egyptian geometry, zvii, zxii, xxvL 

£^nlohr, xxii, xxvi. 

Eleven-point conic, 284, 865 ; degenerateB 
into nine-point circle, 171, 285. 

Ellipse, names of the, xliii. 195 ; area of 
the, xli, 234. See Central conies. 

Elliptic compasses, Iviii, 114, 178. 

Envelopes, 845. 

Equicross, the term, 250. 

Equilateral hyperbola, 167—177, 842, 852; 
conjugate to the focoids, 278, 309. 

Euclid, xix, XXXV ; on conicBy xlvi ; Euci.47 
proved by dissection, xxiii. SeePoriams. 

Eudemus, xviii, xxiv, xxiz. 

Eudozus, zix, xxxii ; his cubature of the 
cone, xxxviii. 

Euler, 211, 242, 247. 

Eutocius, xxxiii, xxxvi, xxzix,xlii, 45, 194» 

E volutes, xlviii, 221 ; homographic pairs 
of, Ixxxvi, 358. 

Exhaustions, xxxiv, xxzvii, zli, liz. 

Fagnani's theorem, 140. 

Faur& 186. 

Feuerbach's property of the nine-point 
circle, 855, 871. 

Figure on the axis, 82. 

Fluxions, Ix, IxxL 

Focal spheres, 196—205. 

Foci, Apollonius on, xlv, HI ; named h^ 
Kepler, liv, Ivii ; Desargues on, bdii ; 
regarded as point-circles, 210; Poncelet 
on, Izzzij 311; of the projection of a 
conic, Iziii; Pliicker's definition of, 
811 ; foci of an involution, 259, 261, 809. 
See Conjugate lines. Confocal oonics. 
Directriz. 

Focoid, the term, 281, 808. 

Focoids, Poncelet's discovery of the, Izzzi, 
311 ; their relation to the fod of conies, 
281, 299, 810 ; and other curves, 811; pro- 
jection of any two points into, 815 ; ail 
circles pass through and concentric ciiclea 
touch at the, 309 ; constant relation of a 
figure moving in its own plane to the, 810. 
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FoeoB of parabola, lir, Izxi ; not diaooTored 
hj Apollonina, xIy, 81. See Kepler. 

Fr6g^er, theorem that a chord which 
Bubt^dfi a right angle at a given point 
on a conic paaaes through a fixed point 
on the normal, 122, 176, 276, 324, 351 ; 
its analogue in spaoe, 849. 

Fr6gier-point, 849, 861, 876. 

Frisch, lyi. 

Gku:diner, 805. 

Gaakin, 165, 280, 298, 295, 835, 879; 
tibeorem that the circle through any con- 
jugate triad with respect to a conic is 
orthogonal to the orthocycle, 186, 274. 

Geminus, xziv, xliii, 194. 

Oeneae, 168, 879. 

Geometry, no royal road to, xx« 

Graves' theorem, 133. 

Gregory St. Vincent, Izxi, Izxiz, 166, 189. 

HaJle^, on the parabola, xliz, Izzziy; 
editions by, zlli, ItxtIv. 

Halphen; 379. 

Hamilton, 206 ; his determination of the 
focus and duectrix in the cone, Ixrii, 
204. 

Hammond, 178. 

Harmonic, the term, zxyI, xlr, liy : ranges 
and pencils^ Ht, It, Ixxix, 254, 818; 
propc^y of a quadrilateral, 254—6; 
pouits on or tangents to a conic, 276. 

Harmonically inscribed and circumscribed 
conies, 379. 

Heilberg, xxxy. 

Henrici, 252. 

Hesse, theorem that if two pairs of sum- 
mits of a quadrilateral are conjugate to 
a conic the third are oonju^fate, 838. 

Hexagon, inscribed in a line-pair, liii, 
297; Pascal's, 286—8; Brianchon's» 
289—291. 

Hexastigm, 297. 

Hippocrates, xix, xxTii— xxx, 189. 

Hirst, 358. 

Homog^phic, the term, Ixxxv, 250. 

nomographic, figures may be placed in 
perspective, 812, 828; correspondence 
of points and lines in reciprocal figures, 
269, 338. See Cross ratio. 

Homology, Ixiv, Ixxxv, 292, 307, 821. 

nomothetic conies, 805. See ParalleL 

Home, proof of the anharmonic proper- 
ties of conies, 267. 

Hultsch, li. 

Huyghens, 221, 845. 

Hyperbola, why so called, 82, 195; a 
continuous curve, 10, 310; a quasi- 
elUpse, Ixxv. 101, 153, 235 ; degenerate 
forms of, Ivii, 285. See Central conies. 

Ideal chords, 311. 

Imaginary, transition from the real to the, 
Ixxv; diameters of a hyperbola, 101, 
153, 180; circular points at infinity, 
808; foci, 310, 312. 

Infinite chords of a conic, ratios of the, 
Ixxvii, 149, 163. 

Infinitesimals, method of, Ix. 



Infinity, tfaeUne at, 82, 806; 823 ; panDqa 

meet at, Ux, bji; chazige of sign oa 

passinp: through, IxxIt. See Opponfie 

mfinities. 
Ingram, 857. 

Inversion, 854—8, 864, 871. 
Involution, Hi, Ixii, 257—281. 
Joachimstal, 228. 
Join of points or lines, 252. 
Kempe, on linkages, IxxxviL 
Kepler, vi, Ivi— Ix ; on the farther fbooa 

and the centre of the panbola^ Iviii, Iz ; 

his doctrine of the infinite, hx ; of the 

infinitesimal, Ix; of oontinmty, Iviii, 

Ixxiii. 
Lagrange, vi. 
Lambert, on the parabola^ Ixxxr, 57, 296 ; 

theorem in eUiptic motion, 287, 248; 

in parabolic motion, vi, 247. 
LamI, 278. 
Laqui^re, 848. 
Latus rectum, aooordiDg ta ApoIloiuii% 

82 ; in the scalene oone, 211. 
Leibniti, Ix, Ixxi, 222. 
Lemniscate, 357, 864. 
Le Poivre, 880. 
Leslie, Ixxii, 125, 185, 164. 
Levett, 57. 
Limiting forms of oonica. See Degenem- 

tion. 
Line at infinity, 82: parallel to every 

straight line in its plane, 808, 822; 

a fac^r of every line-cirde, Ixxv, 844 ; 

its relation to the conies, 144, 810, 84U 
linkages, IxxxviL 
Loci, the earliest writer on, xxviL 
Locus ad quatuor lineas, xlv ; Newton's 

proof of the, Ixvi, 266 ; proof by ortho- 

gmal projection, 235; theorems of 
esargues and rascal deduced from 
the, 277, 287 ; property of focus and 
directrix deduced from the, 862 ; reci- 
procal of the, Ixxxiv, 298, 840, 846. 

Logarithms, geometrical xaHrenentatioa 
of, 166. 

Lunes of Hippocrates, xxix. 

Maccnllagh, 246, 248. 

MacdoweU, 260, 292, 850—8. 

Maclanrin, Ixxi, Ixzx, 128, 276; hisoon- 
struction' of a oonic, 264; theory of 
pedal curves, 845; on attzactums, 
Ixxxii. 

Main, 219, 222. 

Maxima and minima, ApoUonioa on, 
xlvii. 

Mean proportionals, problem of the two^ 
xxviii, zzxi, TxriT, xlviii, 45, 189, 
877. 

Mechanical proofs of geometrical theorems, 
xxxvii, 288—4. 

MensBchmus, xxix, xtyi, 45, 194. 

Menelaus, theorem of the six segments^ L 

Minor axis of hyperbola, 76, 847. 

Minor directrio-s, 346— «, 852. 

Mobius, Ixxxiii, 257, 302, 830. 

Monge, Ixxiii, Icxviii, 256. 




INDEX. 



383 



Montada, ItI. 

Ifoore. 290. 

Molcahy, Izzzvi, 298. 

!Neil, his rectification of the semi-cnbical 

parabola, 221. 
l^ewton, My— Ixd; his property of the 
tangents to conies, Ixviii, Izzix, Izxxiy, 
846 ; organic description of cures, Izix, 
lyTTJii, 186, 801 ; property of the dia- 
meter of a quadnlateriJ, Lcriii^ 282, 
838 ; on the Locus ad qnatnor lineas, 
Ixviy 266 ; rational transformation, Ixvi, 
880; the equilateral hyperbola, 172; 
the projection of cubics, 321. 
17ine*point circle, 191; Feuerbach's pro- 
perty of the, 802, 857, 871 ; Casey on 
the, 298: of a right-angled triangle, 
856. See Eleven-point conic. 

Kormals, ooncurrent, zlii, zlvii, xHz, 128, 
224, 228, 265, 878. 

Ombilic, 299. 

Opposite infinitieB adjacent, liz, Izii, Ixzv, 
810. 

Organic description, earliest use of the 
method of, zxzi; of curves, zxxiii, 
Ldx. Izxxvii, 801; of surfaces, Izx; 
of tne rectangular hyperbola, 177 ; of 
Cartesian ovsIb, 178. See Conic. 

Orthocyde, the term, 280 ; characteristic 
property of the, 88—90. 851 ; Gaskin's 
theorem that the circle through anj 
conjugate triad with respect to a conic 
ifl orthogonal to the, 186, 274 ; Pliicker's 
theorem that the orthooycles of all conies 
touching the same four lines are coaxal, 
280, 885, 842. See Directrix. 

Orthogonal projection, 229—242 ; applied 
to curvature, 221, 235. 

Orthoptic summits of a quadrilateral, 
835. 

Orthosphere, 280. 

Osculating circle, the term, 222. See Cur- 
vature. 

Pappus, U— liv. 

Parabola, 44 — 61 ; why so called, zliii, 
82, 195; touches the line at infinity, 
144, 841 ; properties of triads of tan- 
gents to the, xlv, 65—7, 72, 272, 360—1 ; 
conjugate triads with respect to the, 
274, 281, 294, 358; point-reciprocal of 
the. 348, 351—2. See focus. 

Parallel conies, 305. 

Parallel projection, 236. 

Parallels meiet at iufinitv, lix, bdi. 

Pascal. Iziv, Izxiz, 286 — 8; applications 
of his hexagram^ 58, 175, 290, 852. 

Peauoellier, Ixxxvii, 358. 

Pedal curves, 370. See Maclaurin. 

Pendlebury, 361, 378. 

Perspective, 307, 820, 836 ; homographic 
plane figures may be placed in, 328 ; 
Serenus on, Iv; Desargues on, Ixi; 
Bosse on, Ixiv. 

Peyrard, xxxv. 

Picquet, 280, 385. 360, 379. 

Pierce Morton, 196, 205. 



Plato, six, xzx, zl. 

Pliicker, on tangential coordinates, 156 ; 
his definition of fod, Ixxxi, 311. See 
Orthocycle. 
Pole and polar, the terms, IxxviiL 
Polar equations, 34. 

Polars, 80, 90 ; with respect to the circle, 
liv ; Apollonius on, xlv, liv ; Desargues' 
theory of, Ixii, 329; redprocal, 268 — 
271, 846 : metric relation of any point 
and its polar to two fixed points and 
their, 839. See Reciprocation. 
Polygon, inscribed or circumscribed to a 
conic BO that its sides pass through 
given points. 295, 802, 849, 359; cir- 
cuminscribed to oonfocal conies, 139, 
140. See Curves. 

Polyhedra. See Solids. 

Poncelet, Ixxiii, Ixxxi, Ixxxiv, 277, 295, 
844, 846 ; on homology, Ixxxv ; on the 
four foci of a conic, Ixzd, 811. Bee 
Brianchon. 

Porisms, Euclid's three books of, 11, liv. 

Potts, Ivi 

Poudra, xl, Iv, IxL 

Proclus Diadochus, his list of early geo- 
meters, xviii. 

Projection, orthogonal, 229 — ^242 ; parallel, 
236 ; central or conical, 807—^20 : of 
cubics, 821 ; of solids, Ixxxv ; Briancnon 
on, Ixzix; Mobius on, 380. See Per- 
spective. 

Ptolemy, 357 ; theorem of the six segments 
ascribed to, li. See Almagest. 

Pythagoras, xviii, xxii— xxvii. 

Quadrature, of the circle, xxvi, xxix, xxx, 
xxxix; of the parabola, xxvi, xxxvii, 
59 ; of the hyperbola, 166, 190, 221. 

Quadrics, Ixxxi, 280, 805, 383; ruled, 
Ixxxiv, 288 ; of revolution, xl, 213 ; 
polar properties of, Ixii, 291, 829; in 
homology, Ixxxv ; reversion of, 849. 

Quadrilateral, properties of the complete, 
lii, 254 — 6; in relation to conies, Ixii, 
Ixvii, 274— 285,304,333,388; projected 
into a parallelogram, Ixxix; or other 
quadrilateral, 316. 

Quetelet, Ixxxiii, 204, 295, 846, 857. 

Range, Uie term, Izii, 249. 

Reciprocation, 837—854. See Duality. 
Polars. 

Rectangular hyperbola, xxxH, xlviii. See 
Ec^uilateral. 

Rectification, of the circle, xxxix, xl ; of 
the semi-cubical parabola and the 
cycloid, 221 ; quadrature of the hyper- 
1x>la reduced to the rectification of the 
parabola, 190. 221. 

Renouf, xx. 

Renshaw, Ixxii, 212. 

Reversion, Ixxxvi, 321 — 8; properties of 
minor foci and directrices proved by, 
34B— 8, 353 ; of quadrics, 349. 

Rhind papyrus, xxii, xxvi. 

Robertson, lixi, 2UGi 

Roberval, xl. 
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Bouch6 and de ComberonBae, 294—5, 
819, 321. 

Ronth, vi. 

Salmon, Ixxxyi, 133, 140, 164, 210, 277, 
286—7, 290, 296, 302, 312, 819, 333, 
343. 

Sections, the oonic, how discovered, xxzi ; 
why named parabola, ellipse, hyperbola, 
zliii, 82, 195 ; of any cone by an arbi- 
trary plane, It, Ixiii. See Cone. 

Self -conjugate. See Self-polar. 

Self-polar triangle, conies having fonr 
common points or tangents have a 
common,.lxii, 274—6, 332; inscribed or 
circumscribed to a second conic, 272—4, 
331, 379 ; the axes of a conic and the 
line at infinity determine a, 365, 377. 
See Orthocycle, 

Serenas, Uv. ^ 

Berret, proof of Ghtakin's theorem, 274. 

Bimplicios, zxix, xzz. 

Simson, lii, 256. 

Smith, H. J. S., Ixxxvi, 879. 

Solid lod and problems, zzviii, zxxiii, 
189. 

Solids, the five regnlar, zz, zziv, xxxiii ; 
semi-regular, xjczvi. 

Steiner, bcxxii, 377; theorem that the 
directrix of a parabola inscribed in a 
triangle passes through the orthocentre, 
57, 281, 290, 326, 352 ; on cross ratio, 
Ixxxv, 257, 262 ; on triads of concurrent 
osculating circles, 228, 236, 357. 

Stubbs, 357. 

Sturm, 277. 

Subcontraiy sections, 210—2. 



Snpplemental chorda, zliv, zlix, 95. 
Sylvester on linkages, IxuviiL 
Talbot, 194, 264, 321. 
Tangential coordinates Izviii, 156, 346L 
Taylor, J. P., proof of Feueitachli 

theorem, 191, 355. 
Thales, xviii, xx, xxxy. 
Thesetetus, xix, xxxL. 
Torry, 224, 379. 
Townsend, Ixxxviii, 216, 249, 280, 287, 

295—7, 330. 344, 351, 358—9. 
Transformation, homographic, Ixri, 329. 

See Homographic 
Triangle, through the axis, Iv, Ixiii, 296 ; 

inscribed or circumscribed to a oonic, 

271 — 4; orthogonal projection of any 

triangle into an equilateral, 237. See 

Self-polar. 
Trisection of an angle, xxvii, Ixxiv, 141^ 

189, 299, 377. 
XJbaldi, 178. 

UmbilicDS, 5. See Ombilic. 
Yiviani, xxxiii. 
Walker, G., Ixxii ; J., 212. 
Wallis, 221—2, 296. 
Walton, geometrical problems, 161, 189, 

195. 
Webb, 345. 
Whitworth, 808. 
Wolstenholme, problems by, 121, 163;. 

184 ; proof that the diameter of cnrra- 

ture at any point of a rectangular 

hyperbola is equal to thie normal (£oxd, 

877. 
Wren, property of the parabola, Ixxxr, 

296 ; rectification of the cydoid, 22U 
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